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Preface

The Workshops on Real and Complex Singularities form a series of biennial
meetings organized by the Singularities group at Instituto de Ciéncias Matem-
aticas e de Computacdo of Sdo Paulo University ICMC-USP), Brazil. Their
main purpose is to bring together world experts and young researchers in
singularity theory, applications and related fields to report recent achievements
and exchange ideas, addressing trends of research in a stimulating environment.

These meetings started in 1990 following two pioneer symposia on Singular-
ity Theory (in fact the very first talks on Singularities held in Brazil) organized
respectively by G. Loibel and L. Favaro in 1982 and 1988 at ICMC-USP. Since
then, with Maria Aparecida Ruas as a driving force, meetings have taken place
every two years between singularists from around the world who find in Sdo
Carlos a centre to interact and develop new ideas.

The meeting held from the 27th of July to the 2nd of August 2008 was
the tenth of these workshops. This was a special occasion, for it was also
dedicated to Maria Aparecida Ruas (Cidinha) and Terence Gaffney on their
60th birthdays.

Cidinha and Terry started their scientific connection in 1976 when she was
a Ph.D. student at Brown University in the U.S.A. At that time Terry held a
position as instructor at that university. Their common interest in singularity
theory brought them together and he became her (very young) thesis supervisor.
Cidinha returned to Brazil in 1980 and joined the Singularities group created
by G. Loibel at the ICMC-USP. Her great capacity and notable enthusiasm
has brought the group to a leading position in the Brazilian mathematical
community.

The mathematical interaction between Cidinha and Terry has had an impor-
tant influence on the development of Singularity Theory at the ICMC-USP.
From the beginning Terry has attended almost all workshops organized by the

Xxiii



Xiv Preface

members of Cidinha’s group, contributing to their research with stimulating
discussions and seminars.

This workshop had a total of about 170 participants from about 15 different
countries. The formal proceedings consisted of 27 plenary talks, 27 ordinary
sessions and 3 poster sessions, with a total of 19 posters. The topics were divided
into six categories: real singularities, classification of singularities, topology
of singularities, global theory of singularities, singularities in geometry, and
dynamical systems.

The Scientific Committee was composed of Lev Birbrair (Universidade
Federal do Ceard, Brazil), Jean-Paul Brasselet (Institut de Mathématiques de
Luminy, France), Goo Ishikawa (Hokkaido University, Japan), Shyuichi Izu-
miya (Hokkaido University, Japan), Steven Kleiman (Massachusetts Institute
of Technology, USA), David Massey (Northeastern University, USA), David
Mond (University of Warwick, UK), Maria del Carmen Romero Fuster (Univer-
sitat de Valencia, Spain), Marcio Gomes Soares (Universidade Federal de Minas
Gerais, Brazil), Marco Antonio Teixeira (Universidade Estadual de Campinas,
Brazil), David Trotman (Université de Provence, France) and Terry Wall (Uni-
versity of Liverpool, UK).

Thanks are due to many people and institutions crucial in the realization
of the workshop. We start by thanking the Organizing Committee: Roberta
Wik Atique, Abramo Hefez, Isabel Labouriau, Miriam Manoel, Ana Claudia
Nabarro, Regilene Oliveira and Marcelo José Saia. We also thank the mem-
bers of the Scientific Committee for their support. The workshop was funded by
FAPESP, CNPq, CAPES, USP and SBM, whose support we gratefully acknowl-
edge. Finally, it is a pleasure to thank the speakers and the other participants
whose presence was the real success of the tenth Workshop.

The editors



Preface XV

Introduction

This book is a selection of papers submitted for the proceedings of the /0th
Workshop on Real and Complex Singularities. They are grouped into three cat-
egories: singularity theory (7 papers), singular varieties (8 papers) and appli-
cations to dynamical systems, generic geometry, singular foliations, etc. (10
papers). Among them, four are survey papers: Local Euler obstruction, old
and new, II, by N. G. Grulha Jr. and J.-P. Brasselet, Global classifications and
graphs, by J. Martinez-Alfaro, C. Mendes de Jesus and M. C. Romero-Fuster,
Fairs of foliations on surfaces, by F. Tari, and Gaffney’s work on equisingular-
ity, by C. T. C. Wall.

We thank the staff members of the London Mathematical Society involved
with the preparation of this book. All papers presented here have been refereed.






1
On a conjecture by A. Durfee

E. ARTAL BARTOLO, J. CARMONA RUBER
AND A. MELLE-HERNANDEZ

Abstract

We show how superisolated surface singularities can be used to
find a counterexample to the following conjecture by A. Durfee [8]:
for a complex polynomial f(x, y, z) in three variables vanishing at
0 with an isolated singularity there, “the local complex algebraic
monodromy is of finite order if and only if a resolution of the
germ ({ f = 0}, 0) has no cycles”. A Zariski pair is given whose
corresponding superisolated surface singularities, one has complex
algebraic monodromy of finite order and the other not (answering
a question by J. Stevens).

1. Introduction

In this paper we give an example of a superisolated surface singularity
(V,0) C (C3, 0) such that a resolution of the germ (V, 0) has no cycles and the
local complex algebraic monodromy of the germ (V, 0) is not of finite order,
contradicting a conjecture proposed by Durfee [8].

For completeness in the second section we recall well known results about
monodromy of the Milnor fibration, about normal surface singularities and
state the question by Durfee.

In the third section we recall results on superisolated surface singularities
and with them we study in detail the counterexample.

In the last section we show a Zariski pair (Ci, C;) of curves of degree
d given by homogeneous polynomials fi(x,y,z) and f>(x,y,z) whose

2000 Mathematics Subject Classification 14B05 (primary), 32S05, 32S10 (secondary).
The first author is partially supported through grant MEC (Spain) MTM2007-67908-C02-01. The
last two authors are partially supported through grant MEC (Spain) MTM2007-67908-C02-02.



2 E. Artal Bartolo, J. Carmona Ruber & A. Melle-Herndndez

corresponding superisolated surface singularities (Vy,0) = ({fi(x,y,2) +
191 = 0},0) € (C3?,0) and (V5,0) = ({ folx, vy, 2) + 1471 = 0},0) C (C3,0)
(I is a generic hyperplane) satisfy: 1) (V;,0) has complex algebraic mon-
odromy of finite order and 2) (V,, 0) has complex algebraic monodromy of
infinite order (answering a question proposed to us by J. Stevens).

2. Invariants of singularities

2.1. Monodromy of the Milnor fibration

Let f : (C"!,0) — (C, 0) be an analytic function defining a germ (V, 0) :=
(f~10},0) C (C"*!,0) of a hypersurface singularity. The Milnor fibration
of the holomorphic function f at 0 is the C* locally trivial fibration f] :
B.(0O)N f ‘I(D;) — D*, where B.(0) is the open ball of radius ¢ centered
at0, D, ={zeC:|z] <n} and ]D); is the open punctured disk (0 < n < ¢
and ¢ small enough). Milnor’s classical result also shows that the topology of
the germ (V, 0) in (C"*!, 0) is determined by the pair (S?'*!, L%/”_'), where
§2+1 = §B,(0) and L¥~" := §2"*+! NV is the link of the singularity.

Any fiber Fy,o of the Milnor fibration is called the Milnor fiber of f at 0. The
monodromy transformation h : Fgo — Fyq is the well-defined (up to isotopy)
diffeomorphism of Fg induced by a small loop around 0 € ID,,. The complex
algebraic monodromy of f at O is the corresponding linear transformation
hy : Ho(Fyo, C) = H.(Ffo, C) on the homology groups.

If (V,0) defines a germ of isolated hypersurface singularity then
H i(Fro,C) =0 but for j = 0, n. In particular the non-trivial complex alge-
braic monodromy will be denoted by h : H,(F o, C) = H,(Fyo, C)and Ay ()
will denote its characteristic polynomial.

2.2. Monodromy Theorem and its supplements

The following are the main properties of the monodromy operator, see e.g.

[11]:

(a) Ay(¢)is a product of cyclotomic polynomials.

(b) Let N be the maximal size of the Jordan blocks of &, then N < n + 1.

(c) Let N; be the maximal size of the Jordan blocks of % for the eigenvalue 1,
then N; < n.

(d) The monodromy # is called of finite order if there exists N > 0 such that
AN =1d.1eD.T.[12] proved that the monodromy of an irreducible plane
curve singularity is of finite order.

(e) This result was extended by van Doorn and Steenbrink [7] who
showed that if # has a Jordan block of maximal size n + 1 then
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N, = n, i.e. there exists a Jordan block of & of maximal size n for the
eigenvalue 1.

Milnor proved that the link L3'~" is (n — 2)-connected. Thus the link is an
integer (resp. rational) homology (2n — 1)-sphere if H,_, (L%,"fl, Z) = 0 (resp.
H,_ 1(L%/”_' , Q@) = 0). These can be characterized considering the natural map
h—id: H,(Fyo,Z) — H,(Fy0,Z) and using Wang"s exact sequence which
reads as (see e.g. [19, 21]):

0— H,(Ly™".Z) - H,(Ffo,Z) » Hy(F0.Z) - H,i (L}, Z) — 0.
Thus rank Hn(L%,”_l) = rank Hn_l(L%,”_l) = dimker(h — id) and:

— Ly~ is arational homology (2n — 1)-sphere <= Ay (1) # 0,
— L3 !is an integer homology (21 — 1)-sphere <= Ay (1) = +1.

2.3. Normal surface singularities

Let (V,0)=({fi =...= fn, =0},0) C (C",0) be a normal surface singu-
larity with link Ly := V N S2V=! Ly is a a connected compact oriented 3-
manifold. Since V N B, is a cone over the link Ly then Ly characterizes the
topological type of (V, 0). The link Ly is called a rational homology sphere
(QHS) if H{(Ly,Q) =0, and Ly is called an integer homology sphere (ZHS)
if Hi(Ly, Z) = 0. One of the main problems in the study of normal surfaces is
to determine which analytical properties of (V, 0) can be read from the topology
of the singularity, see the very nice survey paper by Nemethi [20].

The resolution graph I'(r) of a resolution 7 : V — V allows to relate
analytical and topological properties of V. W. Neumann [22] proved that the
information carried in any resolution graph is the same as the information
carried by the link Ly. Let 7 : V — V be a good resolution of the singular
point 0 € V. Good means that E = 7 ~!'{0} is a normal crossing divisor. Let
['(;r) be the dual graph of the resolution (each vertex decorated with the genus
g(E;) and the self-intersection El2 of E; in V). Mumford proved that the
intersection matrix / = (E; - E;) is negative definite and Grauert proved the
converse, i.e., any such graph comes from the resolution of a normal surface
singularity.

Considering the exact sequence of the pair (V, E) and using I is non-
degenerated then

0 —> coker/ — H|(Ly,7Z) — H|(E,Z) —> 0

and rank H,(E) = rank H;(Ly). In fact Ly is a QHS if and only if I'(77) is a
tree and every E; is a rational curve. If additionally / has determinant 1 then
Ly is an ZHS.
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2.4. Number of cycles in the exceptional set £ and
Durfee’s conjecture

In general one gets

rank Hy(Ly) = rank Hy(I'(m)) +2 ) ¢(Eo),

where rank H,(I'(sr)) is the number of independent cycles of the graph I'(s).
Letn : E — E bethe normalization of E. Durfee showed in [8] that the number
of cycles c(E) in E,i.e. c(E) = rank H|(E) — rank H,(E), does not depend on
the resolution and in fact it is equal to c¢(E) = rank H;(I'(;r)). Therefore, E
contains cycles only when the dual graph of the intersections of the components
contains a cycle. Durfee in [8] proposed the following

Conjecture. Foracomplex polynomial f(x, y, z) in three variables vanish-
ing at 0 with an isolated singularity there, “the local complex algebraic mon-
odromy h is of finite order if and only if a resolution of the germ ({ f = 0}, 0)
has no cycles”.

He showed that the conjecture is true in the following two cases:

(1) if f is weighted homogeneuos (the resolution graph is star-shaped and
therefore its monodromy is finite)

(2) if f = g(x, y) + z". Using Thom-Sebastiani [27], the monodromy of f is
finite if and only if the monodromy of g is finite. Theorem 3 in [8] proves
that the monodromy of f is of finite order if and only a resolution of f
has no cycles.

2.5. Example (main result)

In this paper we show that the conjecture is not true in general, and for that
we use superisolated surface singularities. Let (V, 0) C (C?, 0) be the germ of
normal surface singularity defined by f := (xz — y*)> — ((y —x)x?)* + 7' =
0. Then the minimal good resolution graph I'y of (the superisolated singularity)
(V,0)is
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where every dot denotes a rational non-singular curve with the correspond-
ing self-intersection. Thus the link Ly is a rational homology sphere and in
particular this graph is a tree, i.e. it has no cycles. But the complex algebraic
monodromy of f at O does not have finite order because there exists a Jordan
block of size 2 x 2 for an eigenvalue # 1.

3. Superisolated surface singularities

Definition 3.1. A hypersurface surface singularity (V, 0) C (C?, 0) defined as
the zero locus of f = fy + fay1 + -+ € C{x, y, z} (where f; ishomogeneous
of degree j) is superisolated, SIS for short, if the singular points of the complex
projective plane curve C := {f; = 0} C P? are not situated on the projective
curve {fz4+1 = 0}, that is Sing(C) N {fy+1 = 0} = @. Note that C must be
reduced.

The SIS were introduced by 1. Luengo in [17] to study the p-constant
stratum. The main idea is that for a SIS the embedded topological type (and the
equisingular type) of (V, 0) does not depend on the choice of f;’s (for j > d,
as long as f;4 satisfies the above requirement), e.g. one can take f; = 0 for
any j >d +1and f;, =[9"" where [ is a linear form not vanishing at the
singular points [18].

3.1. The minimal resolution of a SIS

Let 7 : V — V be the monoidal transformation centered at the maximal ideal
m C Oy of the local ring of V at 0. Then (V, 0) is a SIS if and only if Visa
non-singular surface. Thus 7 is the minimal resolution of (V, 0). To construct
the resolution graph I'(s) consider C = Cy + - - - + C, the decomposition in
irreducible components of the reduced curve C in P?. Let d; (resp. g;) be
the degree (resp. genus) of the curve C; in P2, Then 7~ {0} = C = C; +
-+ 4+ C, and the self-intersection of C; in V is C; - C; = —d;(d — d; + 1), [17,
Lemma 3]. Since the link Ly can be identified with the boundary of a regular
neighbourhood of 7 = {0} in V then the topology of the tangent cone determines
the topology of the abstract link Ly [17].

3.2. The minimal good resolution of a SIS

The minimal good resolution of a SIS (V, 0) is obtained after = by doing the
minimal embedded resolution of each plane curve singularity (C, P) C (P2, P),
P € Sing(C). This means that the support of the minimal good resolution graph
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I'y is the same as the minimal embedded resolution graph I'¢ of the projective
plane curve C in P2. The decorations of the minimal good resolution graph I'y,
are as follows:

1) the genus of (the strict transform of) each irreducible component C; of C
is a birational invariant and then one can compute it as an embedded curve in
IP2. All the other curves are non-singular rational curves.

2) Let C; be an irreducible component of C such that P € C; and with
multiplicity n > 1 at P. After blowing-up at P, the new self-intersection of the
(strict transform of the) curve C; in the (strict transform of the) surface V is
ng — n?. In this way one constructs the minimal good resolution graph I" of
(V,0).

In particular the theory of hypersurface superisolated surface singularities
“contains” in a canonical way the theory of complex projective plane curves.

Example 3.2. If (V,0) C (C3,0) is a SIS with an irreducible tangent cone
C C P? then Ly is a rational homology sphere if and only if C is a rational
curve and each of its singularities (C, p) is locally irreducible, i.e a cusp.

Example 3.3. For instance, if f = fg + 2’ is given by the equation f5 =
(xz — y*)? — ((y — x)x*)%. The plane projective curve C defined by fs =0
is irreducible with two singular points: P} = [0 : 0 : 1] (with a singularity of
local singularity type > — v'%) and P, = [1 : 1 : 1] (with a singularity of local
singularity type A,) which are locally irreducible. Let 7 : X — P? be the
minimal embedded resolution of C at its singular points Py, P>.Let E;,i € I,
be the irreducible components of the divisor 7' (f~{0}).

The minimal good resolution graph I'y of the superisolated singularity (V, 0)
is given by
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3.3. The embedded resolution of a SIS

In [2], the first author has studied, for SIS, the Mixed Hodge Structure of the
cohomology of the Milnor fibre introduced by Steenbrink and Varchenko, [28],
[29]. For that he constructed in an effective way an embedded resolution of a
SIS and described the MHS in geometric terms depending on invariants of the
pair (P2, C).

The first author determined the Jordan form of the complex monodromy on
H)(Fyp, C)ofaSIS. Let Ay(¢) be the corresponding characteristic polynomial
of the complex monodromy on H>(Fy,y, C). Denote by u(V, 0) = deg(Ay(t))
the Milnor number of (V, 0) C (C3, 0).

Let A®(¢) be the characteristic polynomial (or Alexander polynomial) of
the action of the complex monodromy of the germ (C, P) on H;(F,-,C),
(where g” is a local equation of C at P and F,r denotes the correspond-
ing Milnor fiber). Let u” be the Milnor number of C at P. Recall that if
n? : C? — (C, P)isthe normalization map then u” = 28" — (r¥ — 1), where
87 := dim¢c nf(Ogr)/Oc.p and r* is the number of local irreducible compo-
nents of C at P.

Let H be a C-vector space and ¢ : H — H an endomorphism of H. The
i-th Jordan polynomial of ¢, denoted by A;(¢), is the monic polynomial such
that for each ¢ € C, the multiplicity of ¢ as a root of A;(7) is equal to the
number of Jordan blocks of size i 4+ 1 with eigenvalue equal to ¢.

Let A; and A, be the first and the second Jordan polynomials of the
complex monodromy on Hy(Fyo, C) of V and let A be the first Jordan
polynomial of the complex monodromy of the local plane singularity (C, P).
After the Monodromy Theorem these polynomials joint with Ay (t) and A”,
P € Sing(C), determine the corresponding Jordan form of the complex mon-
odromy. Let us denote the Alexander polynomial of the plane curve C in
P2 by Ac(t), it was introduced by A. Libgober [13, 14] and F. Loeser and
Vaquié [16].

Theorem 3.4 [2]. Let (V,0) be a SIS whose tangent cone C = C; U ...U C,
has r irreducible components and degree d. Then the Jordan form of the complex
monodromy on Hy(Fy,, C) is determined by the following polynomials

(1) The characteristic polynomial Ay (t) is equal to

d _ @0
sy =" T At

(t - 1) PeSing(C)
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(ii) The first Jordan polynomial is equal to

AP@YAL ()

9

1
a0 = 1] 7
Ac(t)(t — 1y~ PeSing(C) Al,(d)(")3
where Af(1) = ged( AP (). (1~ D) and Af (1) = ged(AT ()
(4 — D).
(iii) The second Jordan polynomial is equal to

A= [] aAlw®.
PeSing(C)
Corollary 3.5 [2, Corollaire 5.5.4]. The number of Jordan blocks of size 2 for
the eigenvalue 1 of the complex monodromy h is equal to

Yo " =D—-@-0. (3.1)

PeSing(C)

Let D; be the normalization of D; and C the disjoint union of the D; and
n: C — C be the projection map. Thus the first Betti number of C is 2g :=
2", g(D;) and the first Betti number of C is 2g + ZPeSing(C)(rP -1 —r+1.
Then ) Pesmg(C)("P — 1) = (r = 1) is exactly the difference between the first
Betti numbers of C and C. In fact this non-negative integer is equal to the first
Betti number of the minimal embedded resolution graph I'¢ of the projective
plane curve C in IP?, which is nothing but rank H,(I'y).

Corollary 3.6. Let (V,0) be a SIS whose tangent cone C = C;U...UC,
has r irreducible components. Then the number of independent cycles c(E) =
rank H;(I'y) = ZPEsing(C)(rP - -1.

In particular E has no cycles if and only if ZPEsing(C)(rP —-DH=FC-Dif
and only if the complex monodromy h has no Jordan blocks of size 2 for the
eigenvalue 1.

Corollary 3.7 [2, Corollaire 4.3.2]. If for every P € Sing(C), the local mon-
odromy of the local plane curve equation g¥ at P acting on the homology
H\(F,r, C) of the Milnor fibre Fyr has no Jordan blocks of maximal size 2 then
the corresponding SIS has no Jordan blocks of size 3.

Corollary 3.8. Let (V,0) C (C?,0) be a SIS with a rational irreducible tan-
gent cone C C IP? of degree d whose singularities are locally irreducible. Then:

(i) the link Ly is a QHS link and E has no cycles,
(ii) the complex monodromy on Hy(Fyy, C) has no Jordan blocks of size 2
for the eigenvalue 1,
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(iii) the complex monodromy on Hy(F 1, C) has no Jordan blocks of size 3.
(iv) The first Jordan polynomial is equal to

8= ] eeda’@, @ - 1.

AC(I) PeSing(C)

The proof follows from the previous description and the fact that if every
P € Sing(C) is locally irreducible then by Lé D.T. result (see 2.2) the plane
curve singularity has finite order and AT (7) = 1.

Corollary 3.9. Let (V,0) C (C3?,0) be a SIS whose tangent cone C = C; U
...UC, has r irreducible components. Assume that ZPeSing(C)(rP -1 =
(r — 1), then:

(i) E has no cycles,
(ii) the complex monodromy on Hy(Fyg, C) has no Jordan blocks of size 2
for the eigenvalue 1,
(iii) the complex monodromy on Hy(F s, C) has no Jordan blocks of size 3.
(iv) The first Jordan polynomial is equal to

1

MO R

[T ecda’o), @ =1 ).

PeSing(C)

The proof follows from Corollary 3.6 and the part (¢) Monodromy
Theorem 2.2.

3.4. The first Jordan polynomial in Example 3.3

As we described above, the plane projective curve C defined by
fo=@z—y>)? =y —x)x®>® =0 is irreducible, rational and with
two singular points: P = [0:0: 1] (with a singularity of local singularity
type u® —v'%) and P, =[1:1:1] (with a singularity of local singularity
type A,) which are unibranched. Let 7 : X — P? be the minimal embedded
resolution of C at its singular points Py, P;. Let E;,i € I, be the irreducible
components of the divisor 7 ~'(f ~'{0}). For each j € I, we denote by N, the
multiplicity of E; in the divisor of the function f o 7 and we denote by v; — 1
the multiplicity of E; in the divisor of 7m*(w) where w is the non-vanishing
holomorpic 2-form dx A dy in C?> = P?\ L. Then the divisor 7*(C) is a
normal crossing divisor. We attach to each exceptional divisor E; its numerical
data (V;, v;).
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(6,5) (2,2)
Eo E’7
Ese(3,3)

Thus AP(r) = SREED = gugisge and AR () = 0D — g
where ¢y is the k-th cyclotomic polynomial. Thus, by Corollary 3.8, the only
possible eigenvalues of with Jordan blocks of size 2 are the roots of the poly-
nomial A(t) = %i).

The proof of our main result will be finished if we show that the Alexander
polynomial Ac(#) = ¢¢. The Alexander polynomial, in particular of sextics,
has been investigated in detail by Artal [1], Artal and Carmona [3], Degtyarev
[6], Oka [24], Pho [25], Zariski [30] among others. In [23] Corollary 18, 1.2, it
is proved that Ac(¢) = ¢e.

Consider a generic line Lo, in P2, in our example the line z = 0 is generic,
and define f(x,y) = fe(x, y, 1). Consider the (global) Milnor fibration given
by the homogeneous polynomial fs : C* — C with Milnor fibre F. Randell
[26] proved that Ac(¢)(t — 1)"~! is the characteristic polynomial of the alge-

braic monodromy acting on F : Ty : Hi(F,C) — H\(F, C).

Lemma 3.10 (Divisibility properties) [13]. The Alexander polinomial
Ac)(t — 1) divides ]_[Pesmg(c) AP(t) and the Alexander polynomial at
infinity (t7 — 1)472(t — 1). In particular the roots of the Alexander polynomial
are d-roots of unity.

To compute the Alexander polynomial Ac(f) we combined the method
described in [ 1] with the methods given in [13], [16] and [9].
Consider fork = 1, ..., d — 1 the ideal sheaf Z* on P? defined as follows:

— If Q € P?\ Sing(C) then I, = Op2 .

— If P € Sing(C) then Z’;, is the following ideal of Op2 p: if h € Op2 p then
he Zf; if and only if the vanishing order of 7 *(%) along each E; is, at least,
—(v, — D+ [kTN"] (where [.] stands for the integer part of a real number).

For k > 0 the following map

o 2 H'(P*, Op2(k — 3)) — @ Op2 p/Th : h > (hp + I5) pesingc)
PeSing(C)

is well defined (up to scalars) and the result of [13] and [16] reinterpreted in
this language as [1] and [9] reads as follows:
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Theorem 3.11 (Libgober, Loeser-Vaquié).

d—1

Act) = [ Jak@n', 32)

k=1
where AF(t) := (t — exp(%)(t — exp(#) and [;, = dim coker oy,

In our case, by the Divisibility properties (Lemma 3.10), Ac(¢) divides
API()AP(t) = p3o¢15¢2. Thus, by Theorem 3.11, we are only interested in
the case k =1 and 5, Al(t) = A%(t) = ¢ = (1> —t — 1). In case k = 1, we
have l; = 0.

In case k = 5, the ideal 1'15,] is the following ideal of Op2 p;:

I; ={h € Op p : (T*h) > E\ 4+ 3E; + 4E;3 + 4E4 + 8Es + 13E)

and with the local change of coordinates u = x — y?, w = y, the generators
of the ideal are IISJl =<uw, u?, w> > and the dimension of the quotient vector
space Op2 p, /I3, is 6. A basis is given by 1, u, w, w?, w?, w*. The ideal

Tp =1{h € Op2p, : (w*h) = 0E7 + 0Eg + Eo} = mp2 p,

and the dimension of the quotient vector space Op2 p, /Iﬁ,2 is 1. A basis is given
by 1.
If we take as a basis for the space of conics 1, x, y, x2, y2, xy, the map o

os : H'(P?, Op2(2)) > Op p /T, x Op2 p, /T3,
6 . 5 5
=C'xC:h (h+Ip.h+1})

is given in such coordinates by (using u =x — y2):  os(l) =
(1,0,0,0,0,0,1), o5(x)=(0,1,0,1,0,0,1), o5(y)=(0,0,1,0,0,0, 1),
o5(x*) =(0,0,0,0,0,1,1), o05(y?)=(0,0,0,1,0,0,1) and o5(xy) =
(0,0,0,0,1,0, 1).

Therefore o5 is injective and dim cokeros = 7 — 6 + 0 = 1. The key point
is that u ¢ T, .

4. Zariski pairs

Let us consider C C P? a reduced projective curve of degree d defined by an
equation fy(x, y, z) = 0.If (V, 0) C (C3, 0) is a SIS with tangent cone C, then
the link Ly of the singularity is completely determined by C. Let us recall,
that Ly is a Waldhausen manifold and its plumbing graph is the dual graph
of the good minimal resolution. In order to determine Ly we do not need the
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embedding of C in P2, but only its embedding in a regular neighborhood. The
needed data can be encoded in a combinatorial way.

Definition 4.1. Let Irr(C) be the set of irreducible components of C. For
P € Sing(C), let B(P) be the set of local irreducible components of C. The
combinatorial type of C is given by:

— A mapping deg : Irr(C) — Z, given by the degrees of the irreducible com-
ponents of C.

— A mapping top : Sing(C) — Top, where Top is the set of topological types
of singular points. The image of a singular point is its topological type.

— For each P € Sing(C), a mapping SBp : T(P) — Irr(C) such that if y is a
branch of C at P, then B)(y) is the global irreducible component contain-
ing y.

Remark 1. There is a natural notion of isomorphism of combinatorial types.
It is easily seen that combinatorial type determines and is determined by any
of the following graphs (with vertices decorated with self-intersections):

— The dual graph of the preimage of C by the minimal resolution of Sing'(C).
The set Sing’(C) is obtained from Sing(C) by forgetting ordinary double
points whose branches belong to distinct global irreducible components. We
need to mark in the graph the r vertices corresponding to Irr(C).

— The dual graph of the minimal good resolution of V. Since the minimal
resolution is unique, it is not necessary to mark vertices.

Note also that the combinatorial type determine the characteristic polyno-
mial Ay (t) of V (see Theorem 3.4).

Definition 4.2. A Zariski pair is a set of two curves C;, Co C P? with the same
combinatorial type but such that (P2, Cy) is not homeomorphic to (P2, C,).
An Alexander-Zariski pair {C;, C,} is a Zariski pair such that the Alexander
polynomials of C; and C; do not coincide.

In [2], (see here Theorem 3.4) it is shown that the Jordan form of complex
monodromy of a SIS is determined by the combinatorial type and the Alexander
polynomial of its tangent cone. The first example of Zariski pair was given by
Zariski, [30, 31]; there exist sextic curves with six ordinary cusps. If these cusps
are (resp. not) in a conic then the Alexander polynomial equals > — ¢ + 1
(resp. 1). Then, it gives an Alexander-Zariski pair. Many other examples of
Alexander-Zariski pairs have been constructed (Artal [ 1], Degtyarev [6]).

We state the main result in [2].
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Theorem 4.3. Let Vi, V, be two SIS such that their tangent cones form
an Alexander-Zariski pair. Then Vi and V, have the same abstract topology
and characteristic polynomial of the monodromy but not the same embedded

topology.

Recall that the Jordan form of the monodromy is an invariant of the embed-
ded topology of a SIS (see Theorem 3.4); since it depends on the Alexander
polynomial Ac(#) of the tangent cone.

4.1. Zariski pair of reduced sextics with only one singular
point of type A,

Our next Zariski-pair example (C, C,) can be found in [ 1, Théoreme 4.4]. The
curves C;,i = 1, 2 are reduced sextics with only one singular point P of type
A7, locally given by u*> — v'8.

(D) the irreducible componentes of C| are two non-singular cubics. These
cubics meet at only one point P which moreover is an inflection point of each
of the cubics, i.e. the tangent line to the singular point P goes through the
infinitely near points P, P; and P, of C;. The equations of C; are given
for instance by {fi(x,y,z) = (zx*> —y* —ayz® — b*)(zx> — y3 —ayz® —
cz*) = 0}, with a, b, ¢ € C generic.

(IT) the irreducible componentes of C, are two non-singular cubics. These
cubics meet at only one point P which is not an inflection point of any of the
cubics, i.e. the tangent line to the singular point P goes through the infinitely
near points P, P; of C; but it is not going through P,. The equations of C,
are given for instance by {f>(x, y, 2) := (zx> — y*x — yz2*> — a1 (2> — y(xz —
yI))(zx? — y2x — yz2 — ax(2® — y(xz — ¥?))) = 0} with a;, a, € C generic.

Consider the superisolated surface singularities (V,0) = ({ fi(x, v, z) +
17 =0},0) C (C3,0) and (V5,0) = ({folx, y,2) + 17 =0},0) C (C3,0) (I is
a generic hyperplane). In both cases the tangent cone has two irreducible
components and it has only one singular point P of local type u*> — v'® and
therefore AP(t) = (t'8 — 1)(t — 1)/(t* — 1) = $13dodsp3¢p1, Where ¢y is the
k-th cyclotomic polynomial. Thus the number of local branches is 2 and
Zpesmg(c)(rp — 1) = (r — 1). By Corollary 3.9, for (V;, 0),i = 1, 2, the com-
plex monodromy has no Jordan blocks of size 2 for the eigenvalue 1, and it has
no Jordan blocks of size 3. Moreover the first Jordan polynomial is equal to

ged(A" (), (1° = D" oty
Ac @)t —1) Ac (1)

To compute Ac,(¢) we use the same ideas as in Theorem 3.11.

A1) =

4.1)
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Lemma 4.4. For the point P at the curve Cy the ideals I’,‘J =0Oppifk <3
Ip =<yz2>0Opp and I3 =< y%,z — y* — ay* — by’ > Op2 p.

Lemma 4.5. For the point P at the curve C, the ideals T = Op2p ifk <3,
Ip =<y z2—y*>OppandT; =< y°,z — y* — y° > Op2 p.

Thus AC,» (l) — ¢gimcoker(rs¢§iimcoker(r4.

Therefore the map oy is
o4 H'P?, Op(1)) =~ C* — Op p/Th ~ C3,

and if we choose as basis of the first space {1, y, z} and of the second {1, y, yz}
then

(1) by Lemma 4.4, for C; the dimension dim coker o4 = dimkeroy = 1.
(2) by Lemma 4.5, for C, the dimension dim coker o4 = dimkeroy = 0.

On the other hand for the map o5
o5 H'(P?, Op(2)) ~ C® — Op p/T5 ~ C°,

if we choose as basis of the first space {1, y, z, yz, vz, 7%} and of the second
{1,y,y% y3 y* y°} then we can compute

(3) by Lemma 4.4, for Cy the dimension dim coker o5 = dimkeros = 1.
(4) by Lemma 4.5, for C, the dimension dim coker o5 = dimker o5 = 0.

Therefore, Ac, (1) = ¢6¢p3 and Ac,(t) = 1 and by (4.1) we have proved that
the pair (C;, C) is a Alexander-Zariski pair.

Example 4.6. Consider the superisolated surface singularities (Vi,0) =
{fite,y,2)+1"=0},L,0)C(C,0) and  (V2,0)=({falx,y,20)+1" =
0},0) C (C?,0) (I is a generic hyperplane). Then the complex algebraic
monodromy of (Vy,0) C (C3,0) has finite order and the complex algebraic
monodromy of (V,, 0) C (C3, 0) has not finite order

This answers a question proposed to us by J. Stevens: find a Zariski pair
Cy, C, such that for the corresponding SIS surface singularities (V;,0) C
(C3,0) and (V,, 0) C (C3, 0) one has a finite order monodromy and the other
it does not.

There are also examples of Zariski pairs which are not Alexander-Zariski
pairs (see [23], [3], [4]). Some of them are distinguished by the so-called
characteristic varieties introduced by Libgober [15]. These are subtori of (C*)",
r := #Irr(C), which measure the excess of Betti numbers of finite Abelian
coverings of the plane ramified on the curve (as Alexander polynomial does it
for cyclic coverings).
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Problem 1. How can one translate characteristic varieties of a projective curve

in

DN —

10.

11.

12.

13.

14.

15.

16.

18.

19.

terms of invariants of the SIS associated to it?
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On normal embedding of complex
algebraic surfaces

L. BIRBRAIR, A. FERNANDES AND W. D. NEUMANN

Abstract

We construct examples of complex algebraic surfaces not admitting
normal embeddings (in the sense of semialgebraic or subanalytic
sets) whose image is a complex algebraic surface.

1. Introduction

Given a closed and connected subanalytic subset X C R™ the inner metric
dx(x1, x) on X is defined as the infimum of the lengths of rectificable paths
on X connecting x; to x;. This metric defines the same topology on X as
the Euclidean metric on R™ restricted to X (also called “outer metric”). This
follows from the famous Lojasiewicz inequality and the subanalytic approxima-
tion of the inner metric [6]. But the inner metric is not necessarily bi-Lipschitz
equivalent to the Euclidean metric on X. To see this it is enough to consider
a simple real cusp x> = y>. A subanalytic set is called normally embedded if
these two metrics (inner and Euclidean) are bi-Lipschitz equivalent.

Theorem 1.1 [4]. Let X C R™ be a connected and globally subanalytic set.
Then there exist a normally embedded globally subanalytic set X C R4, for
some q, and a global subanalytic homeomorphism p: X — X bi-Lipschitz
with respect to the inner metric. The pair (X, p) is called a normal embedding
of X.

2000 Mathematics Subject Classification 14P10 (primary), 32599 (secondary).
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18 L. Birbrair, A. Fernandes & W. D. Neumann

The original version of this theorem (see [4]) was formulated in a semial-
gebraic language, but it is easy to see that this result remains true for a global
subanalytic structure. The proof remains the same as in [4].

Complex algebraic sets and real algebraic sets are globally subanalytic
sets. By the above theorem these sets admit globally subanalytic normal
embeddings. T. Mostowski asked if there exists a complex algebraic nor-
mal embedding when X is a complex algebraic set, i.e., a normal embed-
ding for which the image set X C C" is a complex algebraic set. In this note
we give a negative answer for the question of Mostowski. Namely, we prove
that a Brieskorn surface x? 4+ y” + z¢ = 0 does not admit a complex alge-
braic normal embedding if b > a and a is not a divisor of b. For the proof
of this theorem we use the ideas of the remarkable paper of A. Bernig and A.
Lytchak [3] on metric tangent cones and the paper of the authors on the (b, b, a)
Brieskorn surfaces [2]. We also briefly describe other examples based on taut
singularities.

2. Proof

Recall that a subanalytic set X C R” is called metrically conical at a point xg
if there exists an Euclidean ball B C R”" centered at x, such that X N B is bi-
Lipschitz homeomorphic, with respect to the inner metric, to the straight cone
over its link at xo. When such a bi-Lipschitz homeomorphism is subanalytic
we say that X is subanalytically metrically conical at x.

Example 2.1. The Brieskorn surfaces in C?
(D [ X+ 5" +29=0)
(b > a) are subanalytically metrically conical at 0 € C> (see [2]).

We say that a complex algebraic set admits a complex algebraic normal
embedding if the image of a subanalytic normal embedding of this set can be
chosen complex algebraic.

Example 2.2. Any complex algebraic curve admits a complex algebraic normal
embedding. This follows from the fact that the germ of an irreducible complex

algebraic curve is bi-Lipschitz homeomorphic with respect to the inner metric
to the germ of C at the origin (e.g., [8], [5]).
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Theorem 2.3. If1 < a < b and a is not a divisor of b, then no neighborhood
of 0 in the Brieskorn surface in C

{(x,y,20€C |x" +y' +2 =0}
admits a complex algebraic normal embedding.
We need the following result on tangent cones:

Theorem 2.4. If (X1, x1) and (X», x;) are germs of subanalytic sets which
are subanalytically bi-Lipschitz homeomorphic with respect to the induced
Euclidean metric, then their tangent cones Ty, X and Ty, X, are subanalytically
bi-Lipschitz homeomorphic.

This result is a weaker version of the results of Bernig-Lytchak ([3], Remark
2.2 and Theorem 1.2). We present here an independent proof.

Proof of Theorem 2.4.  Let us denote
S X ={veTl,X:|v|=1}

Since 7, X is a cone over S, X, in order to prove that 7y, X; and T, X, are
subanalytically bi-Lipschitz homeomorphic, it is enough to prove that S,, X,
and Sy, X» are subanalytically bi-Lipschitz homeomorphic.

By Corollary 0.2 in [9], there exists a subanalytic bi-Lipschitz homeomor-
phism with respect to the induced Euclidean metric

h: (X1, x1) = (X2, x2),
such that |h(x) — x| = |x — x| for all x. Let us define
dh: S, X1 = Si. X,
as follows: given v € Sy, X, let y: [0, €) — X, be a subanalytic arc such that

t p—
ly@®)—xi|=tVtel0,e) and lir(gl M =v;
t—0t
we define
h t)—
dh(v) = lim 12YO =X
t—0t t
Clearly, dh is a subanalytic map. Define d(h~'): Sy, X2 — Sy, X in the same
way. Let k£ > 0 be a Lipschitz constant of A. Let us prove that k is a Lips-
chitz constant of dh. In fact, given vy, vo € Sy, X1, let 1, y2: [0, €) — X, be
subanalytic arcs such that
i) —
i) — x| =tVre[0.¢) and lim A%

t—0+ t

=v; fori=1,2.
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Then

h 1) — h 1) —
dh(v)) — dh(vy)| = | 1im o@D =22 horn® —x

t—0* t t—0F t

1
= rlir(r)l*' ;lh oY1) — hoy(1)]

1
< k lim — — w(t
< ti%f'?l([) y2(0)|
=k|U1—U2|.

Since d(h~") is Lipschitz (by the same argument) and d/ and d(h~") are mutual
inverses, we have proved the theorem. Il

Corollary 2.5. Let X C R" be a normally embedded subanalytic set. If X is
subanalytically metrically conical at a point x € X, then the germ (X, x) is
subanalytically bi-Lipschitz homeomorphic to the germ (T, X, 0).

Proof. The tangent cone of the straight cone at the vertex is the cone itself.
So the result is a direct application of Theorem 2.4. O

Proof of Theorem 2.3.  Let X C C? be the complex algebraic surface defined
by

X ={x,y, 2 x"+y+z=0}.

We are going to prove that the germ (X, 0) does not have a normal embedding
in CV which is a complex algebraic surface. In fact, if (f(, 0) C (CM,0) is
a complex algebraic normal embedding of (X, 0) and p: (X,0) — (X, 0) is
a subanalytic bi-Lipschitz homeomorphism, since (X, 0) is subanalytically
metrically conical [2], then (X, 0) is subanalytically metrically conical and, by
Corollary 2.5, (X, 0) is subanalytically bi-Lipschitz homeomorphic to (7p X, 0).
Now, the tangent cone Ty X is a complex algebraic cone, thus its link is an S'-
bundle. On the other hand, the link of X at 0 is a Seifert fibered manifold with
b singular fibers of degree ﬁ. This is a contradiction because the Seifert
fibration of a Seifert fibered manifold (other than a lens space) is unique up to
diffeomorphism. O

The following result relates the metric tangent cone of X at x and the usual
tangent cone of the normally embedded sets. See [3] for a definition of a metric
tangent cone.

Theorem 2.6 [3], Section 5. Let X C R™ be a closed and connected suban-
alytic set and x € X. If (X, p) is a normal embedding of X, then Tp—l(x)f( is
bi-Lipschitz homeomorphic to the metric tangent cone.
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Remark 1. We showed that the metric tangent cones of the above Brieskorn
surface singularities are not homeomorphic to any complex cone.

2.1. Other examples

We sketch how taut surface singularities give other examples of complex surface
germs without any complex analytic normal embeddings.

Both the inner metric and the outer (Euclidean) metric on a complex ana-
lytic germ (V, p) are determined up to bi-Lipschitz equivalence by the com-
plex analytic structure (independent of a complex embedding). This is because
(fi,-.., fx): (V, p) = (CV,0) is a complex analytic embedding if and only
if the f;’s generate the maximal ideal of Oy ), and adding to the set of gen-
erators gives an embedding which induces the same metrics up to bi-Lipschitz
equivalence.

A taut complex surface germis an algebraically normal germ (V, p) (to avoid
confusion we say “algebraically normal” for the algebro-geometric concept of
normality) whose complex analytic structure is determined up to isomorphism
by its topology. So if its inner and outer metrics are not bi-Lipschitz equivalent
then it has no complex analytic normal embedding with algebraically normal
image. Taut complex surface singularities were classified by Laufer [7] and
include, for example, the simple singularities. A simple singularity (V, p) of
type By, Dy, or E, has non-reduced tangent cone, from which follows easily that
it has non-equivalent inner and outer metrics. Thus (V, p) admits no complex
algebraic normal embedding as an algebraically normal germ.

If we drop the requirement that the image be algebraically normal, (V, p)
still has no complex analytic normal embedding. Indeed, suppose we have a
subanalytic embedding (V, p) — (¥, 0) C (C", 0) whose image Y is complex
analytic but not necessarily algebraically normal (see also [1]). By tautness, the
normalization of Y is isomorphic to V, which has non-reduced tangent cone.
Hence Y also has non-reduced tangent cone, so it is not normally embedded.
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Local Euler obstruction, old and new, II

JEAN-PAUL BRASSELET AND NIVALDO G. GRULHA JR.

Abstract

This paper is a continuation of the first author’s survey Local Euler
Obstruction, Old and New (1998). It takes into account recent
results obtained by various authors, in particular concerning exten-
sions of the local Euler obstruction for frames, functions and maps
and for differential forms and collections of them.

1. Introduction

The local Euler obstruction was first introduced by R. MacPherson in [34]
as a key ingredient for his construction of characteristic classes of singular
complex algebraic varieties. Then, an equivalent definition was given by J.-P.
Brasselet and M.-H. Schwartz in [7] using vector fields. This new viewpoint
brought the local Euler obstruction into the framework of “indices of vector
fields on singular varieties”, though the definition only considers radial vector
fields. There are various other definitions and interpretations in particular due to
Gonzalez-Sprinberg, Verdier, Lé-Teissier and others, and there is a very ample
literature on this topic, see for instance [3] and also [1, 7,9, 12, 13, 17, 23, 33,
34].

A survey was written by the first author [2]. Then, the notion of local
Euler obstruction developed mainly in two directions: the first one comes
back to MacPherson’s definition and concerns differential forms. That is
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developed by W. Ebeling and S. Gusein-Zade in a series of papers. The second
one relates local Euler obstruction with functions defined on the variety [5, 6]
and with maps [23]. That approach is useful to relate local Euler obstruction
with other indices. The aim of this paper is to update the previous survey in
order to present together the new features on the subject. We use (and abuse)
the monographies [3, 9] for the most classical features. Let us provide a brief
“history” of the subject.

The local Euler obstruction at a point p of an algebraic variety V, denoted
by Euy(p), was defined by MacPherson. It is one of the main ingredients in
his proof of Deligne-Grothendieck conjecture concerning existence of charac-
teristic classes for complex algebraic varieties [34]. An equivalent definition
was given in [7] by J.-P. Brasselet and M.-H. Schwartz, using stratified vector
fields.

Independently of MacPherson, M. Kashiwara [29] introduced a local invari-
ant of singular complex spaces in relation to his famous local index theorem
for holonomic D-modules. It was later observed by Dubson to be the same as
MacPherson’s local Euler obstruction [11, 12, 13].

The computation of local Euler obstruction is not so easy by using the
definition. Various authors propose formulae which make the computation
easier. G. Gonzalez-Sprinberg and J.L.. Verdier give a formula in terms of
Chern classes of the Nash bundle [17]. L& D.T. and B. Teissier provide a
formula in terms of polar multiplicities [33]. V. H. Jorge-Perez, D. Levcovitz
and M. J. Saia [27], use the Lé-Teissier result to emphasize interest of local
Euler obstruction in the context of maps.

In the paper [5], J.-P. Brasselet, D. T. L€ and J. Seade give a Lefschetz type
formula for the local Euler obstruction. The formula shows that the local Euler
obstruction, as a constructible function, satisfies the Euler condition relatively
to generic linear forms. A natural continuation of the result is the paper by J.-P.
Brasselet, D. Massey, A. J. Parameswaran and J. Seade [6], whose aim is to
understand what is the obstacle for the local Euler obstruction to satisfy the
Euler condition relatively to analytic functions with isolated singularity at the
considered point. That is the role of the so-called local Euler obstruction of f,
denoted by Eu 7y (0).

The relation between local Euler obstruction of f and the number of Morse
points of a Morsification of f is described, for particular germs of singu-
lar varieties, in [40] by J. Seade, M. Tibar and A. Verjovsky. They compare
Eu sy (0) with two different generalizations of the Milnor number for functions
with isolated singularities on singular varieties: one is the notion of the Milnor
number given by L& D. T. [30], the other is the one given by D. Mond, and
D. van Straten [37] and by V. Goryunov [22] for curves, and considered by
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T. Izawa and T. Suwa [26] for functions defined on complete intersections in
general.

Another generalization of the Milnor number, denoted by wgg(f), is given
by J. W. Bruce and R. M. Roberts in [10] for functions defined on a singular
algebraic variety. In [24, 25], N. Grulha establishes a relation between Euy_¢(0)
and ppg(f), for a function f with isolated singularity and V a hypersurface
with isolated singularity such that the associated logarithmic characteristic
variety, denoted by LC(V), is Cohen-Macaulay.

Bruce and Roberts’ Milnor number can be computed in an easier way
[37]; however, its behavior relatively to deformations of the variety V can
be complicated, in particular because tangent vector fields do not necessar-
ily lift on deformations of the variety. An important result is that Bruce and
Roberts’ Milnor number is a topological invariant for families of functions
with isolated singularities defined on hypersurfaces with isolated singularities
[24, 25].

The natural generalization of the notion of local Euler obstruction of a
function is the one of local Euler obstruction of a map f : (V,0) — (C*, 0),
where (V, 0) is a germ of an equidimensional complex analytic variety with
dimension n > k. Such a notion can be defined using the local Euler obstruction
associated to a k-frame on an analytic variety, as defined and studied by J.-P.
Brasselet, J. Seade and T. Suwa in [9]. That is performed by N. Grulha in
[23, 24], where is introduced the notion of local Euler obstruction for maps
defined on singular varieties, a priori depending on a particular choice of
a cell.

Another way to extend the notion of local Euler obstruction is to define it by
using differential forms instead of vector fields. That is in fact the original way
that R. MacPherson introduced the local Euler obstruction. That is developed
by W. Ebeling and S.M. Gusein Zade in various papers, in particular [ 14, 15],
see also [9]. The link between the definitions by vector fields and differential
forms is provided. That notion is also closely related to the one introduced by
C. Sabbah in [38].

In the case of collections of differential forms, W. Ebeling and S.M. Gusein
Zade introduce a notion of Chern obstruction that generalizes the local Euler
obstruction [14]. The Chern obstruction can be characterized as an intersection
number. In a paper in preparation [21] T. Gaffney and N. Grulha compute
the Chern obstruction of a collection of 1-forms on a variety with isolated
singularity not necessarily ICIS using the Multiplicity Polar Theorem [20].
The results in [21] generalize some results of [20].

In arecent paper, [4], J.-P. Brasselet, N. Grulha and M. Ruas studied the link
between the Chern obstruction and the notion of local Euler obstruction for
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maps. In particular, using invariance results obtained for the Chern obstruction
[14] one shows that local Euler obstruction for maps is independent of the
(generic) choice of the cell (see above).

Another new development about the Euler obstruction is the extension of this
local invariant to a corresponding global Euler obstruction for affine algebraic
varieties. This starts with the work [42] in the language of stratified vector
fields, and was further extended in the language of 1-forms in [44, 46].

2. Definition of the Euler obstruction

2.1. The Nash transformation

In the following, we will denote by(V, 0) an equidimensional complex ana-
Iytic singularity germ of (complex) dimension d. We will denote also by V a
representative V. C U where U is an open subset in C™.

Let G(d, m) denote the Grassmanian of complex d-planes in C”. On the
regular part Viee = V \ Sing(V) of V the Gauss map ¢ : Viee — U x G(d, m)
is well defined by ¢(x) = (x, T (Vieg)).

Definition 2.1. The Nash transformation (or Nash blow up) V of V is the
closure of the image Im(¢) in U x G(d, m). It is a (usually singular) complex
analytic space endowed with an analytic projection map v : V — V which is
a biholomorphism away from v=!(Sing(V)).

That means that each point y € Sing(V) is being replaced by all limits of
planes T, (Vi) for sequences {x;} in V¢, converging to y.

The fiber of the tautological bundle 7 over G(d, m), at the point P €
G(d, m), is the set of the vectors v in the d-plane P. We still denote by 7°
the corresponding trivial extension bundle over U x G(d, m). Let T be the
restriction of 7 to V, with projection map . The bundle T on V is called the
Nash bundle of V.

An element of T is written (x, P,v) where x € U, P is a d-plane in C"
based at x and v is a vector in P. We have a diagram:

T — T
7| !
V — U xG(d,m)
v |
V — U.

Let us consider a complex analytic stratification (V,)seca of V satisfy-
ing the Whitney conditions. Adding the stratum U \ V we obtain a Whitney
stratification of U. Let us denote by TU |y the restriction to V of the tangent
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bundle of U. We know that a stratified vector field v on V means a continuous
section of TU|y such that if x € V, NV then v(x) € T (V,). The following
proposition is a direct application of the Whitney condition (a) [7]:

Proposition 2.2. Every stratified vector field v on a subset A C'V has a
canonical lifting to a section T of the Nash bundle T over v='(A) C V.

2.2. The local Euler obstruction

Let us firstly recall the original definition, due to R. MacPherson [34]:

Letz = (z1, ..., zm) belocal coordinates in C" around {0}, such that z;(0) =
0, we denote by B, and S, the ball and the sphere centered at {0} and of
radius ¢ in C™. Let us consider the norm ||z|| = +/21Z1 + - - + ZmZm. Then
the differential form w = d||z||> defines a section of the real vector bundle
T(C™)*, cotangent bundle on C™. Its pull back and, restricted to 17, becomes
a section denoted by @ of the dual bundle T*. For small enough ¢, the section
@ is nonzero over v~'(z) for 0 < ||z|| < &. The obstruction to extend @ as a
nonzero section of 7* from v~I(S,) to v~ (B,), denoted by Obs(f*, ) lies in
H?(v=1(B,), v7(S;); Z). Let us denote by O,-15,),-1s,) the orientation class
in Hyq(v™'(B,), v='(S,): 2).

Definition 2.3. the local Euler obstruction of V at O is the evaluation of
ObS(T*, CT)) on OV’I(BS),V’I(SS)’ i.e.

Euy(0) = (0bs(T*, &), Oy-18,).1-15,))-

The local Euler obstruction is independent of all choices involved.

The following interpretation of the local Euler obstruction has been given
by Brasselet-Schwartz [7].

Let us consider a stratified radial vector field v(x) in a neighborhood of {0}
in V, i.e., there is gj such that for every 0 < ¢ < g9, v(x) is pointing outwards
the ball B, over the boundary S, = 9B,.

Definition 2.4. Let v be a radial vector field on V N'S, and v the lifting of v
on v~ (V N'S,) to a section of the Nash bundle. The local Euler obstruction
(or simply the Euler obstruction) Euy (0) is defined to be the obstruction to
extending v as a nowhere zero section of T over v IV N B,).

More precisely, let O(¥) € H* (v='(V N B,), v~ (V N Se)) be the obstruc-
tion cocycle to extending v as a nowhere zero section of T inside v='(V N B,).
The local Euler obstruction Euy (0) is defined as the evaluation of the cocycle
O(¥) on the fundamental class of the pair (v='(V NB,), v='(V N'S,)). The
Euler obstruction is an integer.
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Euy (x) is a constructible function on V, in fact it is constant along the strata
of a Whitney stratification.

Remark 1. The Euler obstruction is not a topological invariant [24]. Let us
provide the example of Briangon-Speder, which gives a counter example of
topological invariance. Let us consider the family

¢ =x>+ 'z 42 +1xy°,

that is a quasi-homogeneous family of hypersurfaces in (C?LV’ . of the type

(3,2, 1;15), with isolated singularity, therefore topologically trivial. If we
consider a generic section z = ax + by, we find a family x> 4+ y7(ax + by) +
(ax + by)"> + txy® of planar curves. To compute the Milnor number of the
elements of this family, it is enough to compute the Milnor number of the terms
of the type x> + by® + rxyS.

From Lé and Teissier’s results [33] we know that

Euy,(0) = mo(V;) —m1(V,),

where mo(V;) and m(V;) are polar multiplicities of the hypersurface V, at
the origin. The polar multiplicities are related with the Milnor number of the
hypersurfaces [45] by the equation m;(V;) = u;(¢;) + nir1(¢;) where p; is
the Milnor number of the intersection of the hypersurface with a hyperplane of
dimension i. Therefore we have Euy,(0) = mo(V;, 0) — w1 (¢r) — p2(y).

But we know that mo(V;, 0) — 1 = p1(¢,), therefore Euy,(0) = 1 — ua(e;).
Looking the Newtons’s polygon below we can see that u,(¢o) < ua(¢;), so,
the Euler obstruction is not constant for the family.

(0,8)

(0,6)
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2.3. Proportionality Theorem for vector fields

The Proportionality Theorem for vector fields proved in [7] is an important
property of local Euler obstruction.

Let us consider a vector field v, defined on the stratum V,, with an isolated
singularity at x and Poincaré-Hopf index on V,, denoted by Indpy(vy, x; Vy).
The vector field v, can be lifted in a stratified vector field v defined in a
neighborhood of x in C" by the radial extension process described by M.-H.
Schwartz (see [39, 7, 3]) in such a way that the extension v has an isolated
singularity at x and satisfies

Indpy (v, x; C") = Indpy (v, X; Vo).
One says that v is obtained by radial extension from v, .

Definition 2.5. Let v be a stratified vector field obtained by radial extension
of v, with an isolated singularity at x € V,,. Let ¥ be the canonical lifting of v
to a section of the Nash bundle T over the boundary of v=!(V N B,(x)), where
B, (x)isasmall ball around x in C". Let O(¥) € H*'(v='(V N B,(x)), v='(V N
Se (x))) be the obstruction cocycle to extending v as a nowhere zero section of T
inside v='(V N B,(x)). One defines the local Euler obstruction of V relatively
to the vector field v, at x, and one denotes by Euy (v, x) the evaluation of
O(?) on the fundamental class of the pair (v='(V NB,(x)), v~ (V N S,(x))).
That is:

Euy (v, x) = (O@), [v"'(V N B.(x)), v (V N Se(x))]).
One has the following theorem:

Theorem 2.6. Let v be a stratified vector field obtained by radial extension of
vy With an isolated singularity at x € V,, with index Indpy(vy, X; Vy). One has:

Euy (v, x) = Indpy (v, x; V,) - Euy(x).

3. Local Euler obstruction for a frame

A k-fieldis a collection v® = (vy, ..., v;) of k vector fields. A singular point of
the k-field v® is a point in which the vectors v; fail to be linearly independent.
A k-frame is a k-field without singularity. One says that the k-field v® is
stratified if each vector v; is a stratified vector field in the previous sense.

Let (V, 0) C (C™, 0) be an equidimensional germ of complex analytic vari-
ety, of (complex) dimension d. Let us consider a Whitney stratification {V,}
of C™ compatible with V. Let us consider also a triangulation (K) of C”
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compatible with the stratification {V,}. One denotes by o a cell with (real)
dimension 2(m — k 4+ 1) in a dual cell decomposition (D) of M defined by
duality from the triangulation (K). Such a cell o is transverse to all strata of
the given stratification.

Let v® be a stratified k-field on o N V with an isolated singularity at the
barycenter a of . The k-field v® does not have singularity on do N V. Each
vector v; in v® admits a lifting @ a a section of T on v=!(dc N V). The
k-frame v® can be lifted as a set #* of k linearly independent sections of T
onv-'(d3c NV)[9].

The cohomology class, in H*@ D= I(¢ N V), (v~ (3o N V))) of the
obstruction cocycle to extending 7’ as a set of k linearly independent sections
of T on v='(c N V) is denoted by Obs(i®, & N V). The following definition
is adapted from [9]:

Definition 3.1. The local Euler obstruction Eu(v®, V, o) of the stratified k-
field v® defined on o NV with an isolated singularity at the barycenter of
o is defined as the evaluation of the obstruction cocycle Obs(#®, o N V) on
the fundamental class of the pair v~ NV),v1(3c N V)]. In other words,
that is:

Eu@®,V, o) = (0bs(®®, 0 N V), v (e NV),v (@5 NV)]).

4. Euler obstruction and hyperplane sections

The idea of studying the Euler obstruction “a la” Lefschetz, using hyperplane
sections, appears in the works of Dubson and Kato. The approach we follow
here is that of [5, 6], which is topological.

We start with the following lemma, which is a special case of well known
results about Lefschetz pencils. Let us denote by £ the space of complex lin-
ear forms on C™. As before let (V, 0) C (C™, 0) an equidimensional germ of
complex analytic variety, of (complex) dimension d. Let us fix a Whitney strat-
ification of V. There are a finite number of strata of this Whitney stratification
which contain 0 in their closure, and we assume that the representative of (V, 0)
is chosen small enough so that these are the only strata of V.

Lemma 4.1 [5]. There exists a non-empty Zariski open set Q2 in L such that
for every |l € Q, there exists a representative V of (V, 0) so that:

(i) foreach x € V, the hyperplane 1='(0) is transverse in C™ to every limit of
tangent spaces in T Vieg of points in Vieg converging to x;
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(i1) for each y in the closure V,inV of each strata Vy, o = 1,...,¢, the
hyperplane 171(0) is transverse in C™ to every limit of tangent spaces in
TV, of points converging to y.

In particular, for each | € Q2 the Nash transformation 1% satisfies
V CC" x (G, m)\ H"),
where H* := {T € G(d, m) such that [(T) = 0}.
Then we can state the Theorem:

Theorem 4.2 [5]. Let(V, 0) be a germ of an equidimensional complex analytic
space in C". Let V,,, « =1, ..., ¢, be the (connected) strata of a Whitney
stratification of a small representative V of (V, 0) such that O is in the closure
of every stratum. Then for each |l € Q as in Lemma 4.1 there is &g such that for
any g, gy > € > 0 and ty # 0 sufficiently small, the Euler obstruction of (V, 0)
is equal to:

£
Euy(0) = Y x(Va N B, NI (2)) - Buy (V).

a=1

where x denotes the Euler-Poincaré characteristic and Euy (Vy) is the value
of the Euler obstruction of V at any point of Vo, . = 1, ..., L.

Theorem 4.2 has been proved in [5], an alternative proof is given by
Schiirmann in [42]. We notice that the formula above is somehow in the spirit
of the formula by Lé-Teissier in [33].

Let us give some consequences of the theorem. We notice that the generic
slice V N B, N1~ (ty) in 4.2 is by definition (see [18]) the complex link of 0 in
V. In the case of an isolated singularity the complex link is smooth and there is
only one stratum appearing in the sum in Theorem 4.2. In this case the theorem
gives:

Corollary 4.3 [S5]. Let V be an equidimensional complex analytic subspace of
C™ with an isolated singularity at 0. The Euler obstruction of V at 0 equals the
GSVindex (see [16]) of the radial vector field on a general hyperplane section
VNH.

Corollary 4.4 [12, 33]. Let V be an equidimensional complex analytic space
of dimension d in C" whose singular set Sing(V') is 1-dimensional at 0. Let
[ be a general linear form defined on C" and denote by F,, the local Milnor
fiber at O of the restriction of | to V. The singularities of F; are the points
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F, N Sing(V) =: {xy, ..., x}. Then,

k
Euy(0) = x(F,) —k+ Y _ Euy(x).
1

5. The local Euler obstruction of a function

In this section we define an invariant introduced by J.P. Brasselet, D. Massey,
A. J. Parameswaran and J. Seade in [6], which measures in a way how far the
equality given in Theorem 4.2 is from being true if we replace the generic linear
form / by some other function on V with at most an isolated stratified critical
point at 0. For this it is convenient to think of the local Euler obstruction as
defining an index for stratified vector fields. To be precise, let (V, 0) be again
a complex analytic germ contained in an open subset U of C” and endowed
with a complex analytic Whitney stratification {V,}. We assume further that
every stratum contains 0 in its closure. For every point x € V, we will denote
by V,(x) the stratum containing x. We recall first some well known concepts
about singularity theory which originate in the work of R. Thom.

Let f: V — C be a holomorphic function which is the restriction of a
holomorphic function F : U — C. We recall [ 18] that a critical point of f is a
pointx € V such that d F(x)(T,(V4(x))) = 0. We say, following [31], [ 18], that
f has anisolated singularity at0 € V relative to the given Whitney stratification
if f does not have critical points in a punctured neighborhood of 0 in V.

Let us denote by vllx) the gradient vector field of F at a point x € U,
defined by VF(x) := (g{l, R ;T‘:), where the bar denotes complex conju-
gation. From now on we assume that f has an isolated singularity at 0 € V.
This implies that the kernel Ker(d F) is transverse to 7,(V,(x)) at any point
x € V \ {0}. Therefore at such a point, we have:

Angle(VF(x), Te(Vy(x))) < /2,

so the projection of V F(x) on T, (V,(x)), denoted by &, (x), does not vanish.

Let Vg be a stratum such that V,, C Vﬁ, and let 7 : U, — V, be a tubular
neighborhood of V,, in U. Following the construction of M.-H. Schwartz in
[39, §2] we see that the Whitney condition (a) implies that at each point
y € Vg NU,, the angle of {g(y) and of the parallel extension of £, (7 (y)) is
small. This property implies that these two vector fields are homotopic on the
boundary of U,. Therefore, we can glue together the vector fields ¢, to obtain
a stratified vector field on V, denoted by V' f. This vector field is homotopic
to VF|y and one has Vy f # 0 unless x = 0.
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Intuitively, what we are doing in the construction of Vy f is to take, for each
stratum V,, of V, the gradient vector field of the restriction of f to V,, and then
gluing all these vector fields together.

Definition 5.1. Let v: V — V be the Nash transform of V. We define the
local Euler obstruction of f on V at 0, denoted Euyy(0), to be the Euler
obstruction Eu(Vy f, V, 0) (see Definition 2.5) of the stratified vector field
VyfatOeV.

In other words, let ¢ be the lifting of Vy f as a section of the Nash bundle
T over V without singularity over v='(V N'S,), where S, = 9B, is the bound-
ary of a small sphere around 0. Let O(¢) € Hz’i(v’l(V NB, v (VN Sg))
be the obstruction cocycle to the extension of ¢ as a nowhere zero section
of T inside v~ (V N'B,). Then the local Euler obstruction Eu £v(0) is the
evaluation of O(Z) on the fundamental class of the pair (v='(V N B,), v~ (V N
Se)).

We notice that all these definitions and constructions also work when f
is the restriction to V of a real analytic function on the ambient space. For
instance, we can take f to be the function distance to 0 on V, then V f is a
radial vector field and the invariant Eu £,y (0) is the usual local Euler obstruction
of V at 0.

6. The Euler obstruction and the Euler defect

The following result [6] compares the Euler obstruction of the space V with
that of a function on V.

Theorem 6.1. Let f : (V,0) — (C, 0) have an isolated singularity at0 € V.
One has:

Euy,y(0) = Euy (0) — (Z X (Ve N B, O 7 (00)) - Euv(va)) .

In other words, the invariant Euy,y(0) can be regarded as the “defect” for
the local Euler obstruction of V to satisfy the Euler condition with respect
to the function f. In this way one can generalize the definition of the
Euler obstruction to functions with non-isolated singularities and one gets
the Euler defect introduced in [6]. This arises as a natural application of
Massey’s work [35, 36] on intersections of characteristic cycles and derived
categories.
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7. The Euler defect at general points

By definition, if 0 is a smooth point of V and a regular point of f then
Eu v (0) = 0 since in this case Eu sy (0) is the Poincaré-Hopf index of a vector
field at a non-singular point. Proposition 7.2 below shows that this is the case
in a more general situation.

Definition 7.1. Let (V,0) C (U, 0) be a germ of analytic set in C" equipped
with a Whitney stratification and let f : (V,0) — (C, 0) be a holomorphic
function, restriction of a regular holomorphic function F : (U, 0) — (C, 0).
We say that O is a general point of f if the hyperplane Kerd F(0) is trans-
verse in C™ to every generalized tangent space at 0, i.e. to every limit of
tangent spaces T, (V,), for every V, and every sequence x; € V, converging
to 0.

We notice that for every f as above the general points of f form a non-
empty open set on each (open) stratum of V, essentially by Sard’s theorem. We
also remark that this definition provides a coordinate free way of looking at the
general linear forms considered in Theorem 4.2. In fact the previous definition
is equivalent to saying that with an appropriate local change of coordinates F
is a linear form in U, and it is general with respect to V.

Proposition 7.2. Let 0 be a general point of f : (V,0) — (C, 0). Then

Euf,V(O) =0.

8. The Euler obstruction via Morse theory

This section is taken from [41], by J. Seade, M. Tibar and A. Verjovsky. Here
we show how stratified Morse theory yields to a clear understanding of what the
invariant Eu sy (x) is for arbitrary functions with an isolated singularity. These
results can also be deduced from Schirmann’s book [43], and also from the
work of D. Massey, as for instance [35, 36]. For this we recall the definition of
complex stratified Morse singularities (see Goresky-MacPherson [18], p. 52).

Definition 8.1. Let V,, be a Whitney stratification of V and let f: V — C
be the restriction to V of a holomorphic function F :C" — C; assume
for simplicity 0 = f(x). One says that f : (V,x) — (C,0) has a stratified
Morse critical point at x € V if the dimension of the stratum V,, that con-
tains x is > 1, the restriction of f to V, has a Morse singularity at x
and f is general with respect to all other strata containing x in its closure,
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i.e., Kerd F(x) is transverse in C" to every limit of tangent spaces T, (Vp), for
every stratum Vg such that V,, C V,g and every sequence x; € Vg converging
to x.

We recall that every map-germ f on (V, 0) can be morsified, i.e., approx-
imated by Morse singularities. This is proved in [32] for f with an isolated
singularity.

The theorem below is contained in [41].

Theorem 8.2. Let f be a holomorphic function germ on (V, 0) with an isolated
singularity (stratified critical point) at 0, restriction of a function F on an open
subset in C". Let V,, C V be the stratum that contains 0. Then:

(i) IfdimV, < dimV andKer dF does not vanish on any generalized tangent
space of the regular stratum (in particular if f is Morse at 0), then
Euyy(0) = 0.

(1) If f has a stratified Morse singularityat0 € V, anddim V, = dim V = n,
then Euy,y (0) = (—1)".

(iii) In general, the number of critical points of a Morsification of f in the
regular part of V is (—1)"*'Euy,y (0).

9. Generalizations of Milnor number

In D. T. Lé&’s work [30] a new notion of Milnor number arises, that is a
generalization of the Milnor number for analytic functions defined on singular
analytic spaces such that the so-called rectified homotopical depth of V at 0,
denoted rhd(V, 0) satisfies rhd(V, 0) = dim¢(V, 0).

Let V be a sufficiently small representative of the germ (V, 0). The Mil-
nor fiber of the complex analytic function f, defined on V, with an isolated
singularity at O (in the stratified way), has the homotopy type of a bouquet of
spheres. The Lé’s Milnor number, denoted by ;. (f), is defined as the number
of spheres in the bouquet.

The relations between this invariant and the local Euler obstruction of f
were obtained in [40]. In particular one has:

Theorem 9.1. Let V be a sufficiently small representative of the germ (V, 0) of
a complex analytic space. Let us consider a complex analytic function defined
on V with a stratified isolated singularity at 0. Then, ifthd(V, 0) = dim¢(V, 0)
we have that

pni(f) = (=D)EmeV-0 gy 4 (0).
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The conditionrhd(V, 0) = dim¢(V, 0) is satisfied for a complete intersection
with isolated singularity (ICIS). In this case the following holds (see [40]):

Theorem 9.2. Let V be a sufficiently small representative of an ICIS germ,
(V,0), f an analytic function on V with stratified isolated singularity at 0, and
l a generic linear form. Then, we have

Eusy(0) = (=)0, (f) — ur @)l

Proposition 9.3. Let (V,0) C (C",0)beanICIS, and F : (C" x C",0) —» C
a family of functions with isolated singularity, we denote F(x,u) = f,(x).
Then, the following are equivalent,

(1) Euy, v(0) is constant for the family.
(i1) wp(f,) is constant for the family.

10. Bruce and Roberts’ Milnor Number

Bruce and Roberts gave in [10] an alternative generalization for the notion of
Milnor number for a function on a singular variety. One of the main goals
in [10] is to characterize germs of diffeomorphisms preserving V. The usual
technique is the integration of germs of vector fields tangent to V.

Let us denote by O,, the ring of germs of holomorphic germs of functions
f:(C",0)— Cat0, V asufficiently small representative of the germ (V, 0)
and Z(V) denote the ideal in O,, consisting of the germs of functions vanishing
onV.

Definition 10.1. For x € C", let Der,C™ denote the O,,-module of germs of
analytic vector fields on C" at x. A vector field § in Der,C™ is said to be
logarithmic for (V, x) if, when considered as a derivation § : O,, - O,,, we
have 8(h) € Z(V) for all h € Z(V). The O,,-module of such vector fields is
denoted by ®(y x). When x = 0, we denote it by Oy.

Definition 10.2. Let f : (C™,0) — (C, 0) be a function and Jy (f) the ideal
{8f : 8 € Oy} of O,. The Bruce-Roberts’ Milnor number of f on V at 0,
denoted by wgr(f) is defined by dim¢ O,/ Jy ().

Definition 10.3 [10]. Let us suppose that the vector fields §y, ..., §,, generate
©®y for some neighborhood U at 0 € C™. Then if T;;C™ is the restriction of the
cotangent bundle of C” in U, we define

LCy(V) = {(x,&) € T;C" 1 £8:(x) = 0,i = 1...,m}.
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LC(V)is defined as the germ of LCy(V) in T;C", and it can be shown that
it is independent of the choice of generators of ®y.

Let V, be a stratum of the logarithmic stratification (see [10]) of V. The
conormal space of V,, is the subspace of 7;;C" given by all forms vanishing on
the tangent bundle 7'V,,. We denote it by C(V,).

Then we have,

Lew) = JCa),

with multiplicities [10].
In[24, 25] the author prove the following result that relates the Euler obstruc-
tion and the Bruce-Roberts’ Milnor number.

Theorem 10.4. Let (V,0) be the germ of a reduced equidimensinal analytic
variety and f : (C",0) — (C, 0) a function with isolated singularity at the
origin in such that f has also a isolated singularity in the stratified way. If
LC(V) is Cohen-Macaulay we have,

d
wsr(f) =Y ma(=1)" Y Eu 5 (0),

a=0

where m, denotes the multiplicity of T*V, in LC(V).

An important class of examples is the case of V being the discriminant of
an analytic stable map-germ F : (C", 0) — (C?,0), n > p, with (n, p) in nice
dimensions of Mather [19].

The next result is one of the main results of [25].

Theorem 10.5. Let V C C" be a hypersurface with isolated singularity with
LC(V) Cohen-Macaulay, and F : (C" x C", 0) — C afamily of functions with
isolated singularity, then:

(@) wpr(fy) constant for the family implies u(f,), pnir(fu) and Euy, v(0)
constant for the family.

(b) w(fy) is constant for the family, and either Euy, v(0) or up(f,) constant
for the family implies wpr( f,) is constant for the family.

Corollary 10.6. Let V C C" a hypersurface with isolated singularity at the
origin with LC(V) Cohen-Macaulay, and F : (C" x C",0) — C, a family of
functions with isolated singularity, such that is a topological trivial family in
V, then upg(f,) is constant for the family.
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The converse of Corollary 10.6, i.e. the topological invariance of @ gg, is an
open problem in this theory.

11. Local Euler obstruction of an analytic map

Let us fix an integer p, 1 < p < d. Let us consider a germ of analytic map
[ (V,0) — (C?,0), restriction of F : (U, 0) — (C?, 0), where U is a neigh-
borhood of 0 in of C" and

F(z) = (F1(2), F2(2), ..., Fp(2)).

One denotes by

f@) = (f1(2), L2(2), ..., fp(2))

the coordinate maps of f. o o

Following [6] let us denote by V F;(z) = (g—ZF]"(z), e %"(1)) the vector field
associated to F; on U, where the bar means that we take the complex conjugate
vector field. Let us consider z € V\{0} and denote by V,, the stratum containing

z. The kernel ker(d F;(z)) is transversal to T,(V,,). So, we have, for z € V\{0} :
Angle(VF;(2), T.(Vo)) < /2,

therefore the projection of VFj(z) on T.(V,), does not vanish. We denote it
by Vy fi(z). The construction can be done in such a way that the vector fields
(Vv 1), Vv £2(2), ..., Vy f,(2)) are linearly independent (see [23]).

One obtains a stratified p-frame denoted by V(‘,p) f, without singularity on
(0B, NV \ {Zf}), where B, is a ball in C™" centered at 0 and X f the singular
set of f.

The definition of the local Euler obstruction of a map at a singular point,
given in [23], depends on the choice of a 2(m — p + 1)-cell o satisfying the
following condition (8). In the following, we will see (Corollary 13.5) that the
local Euler obstruction of the map does not depend on the (generic) choice of
the cell 0.

Definition 11.1. Let (V,0) C (C™", 0) a germ of equidimensional (complex)
analytic variety with dimension d. Let us consider an analyticmap f : (V,0) —
(CP,0), defined by coordinate functions. One says that f satisfies the (8)
condition if there is a cell o with (real) dimension 2(m — p 4+ 1) and with
barycenter 0, in a dual cell decomposition (D) of C™, such that:

SfNaio =g. )
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If f satisfies the (§) condition for the cell o, the p-frame ?if) f can be

~(p) ~
lifted up as a set of p linearly independent sections va fof T onv= (V)
where V° = V N do.Letusdenote by & € H24—r+D(p=1(Vo), v=1(dV?)) the

. =(p) . . :
obstruction cocycle to extend V, f as a set of p linearly independent sections
of T on v~ 1(V?).

Definition 11.2. With the previous hypothesis, one defines the local Euler
obstruction of f, denoted by Eu s y(o), as the evaluation of the cocycle & on
the fundamental class of the pair [v=1(vo), v 1(3V?)]. On other words, one
defines

Eupy(o) = (& v '(V),v ' @V))).

In the case p = 1, one has the local Euler obstruction of the function f
defined in [6] (see Definition 5.1).
The following result generalizes Theorem 6.1 (see Corollary 13.5):

Theorem 11.3. Let (V,0) C (C™",0) a germ of equidimensional complex
analytic variety of complex dimension d. Let {V,} be a Whitney stratification
of C™ compatible with V. For0 < p <d, let f : V — CP be an analytic map
satisfying the condition (8) for a 2(m — p + 1)-cell oy (that depends on f,
[23]) in a cellular decomposition (D) and such that 0 is barycenter of o. Let
v = (P, v,) be a p-frame without singularity on 9V° such that v, is a
radial vector field in the usual sense, then one has:

Eu(?,V,0) = (Z Euy(Vo) - x(Va N BN fl(Zo))> + Eusy(0)

o

where {V,} describes the set of strata in'V such that 0 € V.

12. Local Euler obstruction of 1-forms

Let us consider the Nash bundle 7 on V. The corresponding dual bundles of
complex and real 1-forms are denoted by T* - V and T]g -V, respectively.
Observe that a point in T*isa triple (x, P, w) where x isin V, P is an d-plane
in the tangent space 7,C” which is limit of a sequence {7, (Vig)}, where the
x; are points in the regular part of V converging to x, and w is a C-linear map
P — C (similarly for ﬁg).

Definition 12.1. Let {V,} be a Whitney stratification of V. Let w be a (real or
complex) 1-form on V, i.e., a continuous section of either Tz M|y or T*M|y.
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A singularity of w in the stratified sense means a point x where the kernel of @
contains the tangent space of the corresponding stratum.

This means that the pull back of the form to V,, vanishes at x.

Given a section n of T3;C™[4, A C V, there is a canonical way of construct-
ing a section 7 of ﬁy i» A = v A, that we describe now. Notice that the same
construction works for complex forms. First, taking the pull-back v*n, we get
a section of v*TxC™ |y . Then 7 is obtained by projecting v*7 to a section of fﬂg
by the canonical bundle homomorphism

* vk M 7ok
I)TRC |V—>TR.

Thus the value of 7 at a point (x, P) is simply the restriction of the linear map
n(x) : (TrC™), — Rto P. We call 7j the canonical lifting of n.

By the Whitney condition (a), if a € V, is the limit point of the sequence
{xi} € Vieg suchthat P = lim(Ty, (Vieg)) exists and if the kernel of n is transverse
to V,, then the linear form 7 will be non-vanishing on P. Thus, if n has an
isolated singularity at the point O € V (in the stratified sense), then we have
a never-zero section 77 of the dual Nash bundle TH{ over v (S, NV) C V.
Let o(n) € H¥(W™'B, N V), v(S,; N V); Z) be the cohomology class of the
obstruction cycle to extend this to a section of Tﬁ‘ over v~ (B, N V). Then
define (c.f. [6, 14]):

Definition 12.2. The local Euler obstruction of the real differential form
n at an isolated singularity is the integer Euy(n, 0) obtained by evaluating
the obstruction cohomology class o(n) on the orientation fundamental cycle
= 'B, N V), v'S, N V).

MacPherson’s local Euler obstruction Euy (0) corresponds to taking the
differential w = d||z||* of the square of the function distance to 0.

In the complex case, one can perform the same construction, using the
corresponding complex bundles. If w is a complex differential form, section of
T*C"™| 4 with an isolated singularity, one can define the local Euler obstruction
Euy(w, 0). Notice that it is equal to the local Euler obstruction of its real part
up to sign:

Euy (@, 0) = (—=1)?Buy(Rew, 0).

This is an immediate consequence of the relation between the Chern classes
of a complex vector bundle and those of its dual.

We note that the idea to consider the (complex) dual Nash bundle was already
present in [38], where Sabbah introduces a local Euler obstruction Etiy (0) that
satisfies Eliy (0) = (= 1)?Euy (0). See also [42, sec. 5.2].
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Just as for vector fields, (see [7]), one can define the Poincaré-Hopf index
of an 1-form in a singular point and one has in this situation the following:

Theorem 12.3 [9]. Let V, C V be the stratum containing 0, Euy (0) the local
Euler obstruction of V at 0 and w a (real or complex) 1-form on V, with
an isolated singularity at 0. Then the local Euler obstruction of the radial
extension o' of w and the Poincaré-Hopf index of w at 0 are related by the
following proportionality formula:

Euy (o', 0) = Euy(0) - Indpy(w, 0; V).

13. Local Chern obstruction of collections of 1-forms
and special points

In this section we recall some ideas and notation from W. Ebeling and S. M.
Gusein-Zade about indices of collections of 1-forms [ 14, 15].

The notion of local Chern obstruction extends the notion of local Euler
obstruction in the case of collections of germs of 1-forms. More precisely, W.
Ebeling and S. M. Gusein-Zade perfom the following construction.

Let (V4,0) C (C™, 0) be the germ of a purely d-dimensional reduced com-
plex analytic variety at the origin. Let {a);”} be a collection of germs of 1-forms
on (C™,0) with s fixed, i = 1,...,s, k; are integers such that > k; =d,
j=1,...,d —k + 1. Let ¢ > 0 be small enough so that there is a represen-
tative V of the germ (V, 0) and representatives {a)y)} of the germs of 1-forms
inside the ball B.(0) c C™.

Definition 13.1. A point x € V is called a special point of the collection {wi-i)}
of 1-forms on the variety V if there exists a sequence x,, of points on the non-
singular part V,, of the variety V such that the sequence T, V., of the tangent
spaces at the points x, has a limit L (in G(d, m)) and the restriction of the
1-forms a)ﬁi), e a)g)_kl_ 41 to the subspace L C T,C" are linearly dependent
foreachi =1, ..., s. The collection {a)y)} of 1-forms has an isolated special
point on (V, 0) if it has no special point on V in a punctured neighborhood of

the origin.

Notice that we require each set a)y) for i fixed in the collection to be
linearly dependent when restricted to the same limit plane. Notice also, that if
an element of the collection has less than maximal rank at a point, then it is
linearly dependent on all planes passing through the point.
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Let {wj.i)} be a collection of germs of 1-forms on (V,0) with an isolated

special point at the origin. The collection of 1-forms {wy)} gives rise to a
section I'(w) of the bundle

s d—ki+1
T-D D7
i=1  j=I
where 7~‘1*J are copies of the dual Nash bundle T* over the Nash transform V
numbered by indices i and j.
LetD C T be the set of pairs (x, {a;’)}) where x € V and the collection {aﬁ')}

is such that a?), e, “glk,-ﬂ are linearly dependent for eachi =1, ..., s.

Definition 13.2. Let 0 be a special point of the collection {w;i)}. The local
Chern obstruction C hv,o{w?)} of the collection of germs of 1-forms {a)y)}
on (V,0) at the origin is the obstruction to extend the section I'(w) of the
fibre bundle T \D — X from the preimage of a neighbourhood of the sphere
S. = 9B, to V. More precisely its value (as an element of the cohomology
group H*(v=1(V N B,), v"1(V N S,), Z)) on the fundamental class of the pair

0~V N By, v (VN S,)).

We can see that we have the correct obstruction dimension as follows. For
each 'Ti = @?;If"ﬂ i*j letD; C 'ff,- be the set of pairs (x, {oz;i)}) where x € V
and the collecgon {a;i)} are such that aii), ceey oct(lil 141 are linearly dependent.
Then, the set T; \ D; is a Stiefel manifold, with associatezii obstruction dimen-
sion equal to k;, therefore the obstruction dimension for T is > _k; = d.

The following result is one of the main results in [14].

Proposition 13.3. The local Chern obstruction C hv,o{a)y)} of a collection

{a)y) } of germs of holomorphic 1-forms is equal to the number of special points
on 'V of a generic deformation of the collection.

In[4]J.-P. Brasselet, N. Grulha and M. Ruas proved that the Euler obstruction
of a map, defined in [23, 24] (see Definition 11.2) is in fact independent of a
generic choice of o, as a consequence of the last proposition, more precisely:

Theorem 13.4 [4]. Let (V, 0) as above and f 2(V,0) > C? be a map-germ
defined on V. Then there exists a collection {a)_(;)} as above such that

Chy ofw}} = (=1 "™ Euyy (o).

Corollary 13.5. The local Euler obstruction of a map, defined in Definition
11.2 is independent of a generic choice of o, we denote it by Euy(0).
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Branching of periodic orbits in reversible
Hamiltonian systems

C. A. BUZZI, L. A. ROBERTO AND M. A. TEIXEIRA

Abstract

This paper deals with the dynamics of time-reversible Hamiltonian
vector fields with 2 and 3 degrees of freedom around an ellip-
tic equilibrium point in the presence of symplectic involutions.
The main results discuss the existence of one-parameter families
of reversible periodic solutions terminating at the equilibrium. The
main techniques used are Birkhoff and Belitskii normal forms com-
bined with the Liapunov-Schmidt reduction.

1. Introduction

The resemblance of dynamics between reversible and Hamiltonian contexts,
probably first noticed by Poincaré and Birkhoff, has caught much attention
since the 1960s. Since then many important results, e.g. KAM theory, Liapunov
center theorems, etc, holding in the Hamiltonian context have been carried over
to the reversible one (see [13, 20] and reference therein).

The concept of reversibility is linked with an involution R, i. e., a map
R:RY — R" such that Ro R = Id. Let X be a smooth vector field on
RY. The vector field is called R-reversible if the following relation is
satisfied

X(R(x)) = —DR,.X(x).
2000 Mathematics Subject Classification 37C27 (primary), 37C10 (secondary).
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Reversibility means that x(z) is a solution of X if and only if Rx(—¢) is also a
solution. The set Fix(R) = {x € R" : R(x) = x} plays an important role in the
reversible systems. We say that a singular point p is symmetric if p € Fix(R),
and analogously we say that an orbit y is symmetric if R(y) = y.

Many dynamical systems that arise in the context of applications possess
robust structural properties, for instance, symmetries or Hamiltonian structure.
In order to understand the typical dynamics of such systems, their structure
needs to be taken into account, leading one to study phenomena that are generic
among dynamical systems with the same structure. In the last decade there has
been a surging interest in the study of systems with time-reversal symme-
tries (see [18] and [11]). Symmetry properties arise naturally and frequently in
dynamical systems. In recent years, a lot of attention has been devoted to under-
standing and using the interplay between dynamics and symmetry properties.
It is worthwhile to mention that one of the characteristic properties of Hamil-
tonian and reversible systems is that minimal sets appear in one-parameter
families. So a number of natural questions can be formulated, such as: (i) how
do branches of such minimal sets terminate or originate?; (ii) can one branch of
minimal sets bifurcate from another such branch?; (iii) how persistent is such
a branching process when the original system is slightly perturbed? Recently,
there has been increased interest in the study of systems with time-reversal
symmetries and we refer to [ 14] for a survey in reversible systems and related
problems.

Our main concern, in this article, is to find conditions for the existence of
one-parameter families of periodic orbits terminating at the equilibrium.

We present some relevant historical facts. In 1895 Liapunov published his
celebrated center theorem, see Abraham and Marsden [1] p 498; This theorem,
for analytic Hamiltonians with n degrees of freedom, states that if the eigen-
frequencies of the linearized Hamiltonian are independent over Z, near a stable
equilibrium point, then there exist n families of periodic solutions filling up
smooth 2-dimensional manifolds going through the equilibrium point. Devaney
[6] proved a time-reversible version of the Liapunov center theorem. Recently
this center theorem has been generalized to equivariant systems, by Golubit-
sky, Krupa and Lim [7] in the time-reversible case, and by Montaldi, Roberts
and Stewart [16] in the Hamiltonian case. We recall that in [7] Devaney’s
theorem was extended and some extra symmetries were considered. Contrast-
ing Devaney’s geometrical approach, they used Liapunov-Schmidt reduction,
adapting an alternative proof of the reversible Liapunov center theorem given
by Vanderbauwhede [19]. In [16] the existence of families of periodic orbits
around an elliptic semi-simple equilibrium is analyzed. Systems with symme-
try, including time-reversal symmetry, which are anti-symplectic are studied.
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Their approach is a continuation of the work of Vanderbauwhede, in [19],
where the families of periodic solutions correspond bijectively to solutions of
a variational problem.

Recently Buzzi and Teixeira in [3] have analyzed the dynamics of time-
reversible Hamiltonian vector fields with 2 degrees of freedom around an
elliptic equilibrium point in presence of 1 : —1 resonance. Such systems appear
generically inside a class of Hamiltonian vector fields in which the symplectic
structure is assumed to have some symmetric properties. Roughly speaking,
the main result says that under certain conditions the original Hamiltonian H
is formally equivalent to another Hamiltonian H such that the corresponding
Hamiltonian vector field X 57 has two Liapunov families of symmetric periodic
solutions terminating at the equilibrium. It is worthwhile to say that all the
systems considered there have been derived from the expression of Birkhoff
normal form.

In this paper we address the problem to systems with 2 and 3 degrees of
freedom. Physical models of such systems were exhibited in [5, 12]. As usual
the main proofs are based on a combined use of normal form theory and
the Liapunov-Schmidt Reduction. It is important to mention that our results
concerning the existence of Liapunov families generalize those in [3]. As a
matter of fact we deal with C*> or C®.

We begin in Section 2 with an introduction of the terminology and basic
concepts for the formulation of our results. In Section 3 the Belitskii normal
form is discussed. In Section 4 the Liapunov-Schmidt reduction is presented.
In Section 5 the usefulness of Birkhoff normal form in our approach is pointed
out. In Section 6 we study the Hamiltonian with 2 degrees of freedom denoted
by Q°, and we denote by QY the set of vector fields in Q° that satisfy the
Birkhoff Condition and by Q0 the vector fields in Q° that are analytic. We
generalize some results presented in [3] by proving Theorem A. That result
says that there exists an open set U° C QY (respec. 20), in the C*®—topology,
such that (a) ° is determined by the 3—jet of the vector fields; and (b) each
X € U° possesses two 1—parameter families of periodic solutions terminating
at the equilibrium. In Section 7 we study the Hamiltonian with 3 degrees
of freedom, and we prove Theorems B and C. In Theorem B we consider
the involution associated to the system satisfying dim(Fix(R)) = 2, and in
Theorem C satisfying dim(Fix(R)) = 4. We denote these spaces of reversible
Hamiltonian vector fields by Q! and Q2, respectively. Again Q% is the set
of vector fields in 2 that satisfy the Birkhoff Condition and Q2 is the set
of vector fields in © that are analytic. The conclusions are the following: In
Theorem B there exists an open set &' C Q', in the C®—topology, such that
(a) U is determined by the 2—jet of the vector fields, and (b) for each X € /!
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there is no periodic orbit arbitrarily close to the equilibrium. In Theorem C
there exists an open set U C Q73 (respec. 2), in the C*~topology, such that
(a) U? is determined by the 3—jet of the vector fields, and (b) each X € U/?
has infinitely many one—parameter families of periodic solutions terminating
at an equilibrium with the periods tending to 27 /«. In Section 8 we present
an example that satisfies the hypotheses of Theorem A and comment that it is
possible to accomplish the vector fields of Theorem C.

2. Preliminaries

Now we introduce some of the terminology and basic concepts for the formu-
lation of our results.

We consider (germs of) smooth functions H : R*", 0 — R having the ori-
gin as an equilibrium point. The corresponding Hamiltonian vector field, to be
denoted by Xy, has the origin as an equilibrium or singular point. We recall
that dH = w(Xg, ), where w =dx; Ady, +dxy; Ady, +---+dx, Ady,
denotes the standard 2-form on R?". In coordinates X  is expressed as:

. oH . oH
Xi=—, Yi=—o—; i=1..,n
8yl‘ 3Xi
In R® we have
9H
X O 1 0 0 0 O e
: -1 0 0 0 O O oH
Y1 9y
.1 _10 0 0 1 0 O )
10 0 -1 0 0 O :
: aH
x.3 O 0 0 o0 o0 1 ax;
3 0 0 0 0 -1 0/\&
V3
Here,

O 1 0 0 0 O

-1 0 0 O O O

7 O 0 0 1 0 o

10 0 -1 0 0 O

0O 0 0 0 o0 1

0O 0 0 0 -1 0

is the symplectic structure associated with the 2-form w given above.
We say that an involution is symplectic when it satisfies the equation
w(DR,(v,), DR,(w,)) = w(v,, wy). If the involution R is linear then this



50 C. A. Buzzi, L. A. Roberto & M. A. Teixeira

definition is equivalent to J R = R” J, where J is the symplectic structure and
RT is the transpose matrix of R.

The next proposition exhibits normal forms for linear symplectic involutions
on RS.

Proposition 2.1. Given the symplectic structure w and an involution R there
exists a symplectic change of coordinates that transforms R in one of the
following normal forms

(i) Ro=1d,

(i) Ro(x1, y1, X2, y2, X3, ¥3) = (x1, ¥1, X2, Y2, —X3, —)3),
(iii) Ro(x1, Y1, X2, Y2, X3, ¥3) = (X1, Y1, —X2, —Y2, —X3, —)3),
(iv) Ry = —Id.

Before giving the proof we observe that the mapping ¢ = (1/2)(R + L),
where L = DR(0), is a symplectic conjugacy between R and L,i.e., Roy =
Y o L. So we may and do assume, without loss of generality, that the involution
R is linear.

Lemma 2.2. If R is a linear symplectic involution, then we have that R® =
Fix(R) @ Fix(—R) and w(Fix(R), Fix(—R)) = 0.

Proof: For every u € R®, we can write u = (u + R(u))/2) + ((u — R(u))/2).
Notice that (u + R(u))/2 € Fix(R) and (u — R(u))/2 € Fix(—R). Now, letu €
Fix(R) and v € Fix(—R), so we have that w(u, v) = o(R(u), —R(v)). By using
that R is symplectic and R is linear, we have that w(R(u), R(v)) = w(u, v). So
—w(u, v) = w(u, v), and we have proved that w(Fix(R), Fix(—R)) = 0. O

A linear subspace U € R® is symplectic if w is non-degenerate in U, i. e, if
w(u,v) =0forallu € U thenv = 0.

Lemma 2.3. Fix(R) and Fix(—R) are symplectic subspaces.

Proof: Suppose u € Fix(R) and u # 0 such that w(u, Fix(R)) = 0. By using
Lemma 2.2, we have w(Fix(R), Fix(—R)) = 0, so w(u, Fix(—R)) = 0. Again
by Lemma 2.2 (R® = Fix(R) & Fix(—R)) we have w(u, R®) = 0 and so w is
degenerate in R® which is not true. Then Fix(R) is a symplectic subspace. The
proof for Fix(— R) is analogous. O

Proof of Proposition 2.1: Let R : R® — R® be a linear involution and  be a
fixed symplectic structure. From Lemma 2.2, R® = Fix(R) @ Fix(—R) and as
Fix(R) is a symplectic subspace, then dim Fix(R) = 0, 2, 4, or 6.

— if dimFix(R) = 0, then we can find a coordinate system, using Darboux
Theorem [10], such that Ry = —Id;
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— if dimFix(R) = 6, then we can find a coordinate system, using Darboux
Theorem [10], such that Ry = Id;

— if dimFix(R) = 4, we consider the bases ; = {e1, ez, €3, e4} for Fix(R)
and B, = { fi1, f>} for Fix(—R). So B = {ey, e2, €3, e4, f1, f2} is a basis for
RS. Let us show that B can be chosen such that [wlg = J and [R]g = Ry =

1 00 0 O 0

01 0 0 O 0

001 0 O 0 . '
0001 0 o | Here [w]g means the matrix of w with respect
0O 0 0 0 -1 0

0O 0 0 0 0 -1

to the basis S.

Note that w(e;, e;) = 0and w(f;, f;) =0,i =1,2,3,4and j =1, 2. By
Lemma 2.2 w(e;, fj) =0,i =1,2,3,4and j =1, 2. And as w is alternat-
ing, then w( fi, f») = 1 and w( f>, f1) = —1.

Define w(e;, e;) fori # j. From Darboux’s Theorem there exists a coor-
dinate system around O such that w|g, in this coordinate system is the sym-
plectic structure J.

— if dim Fix(R) = 2, in the same way as above, we get

10 0 0 0 0
01 0 0 0 0
00 -1 0 0 0
Ro=TRls=100 0o -1 0 o
00 0 0 —1 0
00 0 0 0 -1

Using the previous proposition we consider the following cases:

6 : 2-Case: Ri(x1, y1, X2, y2, X3, ¥3) = (X1, y1, —X2, —¥2, —X3, —)3),
6 : 4-Case: Ry(x1, y1, X2, y2, X3, ¥3) = (X1, Y1, X2, Y2, —X3, —)3).

2.1. Linear part of a R ;-reversible Hamiltonian vector field in R°

Denote by ©/ the space of all R j—reversible Hamiltonian vector field, Xy,
in R® with 3 degrees of freedom where H; is the associate Hamiltonian and
j =1, 2. Fix the coordinate system (x1, y1, X2, 2, X3, y3) € (R®, 0). We endow
Q/ with the C®—topology.
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The symplectic structure given by J is:

0o 1 0 0 0 O
-1 0 0 0 0 O
J= 0O 0 0 1 0 O
0O 0 -1 0 0 O
0O 0 o o0 o0 1
0O 0 0 0 -1 o0

Observe that the involution R; is symplectic, i.e, J.R; — RJ.T.J =0,j=1,2.
As the involution is symplectic, then the vector field is R;—reversible if
and only if the Hamiltonian function H; is R;—anti-invariant, j = 1, 2. This
is equivalent to say that H; o R; = —H;. (See [3])
Define the polynomial function with constant coefficients a; € R:

Hj(x1, Y1, X2, Y2, X3, ¥3) = do1X} + aX1y1 + @p3X1X2 + AaX1y2 + aosx1 X3
+ apex1y3 + ao7y]2 + apgy1x2 + agoy1y2 + aroy1x3 +anyiys + 6112)6%
+ai3xoyr + ajaxpx3 + apsxoys + amy% + ayry:x3 + aigy2ys
+ a19x32 + axox3y3 + a21y32 + h.o.t.

First of all we impose the R;-reversibility on our Hamiltonian system,
j =1, 2. For each case we have:

a) Case6:2
From the reversibility condition, H; o Ry = —Hj, and
1 0 O 0 0 0
01 0 0 0 0
R — 00 -1 0 0 0
"“"loo o -1 0o o[
00 O 0O -1 0
0 0 O 0 0 -1
we obtain

Hy = agzx1x2 + apax1y2 + aosx1x3 + ageX1y3
+aggx2y1 + agy1y2 + aixsyr +anyiys + h.o.t.

Then, the linear part of Hamiltonian vector field X g, is

0 0 a b ¢ d
0 0 e f g h
A = —f b 0 0 0 O
e —a 0 0 0 O
—h d 0 0 0 O
g —c 0 0 0 O
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Just to simplify the notation we replace aps, @os4, dos, dos, @og, A09,
ayp, aj; by a, b, ¢, d, —e, —f, —g, —h, respectively. Note that A,
is Rj—reversible (i. e, R;.A; + A;.R; = 0). The eigenvalues of A; are
{0,0, £4/be —af +dg — ch, £/be — af +dg — ch}. We restrict our
attention to those systems satisfying the inequality:

be —af +dg —ch <O. 2.1

The case when be —af + dg — ch > 0 will not be considered because
the center manifold of the equilibrium has dimension two with double
zero eigenvalue. We shall use the Jordan canonical form from A;. So we
stay, for while, away from the original symplectic structure. We call o =
/—be + af —dg + ch, and so the transformation matrix is

0 0 4o 0 a0
0 0 dg_—hch o 0 dgigch o 0
df—bh cf —bg 0 —df+bh 0 —cf+bg
P = be—af be—af dg—ch dg—ch
—de+ah —cetag 0 de—ah 0 ce—ag
be—af be—af dg—ch dg—ch
0 1 0 0 1
1 0 0 1 0 0
So
00 0o 0 0 O
Oo0 0o 0 0 O
— 00 0 o 0 O
A =P ALP = :
P AEIT0 0 e 0 00
00 0 0 0 «
00 0 0 —a O

where Pl_' is the inverse matrix of the matrix P;. Moreover, in this way,
R, = Pl’l.Rl.P takes the form

-1 0 0 0 0 O
0O -1 0 0 0 O
R = 0 0o 1 0 0 O
0 0 0 -1 0 O
0 0 0 0 1 O
0 0O 0 0 0 -1
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b) Case6:4
We proceed in the same way as in the previous case. The involution is

S OO O O -
S OO O = O
SO O = OO
SO = O O O
SO O OO

0 -1
and the Hamiltonian function in this case takes the form:

Hy = agsx1x3 + ajaxox3 + ajoxsy) + apxsy:
+agex1y3 + aisx2ys +anyiys +aigy:ys +h.o.t..

Then, the linear part of Hamiltonian vector field Xy, is expressed by:

0 0 0 0 a b

0 0 0 0 ¢ d

A, = 0 0 0 0 e f
0 0 0 0 g h

—-d b —-h f 0 0

c —a g —e 0 0

Again we change the notation. The eigenvalues of A, are given by
{0,0, £/bc —ad + fg — eh, £/bc — ad + fg — eh}. We consider the
case

bc—ad+ fg—eh <. 2.2)

We call @« =+/—bc+ad — fg+eh and consider the transformation
matrix

be—af —bg+ah
bc—ad bc—ad

de—cf —dg+ch
bc—ad bc—ad

P, 0 1

I
- o O O O O
o> oslL sl alL =l
o= O O O O

o oxll =l =]l =|d

S O =

0
0
0
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and the Jordan canonical form of A, is:

00 0 0 0 O
00 0 0 0 O

— 00 0 o« 0 O

A, =P AP =

2= A2 00 —«a 0 0 0
00 0 0 0 «
00 0 0 —a O

Moreover, in this way, 73\2 = Pz_1 R, P, takes the form

1 0 0 0 0 O
01 0 O 0 O
7= 00 -1 0 0 O
00 0 1 0 O
00 0 O -1 0
00 0 0 0 1

3. Belitskii normal form

In this section we present the Belitskii Normal Form. When a vector field is in
this normal form we can write explicitly the resultant equation of Liapunov—
Schmidt reduction.

Consider a formal vector field expressed by

X(x)=Ax+ ) XD
k>2

where X® is the homogeneous part of degree k. Let us look for a “simple”
form of the formal vector field ¥ = ¢ % X by means of formal transformation

d=x+ Z¢(k)(x).
k

The proof of the next theorem is in [2].
Theorem 3.1. Given a formal vector field

X)) = Ax+)_ XOw),
k>2

there is a formal transformation $(x) = x + ... bringing X to the form (¢
X)(x) = Ax + h(x) where h is a formal vector field with zero linear part
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commuting with AT, i.e
ATh(x) =h'(x)ATx,
where AT is the transposed matrix and h' is the derivative of h.

Here we call the normal form (¢, X)(x) = Ax + h(x) the Belitskii normal
form. By abuse of the terminology, call Xy = A + h.

4. Liapunov-Schmidt reduction

In this section we recall the main features of the Liapunov—Schmidt reduction.
As a matter of fact, we adapt the setting presented in [4, 21] to our approach.
In this way consider the R-reversible system expressed by

¥ =Xp(x); x e RS “.1)

satisfying X y(Rx) = —R X p(x) with R a linear involution in RS. Assume that
X 1 (0) = 0 and consider

A =D Xy(0), “4.2)

the Jacobian matrix of X in the origin.

In our case the linear part of vector field has the following eigenvalues: 0
with the algebraic and geometric multiplicity 2, and «i, also with algebraic
and geometric multiplicity 2, « € R. Performing a time rescaling we may take
a = 1. We write the real form of the linear part of the vector field X ;:

00 O O 0 O
00 O O 0 O
A 00 0 1 0 O
00 -1 0 0 O
00 0 0 0 1
00 0 0 -1 0

Let CY_ the Banach space of de 27 —periodic continuous mappings x : R —
R® and Czlﬂ the corresponding C'—subspace. We define an inner product on
Cax by

1 2
(x1,x2) = —/ < x1(1), x2(2) > dt
2 0

where < -, - > denotes an inner product in R®.
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The main aim is to find all small periodic solutions of (4.1) with period
near 2.
Define themap F : C;_ x R — CY_by

F(x,0)(t) = (14 0)x(1) — Xpu(x(2)).
Note that if (xq, 0p) € Czln x R is such that
F(x9, 00) = 0, (4.3)

then %(¢) := xo((1 4 09)¢t) is a 2w /(1 4+ op)—periodic solution of (4.1).

Our task now is to find the zeroes of F. Clearly, (xo, o9) = (0, 0) is one
solution of F(xg, 09) = 0. Let L := D, F(0,0) : Czln — Cgﬂ; explicitly L is
given by

Lx(t) = x(t) — Ax(?).

Consider the unique (S-N)-decomposition of A, A = § + N. Recall that in
our case A is semi-simple, i. €, A = S. Define the subspace N of C217r as

N =1{q:4(1) = Sq(1)}
= {g1q(1) = exp(tS)x; x € R%).

Observe that A C Cj_ and a basis for the solutions of ¢ = Sgq is given by the
set {(1,0,0,0,0,0), (0, 1,0,0,0,0), (0,0, cos(z), sin(z), 0, 0), (0, 0, — sin(z),
cos(t), 0,0), (0, 0,0, 0, cos(z), sin(t)), (0, 0,0, 0, — sin(t), cos(?))}.

In order to study certain properties of the operator L we introduce N' C Czln
and the following definitions and notations.

We will put the solution of F(xg, 09) = 0in one-to-one correspondence with
the solutions of an appropriate equation in . Define the subspaces

Xi={xeCy: (x,N)=0}
and
Yi={yeC :(y,N)=0}

as the orthogonal complements of A/ in C}_and CY_, respectively.
Let (g1, 92, 93, q4, g5, q6) With g; = exp(tS)u; where u;, i = 1,...,6,isa
basis for R®. Then we define a projection

P:CYy — CY



58 C. A. Buzzi, L. A. Roberto & M. A. Teixeira
by

6
P=) a0 € L(C,)

i=1
with gf(x) = (g;, x).
We have Im(P) = N and Ker(P) = Y;. Hence,

C,=Xi®N, C3, =Y ®N.
Now we consider
F(x,0)=F(g+x,0)=: F(q,x1,0); g €N, x € X].
The proof of next result can be found in [9].

Lemma 4.1 (Fredholm’s Alternative). Let A(t) be a matrix in C g and let
f bein Cr. Here C 2 is the space of the matrices with entries continuous and
T—periodic, and C7 is the set of T-periodic maps from R to R". Then the
equation x = A(t)x 4+ f(t) has a solution in Cr if, and only if,
T
/ < y(),g()>dt =0
0
for all solution y of the adjoint equation
y=—yA(@)
such that y' € Cr.
As L(N) C N this lemma implies the following:
Lemma 4.2. The mapping L = L| x, : X1 — Yy is bijective.

Let us study the solutions of F(g, x, o) = 0. These solutions are equivalent
to the solutions of the system

(I—"P)oF(g,xi,0)=0,
Poﬁ(q,xl,a):O.

With Lemma 4.2 and the Implicit Function Theorem we can solve the first
equation as x; = x{ (g, o). Then, (4.3) is reduced to

F(q,0):=Po F(q,x}(q,0),0)=0.
This equation is solved if, and only if,

qf(ﬁ(q,x]*(q,a),a) =0,i=1,...,6.
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Notice that (4, o) is a solution of (4.3) provided that
B(u,0)=0 4.4)
with B : N x R — R defined by

2w
B(u,o):= %/ exp(—tS)F(x*(u, o), o)dt
0

and
x*(u, o) := exp(tS)u + x7(exp(tSHu, o).

Let us present some properties of the mapping B.
The proof of next lemma can be found in [13].

Lemma 4.3. The following relations hold:

1) s¢B(u, o) = B(sgu, 0);
il) RB(u,o0)=—B(Ru, o), wheresy is the S'—action in R® defined by SpU =
exp(—¢So)u.

Observe that under the condition i) the mapping B is S'— equivariant
whereas condition ii) states that the mapping B is R—anti-equivariant, i.e., B
inherits the anti-symmetric properties of X .

Assume that (4.1) is in Belitskii normal form truncated at the order p.
So Xy (x) = Ax + h(x) + r(x) where r(x) = O(|| x ||”*!). The proof of next
result is in [21].

Theorem 4.4. The following relations hold:
) x*(u,0) =exp(tSHu + O(| x |,
i) Bu,o0)=(+0)Su — Au — h(u) + O(|| x |P*") for o near the origin.

If (u, o) isasolution of (4.4) thenx = x*(u, o) correspondstoa2m /(1 4+ o)-
periodic solution of (4.3).

Recall that the periodic solution of (4.4) is R-symmetric if and only if it
intersects Fix(R) in exactly two points. In conclusion, we obtain all small
symmetric periodic solutions of (4.4) by solving the equation

G(Lt, CI) = B(I/l, O') |Fix(R)= 0. (45)

5. Birkhoff normal form

In this section we briefly discuss some points concerning the Birkhoff normal
form that will be useful in the sequel. The Birkhoff normal form is useful
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because it preserves the symplectic structure. In our cases if the vector field is
in the Birkhoff normal form then it is in the Belitskii normal form, and so we
can apply Theorem 4.4.

The function { f, g} = w(X s, X,)is called the Poisson bracket of the smooth
functions f and g. Let H,, be the set of all homogeneous polynomials of degree
n. The adjoint map Ady, : H, — H, is defined by

Ady,(H) ={Hy, H} = o(Xp,, X#) = (—Xn,, VH). 5.1

The Birkhoff Normal Form Theorem (cf. [17, 8, 22]) states that if we have
a Hamiltonian H = H, + H3 + Hs + - - -, where H; € ‘H; is the homoge-
neous part of degree i, and G; C H; satisfies G; @ Range(Adp,) = H;, then
there exists a formal symplectic power series transformation @ such that
Ho® =H2+f-vl3~|—ﬁ:1+~-- where ﬁ, €G; (i=3,4,...). In particular,
if Ady, is semi-simple, as in our case, then Ker(Adp,) is the complement of
Range(Adpy,).

As R; is symplectic, the change of coordinates ® can be chosen in such
a way that H o @ satisfies H o ® o R; = —H o ®. In order to see this, we
can split H; =’H;”@Hi_, where H;’ ={HeH;:HoR;=H}and H; =
{H € H; : Ho Rj = —H}. If R; is symplectic, then Ade(Hii) = H;". In this
case, if H; = G; ® Adn,(H;), then H; = (G, N'H; ) D AdHZ(H;L). Now we
can perform the change of coordinates restricted to H; . It implies that all
monomial terms in the image of the adjoint restricted to H,” can be removed
and it will remain only monomials in the kernel of the adjoint restricted to H;” .
And so, the normal form is also R ;j—reversible.

Definition 5.1. We say that a Hamiltonian vector field X  satisfies the Birkhoff
Condition (BC) if Ady,(H) = 0.

Observation 1. By the equalities (5.1), the condition of the Definition 5.1 is
equivalent to w(Xp,, Xg) = 0or {H, H} = 0.

6. Two degrees of freedom

In [3] a Birkhoff normal form for each X € Q° is derived and the following
result is obtained:

Theorem 6.1. Assume H is a Hamiltonian that is anti-invariant with respect to
the involution and the associated vector field Xy has an elliptical equilibrium
point. Then there exists another Hamiltonian H, formally C*—equivalent to
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H, such that the vector field X jj has two one—parameter families of symmet-
ric periodic solutions, with period near 2w //ad — bc, as in the Liapunov’s
Theorem, going through the equilibrium point.

Let Q° be the space of the C* Ry—reversible Hamiltonian vector fields with
two degrees of freedom in R* and fix the coordinate system (xi, Y1, X2, ¥2)
€ R*. We endow Q° with the C*~topology. Let Q% C QU be the space of the
vector fields that satisfy the Birkhoff condition and 0 C Q° be the space of
the analytic ones. We prove the following result, which generalizes the previous
one.

Theorem A. There exists an open set U’ c SZ% (respec. Q?U ) such that

(@) U is determined by the 3—jet of the vector fields.
(b) each X € U° possesses two 1—parameter families of symmetric periodic
solutions terminating at the equilibrium point.

Proof. Fix on R* a symplectic structure as in the Proposition 2.1. So the
normal form of an involution has one of the following form: /dp+, or —Idps,

1 0 O 0
01 0 0 . . .

or Ry = 00 -1 ol We just work with Ryp—reversible vector fields.
00 0 -1

As in the cases in R® we have that by the hypothesis the Hamiltonian H
satisfies H o Ry = —H, so the linear part of the vector field X g is given by

0 0 a b
0 0 ¢ d

A= —-d b 0 0] 6.1
c —a 0 0

and their eigenvalues are {++/bc — ad, ++/bc — ad}. We are interested in the
case with bc —ad < 0. We call @« = v/ad — bc and in order to obtain the
Jordan canonical form of the matrix A we consider the transformation matrix

- O O
oo =lLslt
S -= O O
o o sl =l
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After this transformation we obtain

0O o 0 O
—~ — 0O 0 O
A=plap=|""°
0 0 0 « ’
0 0 —a O
and
-1 0 0 O
— 0O 1 0 O
_ p-1 _
Ro=pP ' RoP=| o o O o |
0O 0 o0 1

where P~! is the inverse matrix of P.
Performing a time rescaling we can assume that « = 1. We write the canon-
ical real Jordan form of A as

0 1 0 0
=10 0 o
A=10o o0 o 1

0 0 -1 0 O

First we obtain the Belitskii normal form of X, by considering i : R* —
R* up to 3" order, which is given by Xy (x1, y1, X2, y2) = A[x1, y1, X2, 2] +
h(xy, y1, X2, y,); and after we rec/]liire thg\condition that the Belitskii normal
form is Ro—reversible, i. e, Xy Ry = —RoXpy. Then the system obtained is
given by
X1 = y1 + (e21y1 + ea3y) (57 + y7) + es0y2(x3 + ¥3)
+ (e16x1 + e24x2)(y1X2 — X1y2) + €26 y2(x1X2 + ¥1)2),

yi = —x1 + (—exxy — e3x2)(x} 4 yi) — ezox2(x3 + y3)
+ (e16y1 + €24y2)(Y1X2 — X1 y2) — e26x2(X1%2 + Y1 y2),

Xy = Yo + (=disy1 — dny)(x7 + y7) — (daoy1 + daoy2)(x3 + ¥3)
— (di7y1 + dasy2)(x1x2 + y1y2),

Yo = —x3 + (disx1 + dooxo) (x7 + 1) + (dooxt + daoxa) (x5 + ¥3)
+ (di7x1 + dasxa)(x1x2 + y1y2).

6.2)

Now we use the fact that the vector field satisfies the Birkhoff Condition.
First of all we observe that the canonical symplectic matrix

0 0 O

1

0 0
0 0 o0 1}’

0 0
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after the linear change of coordinates P, is transformed into

00 —1 0

~ 00 0 -1
J=PlJP=

I 1 0 0 0

01 0 0

We take a general Hamiltonian function H : R* — R of 4" order, compute
the kernel of Ady, defined on (5.1), where H, is the homogeneous part of
degree 2 of H, and require that H satisfies H o Ro = —H. The terms up to 3¢
order is given by h,(x) = J- V H(x); its expression is

X1 =y +aiy(xf + y}) + a2(2x1x21 — x{y2 + yiy2)
+a3(3x3y1 — 2x1x2y2 + 3133),

yi = —x1 + (a2y1 + 2a3y2)(x2y1 — x1y2) — x1 (a1 (x§ + 1)
+ ay(x1x2 + yiy2) + a3 (x3 + y3)),

Xy = y2 + Qarxy + azx2)(—x2y1 + x1y2) + ya(ar (x7 + i)
+ ay(x1x2 + yi1y2) + a3 (x3 + 7)),

Yo = —x2 + Qary1 + axy)(—x2y1 + x1y2) — X2(‘11 ("12 + ylz)
+ ax(x1x2 + y1y2) + a3(x3 + y3)).

(6.3)

Observation 2. We observe here that we can apply Theorem 4.4, when the
vector field is in the Belitskii normal form. This is not a restriction because
if the vector field satisfies the Birkhoff Condition then it is in the Belitskii
Normal Form. It is easy to see that if {H,, H} = 0 then D({H,, H}) = 0, and
s0 AJ Xy — DXy Al (x) = 0. For example, in our case we have

00 -1 0 0O 1 0 0 9
~ [o 0o o -1 10 0 x
— = X —
T=110 0 o % 0 o o 1|dXe 2

01 0 0 0 0 -1 0 _x

The Birkhoff condition implies —y, Hy, + x{H,, — y2Hx, +x2H,, = 0. So

H)’l - N Hxl)m + leylxl - y2szx1 + x2Hy2x1 = 0’
_Hxl - N Hxl)’l + le,Vlm - yszz)‘l + 'sz)’z)’l =0,
H)'z - ylelxz + leylxz - YZszxz + XZHyzxz = O’
—Hy, — y1Hyy, + x1Hy,y, — y2Hyy, + 02Hy,y, = 0.

(6.4)

On the other hand if we compute A} X — DXy Al (x), we obtain

—H,, —Hyxy —Hyy, —Hegxy, —Hy,y, V1
_ H,, + _HY2X1 _Hyzyl _H)’zxz _H)'z)'z —X1
b
H)’] Hxlxl Hlel HX1X2 HX])’Q Y2

—H,, Hy,x, Hy,y, Hy,», Hy,y, —X2
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and by (6.4) we have that Al Xy — DXy Al(x) = 0, i.e. the system is in the
Belitskii Normal Form.

The Liapunov-Schmidt reduction gives us all small ﬁg—symmetric periodic
solutions by solving the equation

B(x, U)|xeFix(7eZ) =0,
with
B(x,0) = (14 0)Sx — Ax — hy(x), x € R*, (6.5)

where S is the semi-simple part of (unique) S — N —decomposition of A. (See
[15D. ) _

In our case, A is semi-simple and Fix(Ry) = {(0, y1, 0, y2); ¥1, y» € R}.
Recall that the reduced equation, B(x, o) = 0, is defined in N x R, where
N = {exp(Af)x;x € V} € C)_and V = span{ey, e, e3, es}.

The symplectic structure J give us that Xy is written in the following
form hy(x) = hp(x1, y1, X2, ¥2) = (—Hy,(x1, ¥1, X2, y2), —Hy,(x1, y1, X2, ¥2),
H, (x1, y1, X2, ¥2), Hy, (x1, y1, X2, y2)). Using the fact that h,, satisfies the
Birkhoff Condition we have that

yiHy (X1, y1, X2, ¥2) — x1 Hy, (X1, Y1, X2, ¥2) + Y2 Hy, (X1, Y1, X2, ¥2)
—x2Hy, (X1, y1, X2, y2) = 0, Y(x1, y1, X2, y2) € R

Hence at the points (0, 0, 0, y,) we have y, H,,(0, 0, 0, y;) = 0. It implies that
H,,(0, y1, 0, y2) = y1 f(y1, y2). Analogously we have that H,, (0, y;, 0, y,) =
ng(yly )’2). SO
—yi(ayf +axyiy2 + azy; —o+-- )]
—y2(a1yi + axyr1y2 +azy; —o+---)
(6.6)

G(y1,¥2,0) = B(x, 0)|,crx@y) = [

For the analytic case we have that the equation

G()’l, Y2, 0) = (O? 0)
is given by
—yi(a1y} + axy1y2 + azy; — o) + Hi(y1, y2) =0,
—y2(a1yf + axyiy2 + asy; — o) + Ha(yi, y2) =0,

and multiplying the first equation by —y, and the second by y; we get y, H| =
y1 H,. Using the fact that H; and H, are analytic we have that there exists H
such that H; = y; H and H, = y, H for all (y1, y,).
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If aja3 #0 in (6.6), then we have two solutions for the equation
G(y1, y2,0) = 0. One solution is y; = 0 and y,(0) = :l:\/% 4+ ---. And the

second solution is y, = O and yi(0) = £ /& +---.
We define U° = UY N U where

U ={x € Q); the canonical form of DX(0) satisfies ad — bc > 0}
and
Z/{g = {X € Q%; the coefficients of (6.3) satisfies ajaz # 0}.

InU° = Z/IP N L{g C Q% for each o the equation G(y;, y2, o) = 0 has two
nonzero solutions terminating at the origin when o is tending to 0. So, in the
original problem we have two one parameter families of periodic solutions
terminating the origin (when o — 0). n

7. Three degrees of freedom

As in the previous section, let Q! (resp. ©2) be the space of the C® R;-
reversible (resp. R,—reversible) Hamiltonian vector fields with three degrees
of freedom in R® and fix a coordinate system (x, yi, X2, y2, X3, y3) € R%. We
endow Q! and Q? with the C*°~topology. Let Q3 (resp. Q2) be the space of
vector fields in © that satisfy the Birkhoff Condition (resp. that are analytic).

7.1. Case 6:2

Theorem B. There exists an open set U C Q' such that

(a) U is determined by the 2—jet of the vector fields.
(b) for each X € U there is no symmetric periodic orbit arbitrarily close to
the equilibrium point.

Proof: First we obtain the Belitskii normal form of Xy, by considering A :
R® — R® up to 2"¢ order, and then we require that the Belitskii normal form is
E—reversible, ie X Hia = —EX u . After that we take the Birkhoff normal
form. The new symplectic structure is J= P! J Py, where P is the linear matrix
that brings the linear part of the vector field to the Jordan canonical form. The
Birkhoff normal form is obtained by taking a general Hamiltonian function
H : R® — R of 3" order, computing the kernel of Ady, and requiring that H
satisfies H o Ry = —H. The Birkhoff normal form up to 2" order is given
by hp(x) = J-VH (x). Finally, the Liapunov-Schmidt reduction gives us all
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small R\l—symmetric periodic solutions by solving the equation
B(x, o)l erix@) = 0
with
B(x,0)=(04+0)Sx — Z\lx —hp(x), x € RS,

and § is the semi-simple part of (unique) S — N —decomposition of A\l
(See [15]). In our case, K\l is semi-simple and Fix(f?\]) = {(0, 0, x5, 0, x3, 0);
X2, x3 € R}. We recall that the reduced equation of the Liapunov-Schmidt,
B(x,0) = 0, is defined in N x R, where ' = {exp(A;1)x;x € V} € C}_and
V = span{ey, e;, e3, e4, €5, €6}.

We derive the following expression

bix3 + x3(baxy + b3xz) + - - -
b4x22 + x3(bsxy + bex3) + - - -
Xa(=0 +8) + -
x3(—o+68)+---

G(x2, x3,0) = B(X, 0)|,epx®) =

(7.1)

Observe that the equation byx3 + byxaxs + byxi = 0, generically, either
has the solution (x,, x3) = (0, 0), or has a pair of straight lines solutions given
by (c1x2 4+ d1x3)(cax2 + drx3) = 0. The equation b4x§ + bsxoxz + b6x32 =0is
analogous. We can conclude that if the two first components of (7.13) have no
common factor of the form cx; 4+ dx3 then we have just the solution (x,, x3) =
(0, 0) for the two previous equations.

We define the following open sets:

Ull = {X e Q!; the canonical form of DX(0) satisfies (2.1) } ,
{X e Q'; the 2-jet of the two first equations of (7.1) }

1 _
U, =
have no common factor

Then ¢! = U] N, is an open set in Q.
The pair (x,, x3) = (0, 0) is the unique solution of the equation G = 0. So,
near the origin there are no symmetric periodic orbits for this case. Il

7.2. Case 6:4

Theorem C. There exists an open set U* C Q% (respec. Q2) such that

(@) U? is determined by the 3—jet of the vector fields.
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(b) each X € U? has two 2—parameter families of periodic solutions yalqk
and yi,\ with o € (—e,€) and A € [0,2r], such that, for each Ao,
lim, ¢ yj’ 5w = 0. for j = 1,2, and the periods tend to 25 fa when o — 0.

Proof: First of all we derive the reversible Belitskii normal form of Xy up
to 2"¢ order. We observe that it coincides with the reversible Birkhoff normal
form and is given by:

[ b3y — x2y3)a?
a(x3ys — xay3)a?

B
Xy, = | (—ax; —by)ys +ay: |, (7.2)
xa(axy + byy) — ax;
(—axy — by1)ys + ay3

L x3(ax; + by1) — ax;

where a = bgs/a, b = by /o e @ = /—agearo + apsai — aisar7 + ayadass.
As in the other cases, the Liapunov-Schmidt reduction gives us all small
R,—symmetric periodic solutions by solving the equation

B(x, 0)|xeFix(7€§) =0,
with
B(x,0) = (1 +0)Sx — Ayx — hy(x), x € RS.

As before S is the semi-simple part of (the unique) S — N —decomposition of
;1\2. (See [15]). In our case, A\z is semi-simple and Fix(f{;) = {(x1, y1,0, y2, 0,
¥3); X1, Y1, Y2, ¥3 € R}. We recall that the reduced equation of the Liapunov-
Schmidt, B(x, o) =0, is defined on N x R, where N = {exp(?\\zt)x; X e
V} € Czlﬂ and V = span{el, €, €3, €4, €5, 66}.

Like in the proof of Theorem A, we derive the following expression

G(x1, Y1, ¥2, ¥3,0) = B(x, 0| crix(®))
:[ﬁ@+mm+@w+%ﬁ+mﬁ+%ﬁ+%n%+mﬁ+“ﬁ]
y3(0 + a1xi + apy1 + asxi 4+ asyf +asy; +asyays +azyi +---) |’

(7.3)

If asa; # 0 in (7.3), then for each (xi, y;) close to (0,0) we have two
solutions for the equation G(x, yi, 2, y3, o) = 0. One solution is y, = 0 and
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y3(x1, y1,0) = & /W + ---. And the second solution is y; = 0 and

ogtajxj+axy; 4.
as :

»x, y,0) ==+
We define the following open sets:

Ulz = {X € Q%; the canonical form of D X (0) satisfies (2.2) } ,
U; = {X € Q%; the coefficients of (7.3) satisfies asa; # 0 } .

Then U? =U}NUZ is an open set in Q%. For each X e ? and o
we consider y, : (x1, y1) = (x1, y1, 0, y3(x1, y1,0)) and y2: (x1,y) >
(x1, ¥1, y2(x1, y1, 0),0). Now we take the parametrization (x;, y;) + (ao, bo).
We have yglM :(ao, bo) — (ao, bo, 0, y3(ao, bo, o)) and ;/azk0 :(ao, bo) —
(ao, bo, y,(ao, bo, o), 0) where Ao = a/b. Then, there exists two 2—parameter
family of periodic orbits ), and y2, such that for each A, € R, the families of
periodic orbits VJW for j = 1, 2, are Liapunov families; i. e, lim, ¢ yoj o = 0
and the period tends to 27 /a. ]

8. Examples

This section is devoted to presenting a mechanical example for the Case 4 : 2.

We consider two objects m| and m, with charge ¢ and —q. They are at
the position (a, b) € R? and (—a, —b) € R?, respectively. We assume that the
system does not have kinetic energy. So the total energy, i.e the Hamiltonian
function is:

—-q + q )
Ve —a)+G-b? Jx+aP+(+b?

H(x,u,y,v)=

Note that this Hamiltonian function satisfies the condition

H(Ry - (x,u,y,v)) = —H(x,u, y, v),

-1 0 0 O
where ﬁo =1 o (1) _O | g
0 0 0 1

In another words, our system is a Hamiltonian ﬁo—reversible vector field.

Observation 3. It is worth to say that the system (7.2) (case 6 : 4 ) can be
considered, in a similar way as [23], a mathematical model of a theoretical
electrical circuit diagram.
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Topological invariance of the index of a binary
differential equation

L. S. CHALLAPA

Abstract

In this paper we prove the topological invariance of the index of a
binary differential equation

a(x, y)dy* + 2b(x, y)dxdy + c(x, y)dx* =0

at an isolated singular point at which the coefficients a, b and ¢ do
not all vanish. We also show the topological invariance when the
coefficients vanish at the singular point, under the assumption that
the zeros of the lifted vector field are isolated.

1. Introduction

Binary differential equations (BDEs) have been studied by several authors with
applications to differential geometry of surfaces, partial differential equations
and control theory. For example, lines of curvature, asymptotic and characteris-
tic lines on a smooth surface in R are given by BDEs ([4]) and the characteristic
lines of a general linear second-order differential equation are also given by
BDEs ([14]).

A BDE is written locally, in a neighbourhood U of the origin in R?, in the
form

a(x, y)dy* + 2b(x, y)dxdy + c(x, y)dx* =0 (1.1)

where the coefficients a, b, ¢ are smooth functions. At a point (x, y) where § =
b? = ac)(x, y) > 0, equation (1.1) defines a pair of directions in the plane, no

2000 Mathematics Subject Classification 34A09(primary), 34A26, 58K05 (secondary).
The author was supported in part by FAPESP Grant 06/50075-3.
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direction where § < 0 and a double direction on the set A = {§ = 0} provided
that the coefficients of the equation do not all vanish at the given point. At such
points, every direction is a solution. A natural way to study these equations is to
lift the bivalued direction fields to a single field on an associated double cover.
Generically the singular points of the BDE are of type well folded saddle, node
or focus [6].

J. W. Bruce and F. Tari introduced in [3] the multiplicity of a BDE when
a, b and c are real analytic functions. It is defined as the maximum number of
singularities of well folded saddle, node or focus type appearing in a generic
perturbation of the BDE given by

a;(x, y)dy? + 2b,(x, y)dxdy + ¢,(x, y)dx* = 0.

In [5] and [6] we defined the index of a binary differential equation in terms of
generic perturbations of the BDE and showed that this index is independent of
the choice of a generic perturbation. We also exhibit a formula that expresses
the index in terms of the coefficients of the original equation. This definition
extends Hopf definition of the index of a positive binary differential equation
to a BDE not necessarily positive. One of the main results in [5] and [6] is the
invariance of the index by smooth equivalences.

In this work we prove the topological invariance of the index of a binary
differential equation at an isolated singular point at which the coefficients a,
b and ¢ do not all vanish. We also show the topological invariance when the
coefficients vanish at the singular point, under the assumption that the zeros of
the lifted vector field are isolated.

2. Index of a binary differential equation

A binary differential equation is of the form
E(x,y) = a(x, y)dy* 4+ 2b(x, y)dxdy + c(x, y)dx*> = 0, 2.1

where a, b, ¢ are smooth functions. The function 8 : R? — R defined by
8 = b* — ac is called discriminant function and the zero set of this function
is the discriminant. We say that the BDE (2.1) is positive if § > 0 and § = 0
if and only if @ = b = ¢ = 0. An integral curve of (2.1) is a smooth curve
o :(—1,1) — R? such that E(a(1))(@/(z)) = 0.

Definition 2.1. We say that zj € R2?is a singular point of (2.1) if 8(zp) =0
and E(z0)(3y(z0), —8x(z0)) = 0.
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A configuration of a BDE consists of its discriminant together with the pair
of foliations it determines. We denote by (E, 7o) the germ of BDE (2.1) at a
singular point zg

Definition 2.2. Let (Ey, p;), (E2, p2) be two germs of BDEs. We say that
they are topologically equivalent (resp. equivalent ) if there exists a germ of
homeomorphism (resp. diffeomorphim) % : (R%, p;) — (R?, p,) that sends
the configuration of (E|, p;) to the configuration of (E;, p>).

The classification of BDEs with respect to the smooth equivalence presents
modality ([9], [10]). The generic singularities are the well folded singularities,
whose normal form is (dy? + (—y + Ax*)dx?, 0), with A # 0, & (see [9]).
There are three topological models, a well folded saddle if . < 0, a well folded
node if 0 < A < 7 and a well folded focus if {z < A.

A 1-parameter perturbation E, of BDE (2.1) is determined by the 1-
parameter smooth perturbations a,(x,y) =d(x,y,t), b(x,y) = b(x, vy, 1),
c(x,y) = ¢é(x, y,t) of its coefficients,

E(x,y) = a,(x, y)dy* + 2b,(x, y)dxdy + ¢,(x, y)dx* = 0. (2.2)

The discriminant function of E; is given by §, = bf — a;¢;.
We say that E; is a good perturbation of (£, 0) if all the singular points of
E, are well folded singularities, for ¢ 7 0 sufficiently close to zero.

Theorem 2.3 ([6]). If a, b, ¢ are smooth functions then there exists a good
perturbation E; of (E, 0).

We say that a germ of smooth function g: (R",0) — (R,0) is of
Lojasiewicz type if there exists a germ of C!-diffeomorphism % : (R", 0) —>
(R", 0) such that g o & is a germ of real analytic function.

We set V = (4, aéi — bd,6, + C(S%). Then zj is a singular point of (2.1) if
and only if zj is a zero of V. .

Definition 2.4. We say that (E, 0) is finite if § is of Lojasiewicz type and O is
an isolated zero of V.

If dx = 0 is not a solution of equation (2.1), we can set p = % and reduce
equation (2.1) to the IDE

F(x,y, p) = E(x,y)1, p)=0. (2.3)
Let M = F~'(0). Then, the vector field

0 d d
=F, — F,— — (F, F,)—
& pax+p pay (Fy+p y)ap
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induces a vector field &,, on M given by the restriction of £ on M. One of the
properties of this vector field is that the image by the natural projection 7 :
M — R? (x, v, p) — (x, y), of the integral curves of §|,, on M, corresponds
to integral curves of (2.1) (see [8]).

Definition 2.5. We say that z is a non-degenerate singular point of (2.1) if z¢
is a singular point of (2.1) and a non-degenerate zero of the map (8, ad, — bd,).

By Lemma 2.5 in [5] we obtain that if z is a non-degenerate singular point of
(2.1), then there exists pg € R such that (zg, po) is a hyperbolic singular point

of the vector field &|,,, where py = —%. Thus we can associate a number

K(zp) to each non-degenerate singular point zy of (2.1), as follows:

(1) Ks(zo) = —% if (zo, po) is a saddle point of the vector field §,,.
(i) Ks(zo) = % if (zo, po) is a node or focus of the vector field §,,.

It is not difficult to show that Ks(z¢) = %Indmém, where 5o = (20, po)-

Definition 2.6 ([5]). Leta, b, ¢ be smooth functions and E; a good perturbation
of (E, 0). Then the index of (E, 0) at 0 is defined by

IE.0)=) Ks@)+ Y Ind,Vs,

8 (u;)<0

where z; are non-degenerate singular points of E; and u; are the critical points
in the negative part of ; (i.e, V§,(¢;) = 0 and §,(u;) < 0).

The next theorem shows that I(E, 0) can be calculated from data given by
(E, 0), therefore does not depend on the chosen perturbation.

Theorem 2.7 ([6]). Let (E,0) be the germ of a finite binary differential
equation. Then:

(1) If(0,0) is an isolated zero of (a, b) and (8, §,) then

I(E,0) = %[lndo(& (ady — bdy)ady) — Indy(a, b) — Indy(88y, )
+ IndyV §].
(i) 1If (0, 0) is an isolated zero of (b, c) and (8, 8x) then
I(E,0) = %[lndo(é, (b8 — ¢by)cdy) + Indy(c, b) + Indy (85, ;)
+ IndyVé].

Theorem 2.8 ([6]). Let (E;,0) and (E,, 0) be finite and equivalent germs.
Then I(E,0) = I(E,, 0).
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Let w = dy — pdx be a 1-form in R? and let ), be its restriction to M.
We denote by Ind,w),, the index of the 1-form w),, at sy € M, introduced by
Ebeling and Gusein-Zade in [12].

Theorem 2.9 ([6]). Let (E,Q) be the germ of a finite binary differential
equation and a(0, 0) # 0. Then,

1 1
I(E, Q) = sign[F,,(s0)] - ElndsOVF + ilnd.voww,

b(0,0))

where sy = (0, 0, — 200

3. Topological invariance of /(E, 0)

In this section, we prove the topological invariance of the index of a germ
of binary differential equation in two cases. The first consists of cases where
the coefficients do not all vanish at the origin, and the second where all the
coefficients vanish at the origin but not all the 1-jets do.

Let f, g : (R",0) — (R, 0) be germs of smooth functions. We say that f
and g are topologically V-equivalent if there is a germ of homeomorphism
¥ (R",0) — (R", 0) satisfying ¥ (f~'(0)) = g~'(0). We denote by B’ the
closed ball of center 0 and radius r.

Lemma 3.1. Let f, g : (R%,0) — (R, 0) be germs of smooth functions and
of Lojasiewicz type, with isolated critical points at the origin. If f and g are
topologically V -equivalent then IndyV f = IndyV g.

Proof. By hypothesis, the number of branches of f~!(0) and g~!(0) are equal.
From [13] it follows that

x(f ' e)NB» =1—IndyVf and x(g~'(e)N B> =1—1IndyVg,

where & # 0. Also from [1], we have that the number of branches of f~!(0)
and g~'(0) coincides with 2 (f~'(¢) N B?)and 2x(g~'(¢) N B?), respectively.
The result now follows. O

Let P, Q C R3? be singular surfaces with an isolated singularity at 0. Let
X and Y be vector fields on P and Q, respectively. We say that X and Y
are topologically equivalent if there exists a germ of homeomorphism H :
(P,0) — (Q, 0) that sends integral curves of X to integral curves of Y. We
denote by IndpX the index of the vector field X at O introduced by Ebeling
and Gusein-Zade in [11]. This index is a generalization of the notion of the
index of an isolated singular point of a vector field on a manifold with isolated
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singularities in such a way that the Poincar-Hopf theorem holds. If T is a subset
of P we denote by Int(T) the set of interior points of 7" in P.

Lemma 3.2. If X and Y are topologically equivalent then IndyX = IndyY .

Proof. We set U, = Br3 NP and Uy = Bf N P, where s < r. Let V be an
open neighbourhood of dU, in U, such that V N Us; = @. By [11], there exist
radial vector fields X, 44, Y,qq on Ug and H (Uy), respectively. Furthermore,

IndgX =1+ Z Ind,X and IndyY =1+ Z Ind, 7,
qeU,—{0} qeH U, )—{0}

where X, ¥ are, respectively, vector fields on U, and H(U,), and X loe = Xrad>
XW =X, Y‘H(Uﬂ = Y,,q4 and 17|H(V) =Y. Itis clear that W = U, — Int(Uy) is a
compact smooth surface with boundary and the set of zeros of X is contained in
Int(W). Note that the integral curves of X tangent to dW correspond to integral
curves of X. The result then follows by applying the generalized Poincar index
formula given in [17]. O

Lemma 3.3. Let (E, 0) be the germ of a finite binary differential equation and
a(0,0) # 0. Then, Indy§|,, = Indyw,,, .

Proof. By Lemma 6.1 in [5], we have that Indyw,,, = Indo(F Fy, Fp,, F, +
pFy). Let y = Fpdx + pF,dy — (F, + pF,)dp be a 1-form on R3. Then,
by applying the same argument as in the proof of Lemma 6.1 in [5], we get
that Indyy|,, = Indo(F Fy, F),, Fx + pFy). It follows from [12] that Indo§),, =
Indpy),, , so the result is clear. O

Let (L, 0) be a germ of binary differential equation given by
L(x,y) = A(x, y)dy* + 2B(x, y)dxdy + C(x, y)dx* = 0. (3.1

where A, B, C are smooth functions. We denote by § the discriminant function
of (3.1).

Let G(x,y, p) = L(x, y)(1, p) =0and ¢ = (Gp, pGp, —Gx — pG,). We
set N = G~1(0).

Lemma3.4. Let(E,0)and(L,O0) be finite and topologically equivalent germs
with a(0, 0) # 0 and A(0, 0) #£ 0. Then there exists a germ of homeomorphism
H:(M, JTl;l 0) — (, n‘;l (0)) which sends integral curves of §|,, to integral
curves of ¢|,,.

Proof. Leth = (hy, hy) : (R?,0) — (R?, 0) be the germ of homeomorphism
that sends integral curves of (E, 0) to integral curves of (L, 0). Then, for each
point, (z9, po) € M and §(zp) > 0, there exists an integral curve o = (o1, ) of
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(E, 0) such that «(0) = zo, zzzgi = po and & o « is an integral curve of (L, 0).

Thus we define H(zg, po) = (h(zo), EZ?SZ;%) Using the flows given by the

BDE’s, one can show that H is a homeomorphism that sends integral curves
of §,, to integral curves of ¢),,. It clearly extends to a homeomorphism on
M — 7, 1(0). Since 7, (0) = {(0, 0, _ggg;gg)} and 71 '(0) = {(0, 0, — gggig;»,
the result follows. ]

The next theorem shows the topological invariance of the index of a germ
of BDE when the coefficients do not all vanish at the origin.

Theorem 3.5. If(E, 0) and (L, 0) are finite and topologically equivalent germs
of BDE’s with coefficients not all vanishing at 0 then I(E,0) = I(L, 0).

Proof. Using Proposition 3.2 in [3] and Theorem 2.8, we can assume that
(E, 0) (resp. (L, 0)) is of the form

E(x,y) =dy* — f(x,y)dx*> =0 (resp. L(x,y) = dy* — g(x, y)dx* = 0).
It is not difficult to show that
IndgVF =IndyV f and IndyVG = IndyVg.

By hypothesis, it is clear that f and g are topologically V-equivalent. Using
Lemma 3.1, we obtain that IndgV F = IndyVG. From Lemmas 3.4 and 3.2, we
get Indy&),, = Indy¢),. Then the result follows from Lemma 3.3 and Theorem
2.9. g

Let P:R>xRP— R> be the natural projection given by
P(x,y, o, B]) = (x, ¥), where RP is the real projective line.

Remark 1. A natural way to study BDEs is to consider in R?> x RPP the set M
of points (x, y, [, B]) where §(x, y) > 0 and the direction [«, 8] is a solution
of the BDE (2.1) at (x, y). When M is a smooth surface and a, b, ¢ all vanish
at the origin, one can show that exists B} C R? such that M N P,_'(B}) is
diffeomorphic to a cylinder (see [2]).

Lemma3.6. Ler(E, 0)and (L, 0) be finite and topologically equivalent germs
of BDEs with coefficients all vanishing at 0. Suppose that M is a smooth surface
and the number of zeros of the vector field &, is finite. Then

no

n
Z Ind§),, = Z Ind,. 8,
i=1 i=1

where s; = (0,0, p;) and r; = (0,0, g;).
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Proof. By Remark |, we may assume that M = M and N = N. Then there
exists Br2 C R%suchthat M N P‘;I(Bf) and N N Pl;l(h(Brz)) are diffeomorphic
to the cylinder. From Lemma 3.4, we obtain that there exists a homeomorphism
H from M — P‘A;l O toN — PI;I(O) which sends integral curves of |, to inte-
gral curves of ¢,. If we set M; =M N P‘;I(Brz) and Ny =NN P‘;l(h(Brz)),
then H sends integral curves of §,, tangent to (M) to integral curves of ¢,
tangent to d(N;). Since x(M;) = x(N), the result then follows by applying
the generalized Poincar index formula given in [17]. O

Note that a perturbation E, of (E, 0) induces a perturbation F' of F given
by F'(x,y, p) = E;(x, y)(1, p). We denote by M’ the set of zeros de F' and
set

gtthi‘f'thi—(Ft—’—th)i
P ox P oy * Y op

Let C, be the set of smooth functions f:R" — R. We set C = {f €
Cy | if Vf(z) =0 then ef(z) > 0}, where ¢ = +1.

Definition 3.7. Let E, be a good perturbation of (£, 0). We say that E, is an
excellent perturbation if for all ¢ sufficiently close to zero, t # 0, §, € CZJr and
Frecy'.

Note that if E; is an excellent perturbation of (E, 0), then

I(E,0) =) Ky z),

where z; are non-degenerate singular points of E,.

Remark 2. Let (E, 0) be a finite germ with coefficients all vanishing at 0, and
let O be a critical point of § of Morse type. If 0 is a saddle point of §, then there
exists an excellent perturbation of (E, 0) (see theorem 1.23 in [6]). Also, when
the coefficients of the BDE do not all vanish at the origin, one can show that
there exists an excellent perturbation of the BDE.

We denote by F* the set of germs of BDE’s which have an excellent
perturbation.

Lemma 3.8. Let (E,0) € F* be a finite germ with coefficients all vanishing
at 0. If the number of zeros of the vector field &, is finite, then

1 & 1 &
I(E.0) = 5 > Indgg, + 3 > Ind,VF.
i=1 i=0

where s; = (0,0, p;) and r; = (0,0, g;).
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Proof. Let E, be an excellent perturbation of (E, 0) and let s;x = (zik, pir)
be the zeros of éthz in a neighbourhood of s;, where k € {1, ..., m;}. Note
that VF'(s;r) # 0. Let ry; be the zeros of VF’ in a neighbourhood of r;,
where k € {1, ..., u;}. It follows from Proposition 2.2 in [7], and Lemma 6.1
in [5] that

m; Ui

Ind &, = Y Ind, &, + Y sign[F'(ry)] - Ind,, VF'
k=1 k=1

m; u;
=Y Ind,&j,, — Y Ind, VF'
k=1 k=1

m;
=Y Ind,&j,, —Ind, VF
k=1

when s; =r;. When s; is a regular point of M, we have Ind§, =

m; ng m;
Z Ind, &, - By hypothesis, I(E, 0) = % Z Z Indy, &, - The result now
k=1 i=1 k=1
follows. O

The following result shows the topological invariance of the index of a germ
of BDE when M is a smooth surface and the coefficients all vanish at the origin.

Theorem 3.9. Let (E,0), (L,0) € F* be finite and topologically equivalent
germs with coefficients all vanishing at 0. If M is a smooth surface and the
number of zeros of §,, is finite, then I1(E, Q) = I(L, 0).

Proof. We observe that VF # 0. The result then follows from Lemma 3.6
and 3.8. n

4. Examples

Let (E, 0) be a germ of BDE with coefficients not all vanishing at 0. Then using
Proposition 3.2 in [3] we obtain that (E, 0) is equivalent to (E, 0), where

E(x,y)=dy* — f(x, y)dx*=0. 4.1)

We denote by M(E, 0) the multiplicity of (E, 0), and set I(f, 0) = I(E, 0). In
[18], F. Tari studied the singularities of codimension 2 of binary differential
equations with coefficients not all vanishing at 0. He also obtained the nor-
mal forms of these singularities. We calculate in Table 5.1. the index of the
singularities of codimension 2 in [18].
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Table 5.1. Normal forms for codimension 2 singularities.

Normal forms of f I(f,0) M(E,0) wu(f)

—y +x* —% 3 0
—y —x* % 3 0
xy + x3 —% 3 1
x? 4 y? —% 3 2
—x2+y? % 3 2

Table 5.2. Normal forms of asymptotic curves at a cross-cap.

Normal forms of (E, 0) I(E,0) M(E, 0)
ydy? + 2xdxdy — ydx* 1 00
ydy? + 2(—x + y»)dxdy + ydx? —% 3

1

2

ydy? 4+ 2(—x + xy)dxdy + ydx?

The local configurations of the lines of curvature and of the asymptotic
curves around of a cross-cap which is the unique stable singularity for maps
of surfaces into R? are given by BDEs with coefficients vanishing at 0. The
topological model of these configurations are given in [19]. We can apply
Proposition 2.2 in [19] and Theorem 3.9 to show that the local topological
configurations of the asymptotic curves around of a cross-cap are topologically
distinct (Table 5.2).

Remark 3. Given the BDE E(x,y) = ydy’> + 4xdxdy — ydx* =0, we
obtain that M(E,0) = 3. From Theorem 4.1 in [2] we have that (E,0)
is topologically equivalent to the normal form of multiplicity oo given in
Table 5.2. This shows that the M(E, 0) is not a topological invariant.
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6
About the existence of Milnor fibrations

J. L. CISNEROS-MOLINA AND R. N. ARAUJO DOS SANTOS

Abstract

The aim of the present article is to review some results on the
existence of Milnor fibrations for complex and real singularities and
some generalizations in several settings that have been developed
recently. After recalling the classical theorems by Milnor, we start
with the complex case for germs of maps, then we continue with
the real analytic cases and list some open questions.

1. Introduction

In his now classic book [21] Milnor proves a Fibration Theorem, which asso-
ciates a locally trivial fibration to each singular point of a complex hypersur-
face. It is a very useful and fundamental tool to understand its local topological
behavior.

Given a complex holomorphic map

f:(C"0)— (C,0),

let V(f):= £~1(0), denote by Y (f) the critical locus of f and suppose
0e > (f). Let Sf”_l be the sphere centered at 0 € C" of radius € > 0. The set
K. := V(f) NS>~ is called the link of the singularity at the origin.
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Theorem 1.1 (Milnor Fibration Theorem, [21]). There exists a small ¢y > 0
such that for all 0 < € < €, the map

Sk s,

VAR
is the projection of a smooth locally trivial fibration. Furthermore, if 0 € C" is
anisolated critical point of f, then the fibers of this fibration have the homotopy
type of a bouquet of spheres of dimension n — 1 and the topological closure of
each fiber is the link K.

Let us see one example in the case n = 2.

Example 1.2. Consider the holomorphic map f: (C?, 0) — (C, 0), given by
f(z,w) = z2 4+ w?. Since V f(z, w) = (0, 0) implies (z, w) = (0, 0), we have
that > () = {(0, 0)}, i. e., f has an isolated critical point at the origin. Since
the map f is weighted-homogeneous of type (3, 2;6), we have that V(f) \
{(0, 0)} is an analytic manifold that cuts transversely all spheres of any radius.
Without loss of generality, we can choose the sphere S% ={(z,w) e C*:
Iz + llwl* = 2}.

Using the transversality theorem, the link K 5 = V(f) N S?/E is a real ana-
lytic submanifold in $3 5 of dimension one, i.e, a regular curve.

Let us describe this link.

If (z, w) € K s then we have the equations Iz|? = |w|® and |z]? + |w|?* = 2.
This system provides the equation X3 + X? — 2 = 0 on the variable X = |w],
which can be factorized as X> + X> —2 = (X — 1)(X?> 4+ 2X + 2). Hence,
this equation has only one real solution X = |w| = 1 and two others which are
complex conjugates.

Considering the real solution |w| = 1 and using the second equation |z|> +
|lw|> =2, we get |z] = 1. This implies that the link K /5 lies on the torus
St x 8t = {(e', e?) € S?ﬁ 1 (0, ¢) € [0,27] x [0, 27]}.

Now consider the parametrization ¢ : [0, 127] — V(f)N S\3/§ given by

o(t) = (e%, e%) (see the Figure 6.1 below). We can see clearly that the inter-
section is the well-known (2, 3)-torus knot also called the “trefoil knot”.
According to Milnor’s theorem this curve is the topological closure of the
boundary of the fibers.
This example is a particular case of weighted-homogeneous polynomials in
n complex variables called Brieskorn-Pham polynomials

z(f‘+~-~+zZ”, n>0,a;eN,a;>2, j=1,...,n. (1.1)
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O &

Figure 6.1. Fibre and link of V(z? + w?

1.1. Milnor fibration for real singularities

In [20] Milnor proves that for a real polynomial map germ
[r@R0)— R0, n=k=2,

with 0 € R" an isolated critical point, it is always possible to associate a locally
trivial fibration. This article was never published but its results appear in §11
of [21].

In what follows we describe this fibration. Denote by B, the real closed
ball of dimension n centered at 0 € R" of radius € and let S’,;‘l be the sphere
centered at 0 € R¥ of radius n > 0. Then Milnor’s result is:

Theorem 1.3 ([20, 21]). There exists a small €y > 0, such that for all 0 < € <
€ and all n, with 0 < n K €, the map

1
—fi: Ben IS — s
n

is the projection of a smooth locally trivial fibration.

Let SZ’I := 9B, and, as before, let V(f) := f~'(0) and define the link by
K. := V(f)N S"~!. Since 0 € R" is an isolated singularity of f, then 0 € R¥
is aregular value of f : "' — R, if e > 0is small enough. Let N(K ) stand
for an open tubular neighborhood of K, in the sphere. Milnor used the flow of
an appropriate vector field in B, \ V(f) to construct a diffeomorphism from
B. N f’l(S,’;’l) to S"~!\ N(K.), getting in this way, up to diffeomorphism, a
fibration SG"_1 \ N(K.) — S¥!. Tt is not difficult to see (for instance, [30, 297])
that one can always extend this fibration into the open tubular neighborhood
N(K,) to get a fibration

ST\ K — SKL (1.2)

In his book [21, p. 100], Milnor comments that the major weakness of
Theorem 1.3 is that the hypothesis is so strong that it is very difficult to find
examples, except those that come from holomorphic maps. This raises the
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problem of finding dimensions n > k > 2 for which such examples exist (see
[271).

Returning to the fibration (1.2), we observe that the procedure explained in
the paragraph following Theorem 1.3 only ensures the existence of a projec-
tion map giving a fibration, but unlike the complex case, it gives no explicit
construction.

In other words, in the real setting, there is no a priori reason to expect this
projection to be the canonical map f/| f| as in the complex case. In fact, Milnor
gave an example (see [21, p. 99]) in which the canonical map fails to be the
projection map of a fibration (1.2). This motivates the following definition.

Definition 1.4 ([27], [32]). Let n > 2. Given a real analytic map germ
f: (R", 0) — (R?,0), with isolated critical point at the origin, we say that
f satisfies the strong Milnor condition at O, if and only if, for all € > 0
sufficiently small the map

i: S\ K, — §!

L1

is the projection of a locally trivial fibration.

So, a natural question is: Are there real analytic maps which satisfy the
strong Milnor condition?

By Theorem 1.1 we have a partial positive answer: consider any holo-
morphic map f : (C",0) — (C, 0), with isolated singularity at the origin, as
a pair of real analytic maps f = (0(f), J(f)), where R(f) and J(f) are,
respectively, the real and imaginary part of f.

What about real analytic maps which do not come from holomorphic ones?

This introduces the problem of studying natural conditions under which a
real analytic map germ f = (f1, f2): (R",0) — (R?,0), n > 2, satisfies the
strong Milnor condition, i.e,

How big is the class of real analytic maps which satisfy the strong Milnor
condition?

As far as we know, this problem was first approached in [11, 12] by A.
Jacquemard. There, the author gives two sufficient conditions, one geometric
and one algebraic, to have the strong Milnor condition. Some years later, Seade
in [31] and Seade, Ruas and Verjovsky in [27] and, Ruas and Aratjo dos Santos
in [26], used a pencil of real analytic hypersurfaces canonically associated to
the corresponding map germs to study singularities that satisfies the strong
Milnor condition (see §2.2). In [27], the authors provided a method to find
an infinite family of singularities satisfying this condition, in particular, the
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twisted Brieskorn-Pham polynomials, which are real analytic analogues to
Brieskorn-Pham polynomials given in (1.1) (see Example 3.8).

In [26], using different tools of singularity theory and stratification theory,
the authors refined the previous argument and proved that under a weaker
condition (Bekka’s (c)-regularity) on a stratification of an analytic set given
by projections of the map f, it is also possible to guarantee the strong Milnor
condition. See [26] for details. Afterwards, in [28] the author obtained a slight
improvement of the previous result using only the so-called (m)-condition.
Actually, this was inspired by the proof of K. Bekka and Koike that (c)-
regularity implies the (m)-condition.

Recently, in [5, 30], for certain classes of real analytic maps f: (R", 0) —
(R¥, 0), withn > k > 2, necessary and sufficient conditions were given for the
map Iif\ : S"71\ K. — S*~! to be the projection of a locally trivial fibration.
We will explain these results in more detail in §3.4 and §3.5.

In what follows, we present some interesting generalizations, from the
authors’ point of view, of Milnor fibrations in both complex and real cases,
which have been developed in recent years. We will start with the complex
case for germs of maps and after that we will move to the real analytic
case and list some open questions. We also recommend the interesting survey
article [33].

2. Milnor fibrations for complex maps

In this section we will be concerned with the complex case.

2.1. Milnor Fibration on complex analytic sets

We start with an improvement of Milnor Fibration Theorem [21] for complex
maps, due to L& Diing Trang in [14], which generalizes the existence of Milnor
fibrations on complex analytic sets.

Let X be an analytic subset of an open neighborhood U of the origin 0 in
C". Let f: (X,0) — (C, 0) be holomorphic and set V = f~'(0). Let B be a
ballin U of sufficiently small radius € > 0, centred at 0 € C" and D, — {0} be
the punctured disc of radius 7 in C.

Theorem 2.1 (Milnor-Lé Fibration [14]). For all small enough € > 0, and
alln with0 < n K €,

fi: B.nXn f (b, —1{0}) - D, — {0} .1)

is a topological locally trivial fibration.
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Proof (idea). Let S be a Whitney stratification of X, choose € > 0 small
enough such that B, intersects only a finite number of strata of X and such that
the sphere S, intersects such strata transversely. Moreover, according to [10],
we can always choose this stratification in such a way that V is a union of strata
and satisfies Thom’s A r —condition. This implies that for 0 < n < € the fibers
of the map

fi: B.-nXn f~Y(b, - {0}) — D, — {0},

intersect transversely the strata of X N S, and that it is a stratified submersion.
Now the result follows from the Thom-Mather First Isotopy Theorem [19]. [J

L& also observed that H. Hamm in [8] proved that, if X \ V is a non-singular
analytic set in C”, this topological fibration is a smooth fibration.

As stated below, this result was generalized by E. Looijenga in [17] for com-
plex analytic maps germs f: (C", 0) — (C”, 0) that locally define an Isolated
Complete Intersection Singularity (ICIS). This means that in a sufficient small
ball B, C C" the intersection (f~'(0) — {0}) N B, is an analytic manifold. Let
C(f) = fO_(f)) be the discriminant set of f.

Theorem 2.2 ([17]). There exists €y, such that for all 0 < € < €y, and 0 <
n K €, the projection map

fir BeN =YDy = C(f)) = Dy = C(f)

is a smooth locally trivial fibration.
One has the following natural question:

Question 1. Find good conditions under which it is possible to guarantee the
existence of a Milnor fibration for a complete intersection with non-isolated
singularity.

More recently in [7], using the integral closure of modules, T. Gaffney
presented a beautiful and interesting approach to this question.

There is also a generalization of Theorem 1.1 to complex analytic sets,
implicit in the work of Lé Diing Trang [13]; a weaker form is given by
Alan H. Durfee in [6, Thm. 3.9].

Let Lx. = X N S, be the link of X and let Ly, = X NV N S, be the link
of fin X.

Theorem 2.3. There exists €y > 0, such that, for all 0 < € < €, the map

¢=%:LX6\LJ:€—>S'. (2.2)

is a locally trivial fibration.
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A proof of this theorem and the fact that fibration (2.2) is equivalent to the
restriction fj: Be N X N f‘l(aD”) — 9D, of fibration (2.1) can be found in
[5] (see Theorem 2.5 below).

2.2. Refinements of Milnor fibration theorems

In [5] the authors give some refinements of Theorems 2.1 and 2.3.

Asin § 2.1, let X be an analytic subset of an open neighborhood U of the
origin 0 in C" and denote by Sing(X) the set of singular points of X.

As we mentioned in the introduction, there is a canonical pencil of real
analytic hypersurfaces associated to f (see also [31, 27]) defined as follows.
For each 6 € [0, ), let Ly be the line through 0 in R? with an angle 6 (with
respect to the x-axis) and set Xy = f~'(Ly). Then each X, is a real analytic
hypersurface and the family {X,} is called the canonical pencil of f. Its main
properties are summarized in the following theorem.

Theorem 2.4 (Canonical Decomposition). Let {Xy} be the canonical pencil
of f. Then,

(i) The Xy are all homeomorphic real analytic hypersurfaces of X with
singular set Sing(V) U (Xy N Sing(X)). Their union is the whole space
X and they all meet at V, which divides each Xy in two homeomorphic
halves, i.e., Xg = Ej UV UE, and E} = E,.

(1) If {Sq} is a Whitney stratification of X adapted to V (i.e., V is a union
of strata), then the intersection of the strata with each Xo determines
a Whitney stratification of Xy, and for each stratum S, and each Xy,
the intersection Sy N Xy is transverse to every sphere with centre O and
radius < €.

(iii) There exists a small € > 0 such that there is a uniform conical structure
for all Xg, i.e., there is a homeomorphism

h: (X N Bg, VN Bg) — (Cone(X N Se,), Cone(V N Sg))
whose restriction to each Xy defines a homeomorphism

(Xy N Be,) = Cone(Xg N Se,).

Proof (idea). 1In (i) the fact that all the Xy are homeomorphic follows from
Theorem 2.8 below and the fact that all the E;f are homeomorphic from Theo-
rem 2.5. The rest of (i) is straightforward. To prove (iii) the authors construct
a stratified vector field on B, N X tangent to each Xy, and transverse to all
spheres in B, centered at 0. We refer to [5] for further details of the proof. [

The following theorem combines Theorems 2.1 and 2.3.
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Theorem 2.5 (Fibration Theorem). There is a commutative diagram of fiber
bundles

(XN Be,)\V—2> g1

N

RP!

where W(x) = (Re(f(x)) : Im(f(x))), W has fiber (Xg N Bg,)\V, ®(x) =
Iﬁg\ and w is the natural two-fold covering. The restriction of ® to the
link Lx \ Ly is the Milnor fibration ¢ of Theorem 2.3, while the restric-
tion of ® to the Milnor tube f ’1(8D,,) N Be, is the Milnor-Lé fibration of
Theorem 2.1 (up to multiplication by a constant), and the two fibrations are

equivalent.

The following corollary gives the relation between the Milnor fibers of ¢
and the link of the Xj.

Corollary 2.6. Let the germ (X, 0) be irreducible, and f : (X, 0) — (C,0)
have Milnor fibration

¢:i:LX€\Lf6—>Sl.

L1
Then every pair of fibres of ¢ over antipodal points of S' meet in the link
L., and their union is the link of a real analytic hypersurface Xg, which is
homeomorphic to the link of {Re f = 0}. Moreover, if both X and f have an
isolated singularity at 0, then this homeomorphism is a diffeomorphism and the
link of each X is diffeomorphic to the double of the Milnor fiber of f regarded
as a smooth manifold with boundary L.

Proof (idea). From Theorem 2.4(i) the link of X, is given by
XgNSe=(Ef NS)ULy U(E; NSo),

and E NUS, and E; N S, are the Milnor fibers of ¢ over antipodal points of
S'. Also X, is homeomorphic to X; = {Re f =0}. O

To prove Theorem 2.5 the authors introduce an auxiliary map called the
spherification of f, defined by
fx)

) = [lx[[PCx) = ||x]| ol
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Notice that given z € C \ {0} with @ = arg z, the fiber §~!(z) is the intersection
of E;c with the sphere S|, of radius |z| centred at 0, and § carries S|, \ V into
the circle around 0 € R? of radius |z]|.

Then they obtain the following fibration theorem.

Theorem 2.7. For ¢y > 0 sufficiently small, one has a fiber bundle

F: (XN B\ V) —> (D, \ {OD),

where Dy, is the disc in R? centred at O with radius €. Furthermore, the
restriction of § to each circle around 0 of radius € < € is a fiber bundle, and
is the Milnor fibration ¢ in Theorem 2.3 up to multiplication by a constant.

Proof of Theorems 2.5 and 2.7 (idea). Using Theorem 2.4-(ii) one proves
that § is a submersion on each stratum in X \ V. This allows us to construct on
(X N Bg,) \ V a complete, stratified, vector field 9 which is tangent to all the
spheres in B, centred at 0, and whose orbits are transverse to the Xy \ V and
permute them. The vector field 9 gives the local triviality of the restriction of §
to any sphere S,, which is equivalent to the fibration ¢ since ® = Hgg ;H = l;g ;I .
Also 1 gives the local triviality of ® and W in Theorem 2.5. Using the uniform
conical structure given in Theorem 2.4-(iii) one gets the local triviality of §
over C \ {0}.

It is also possible to construct a vector field @ which is transverse to all
spheres in B, centred at 0, transverse to all the tubes f ’1(3 D,)), and tangent to
the strata of each Xy \ V. This vector field gives the equivalence of the fibration
on the tube and that on the sphere. O

Also a new Milnor-type fibration theorem is obtained in which it is not
necessary to remove the zero locus of the map f.

Theorem 2.8. Let X be the space obtained by the real blow-up of V, i.e.,
the blow-up of (Re(f), Im(f)). The projection V : X — RP' is a topological
fiber bundle with fiber Xy.

This implies that all the hypersurfaces X, are homeomorphic and it can also
be used to prove Theorem 2.5.

Proof (idea). The Whitney stratification of X induces a canonical Whit-
ney stratification on X. The map W is a stratified submersion and by Theo-
rem 2.4.(ii), the fibers of ¥ are transverse to X N (S, X RP), the boundary
of the compact set Xn (Bg, % R]P’l). Hence, one can apply the Thom-Mather
First Isotopy Theorem to get the fibration. O
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3. Milnor fibrations for real maps

3.1. Fibrations for maps fg and meromorphic maps

It is natural to ask if, as in the holomorphic case, it is possible to have a fibration
theorem for real analytic map germs f: (R", 0) — (R¥, 0) having an isolated
critical value at 0 € R¥, instead of having only 0 € R”" as an isolated critical
point. This was first considered in [25] where the authors generalized Theo-
rem 2.1 for the case of real analytic maps f: X — R¥ on areal analytic variety
X of dimension n > 0, with 0 € R* as an isolated critical value and satisfy-
ing Thom’s A ;-condition. Using this generalization they prove the following
fibration theorem.

Let X be an equidimensional complex analytic variety in C" of dimension
n with an isolated singularity at 0. Let f, g: (X,0) — (C, 0) be germs of
holomorphic maps such that £~!(0) and g~'(0) have no common irreducible
components. Denote by Ly the link of X and by L ; the link of fg in X.

Theorem 3.1. Supposethat fg: (X, 0) — (C, 0) has an isolated critical value
at 0 € R? = C, and satisfies Thom’s A r-condition. Then one has a locally
trivial fibration

\Iffg,l Lx\Lfg — S,;

Proof (idea). Using the fact that f g has an isolated critical value at 0 and that
it satisfies Thom’s A ;-condition, one can apply the Thom-Mather First Isotopy
Theorem as in the proof of Theorem 2.1. O

In the case that X has dimension 2, it is proved in [25] that for f and
g with no common branch and fg with an isolated critical point at 0, fg
satisfies Thom’s A y-condition. Also in [25] the authors generalize a fibration
theorem in [2] for meromorphic maps f/g which are semitame. Notice that
the meromorphic map f/g takes values in P!,

Definition 3.2. Set V;, = { fg =0}, and h = f/g. Define the set
M(f/8) = {x € X\ Ve | To((h™' (h(0) < TS}

The bifurcation set B C P! of f/g is the union of { 0, oo } and the setof ¢ € P!
such that there exists a sequence (x)ren in M(f/g) such that

lim x; =0 and lim (f/g)(xx) = c.
k— 00 k—00

The meromorphic map f/g is semitame at 0 if B = {0, 00 }.
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Theorem 3.3 ([2]). Let f, g: (X,0) — (C, 0) be holomorphic with no com-
mon branch. If f/g is semitame at 0, then the map

¢f/g=ﬁ:£X\Lfg 5

|f/8l

is a locally trivial C* fiber bundle.

Proof (idea). The proof follows Milnor’s proof [21, Chapter 4] with minor
modifications in [21, Lemma 4.4] and in the Curve Selection Lemma to use a
meromorphic map instead of a holomorphic one. See [2] for details. O

If £, g: (X, 0) — (C, 0) are holomorphic with no common branch, such that
/& has an isolated critical value at 0 and satisfies Thom’s A yz-condition, and
furthermore, f/g is semitame at O, then the hypotheses of Theorems 3.1 and

/g _ Jls

3.3 are satisfied and we have two fibrations W ¢z and ¢ 7/, . Since If__l = /]
8 8
on X \ Vyg, the fibrations W, and ¢/, are topologically equivalent.

Recall that when X has dimension 2, the map fg automatically satisfies
Thom’s A rz-condition. In this case it is natural to compare the hypotheses:
‘fg has an isolated critical value at 0’ and ‘f/g is semitame at 0’, which
give the fibrations Wz, and ¢/, respectively. In the case X = C? these two
hypotheses are equivalent.

Theorem 3.4 ([25, Theorem 5.8)]). Let f, g: (C?,0) — (C, 0) be holomorphic
germs such that {~'(0) and g~"(0) have no common component. The following
are equivalent:

(1) fg has an isolated critical value at 0,

(ii) themap Wysg: Lx \ Lyg — S is a fibration,
(iii) the map ¢/ Lx \ Ly, — S is a fibration,
(iv) f/g is semitame at 0.

Proof (idea). The equivalence of (i) and (ii) is given by [25, Theorem 4.4]
which uses a result of [15] which relates the determinantal ratios of the germ
(f. g): C*> — C? to some topological invariants of the meromorphic germ f/g
(see [25, Section 4] for details). The equivalence of (iii) and (iv) is proved in
[2] and is given by Theorem 3.3 and its converse for the case X = C2. Both
sets of equivalences are related by the fact that the fibrations Wy; and ¢/,
are fibrations of the multilink L ; U —L,. We refer to [25] for the definition of
multilink as well as for details of the proof. [
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3.2. Fibrations of polar weighted homogeneous polynomials

In [27] twisted Brieskorn-Pham polynomials were defined (see Example 3.8),
which were the first examples of polar weighted homogeneous polynomials.
Inspired by these examples, polar weighted homogeneous polynomials were
defined in general in [4, 22]. These are real analytic maps which generalize
complex weighted homogeneous polynomials. These polynomials have 0 € C
as unique critical value, but do not necessarily have an isolated critical point.
They have Milnor fibrations on the Milnor tube and on the sphere, the two
fibrations being equivalent.

Consider C" with coordinates zi, ..., z,; as usual, let Z; be the complex
conjugate of z; and write z; = x; + iy;. Then considering C" with coordinates
21y« Zns 21, - -+ » Zn 18 €quivalent to considering it as a 2n-dimensional real
vector space with coordinates xj, yi, ..., X,, ¥,. To simplify notation write
z=(z21,...,21),Z=(Z1,...,2n); also set C* = C — {0}.

Definition 3.5. Let p;, u;, with j =1, ..., n, be positive integers such that
ged(pr, ..., pn) =1, ged(uy, ..., u,) = 1.

Write T € C* in polar form t = tA, with t € R* and A € S', that is, t = |7
and A = exp(i arg 7).

A polar C*-action on C" with radial weights (pi, ..., p,) and polar
weights (u, ..., u,) is given by
th- (@) ="M 7y, o PP A ). 3.1

In fact, a polar C*-action is the combination of two actions: a R*-action given
by the weights (py, ..., p.), and a S'-action given by the weights (uy, ..., u,).

Definition 3.6. Let f: C* — C be a polynomial in the 2n variables
Z1y+++»Zns 21, - - - » Zn. Let a and ¢ be positive integers. We say that f is polar
weighted homogeneous with radial weight type (py, ..., p,;a) and polar
weight type (11, ..., u,;c), if the following functional identity holds

ftr- (@) =1"A°f(=), teR", reS', (3.2)

where ¢ - (z) is a polar C*-action.

In other words, it is weighted homogeneous of degree a with respect to
the R*-action with weights (py, ..., p,) and it is weighted homogeneous of
degree ¢ with respect to the S'-action with weights (uy, ..., u,).

Example 3.7. Weighted homogeneous polynomials are a particular case of
polar weighted homogeneous polynomials withno Z; for j = 1, ..., n and with
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pj =uj and a = c. In particular, we have the Brieskorn-Pham polynomials
given in (1.1).

Example 3.8. A polynomial in C" of the form
iz Ze() + F VnZy Zom)s

was called in [27] a twisted Brieskorn-Pham polynomial of class
{ai,...,an;0}, where each a; > 2, j =1,...,n, the v; are non-zero com-
plex numbers and o is a permutation of the set {1, ..., n} called the twisting.

In [27] it is proved that twisted Brieskorn-Pham polynomials are polar
weighted homogeneous. It is also proved that they have isolated critical points
and that they satisfy the strong Milnor condition.

Remark. The sum of two polar weighted homogeneous polynomials (with
different variables) is again a polar weighted homogeneous polynomial.

Using a generalization of the Euler identities for weighted homogeneous
polynomials, it is proved that O € C is the only critical value of polar weighted
homogeneous polynomials. Then as for complex weighted homogeneous poly-
nomials one has the following (global) fibration theorem (compare with [23]).

Proposition 3.9. The restriction f: (C" — V) — C* is a locally trivial fibra-
tion. Its monodromy is given by the map

h(Z) — eZTli/C .z

Moreover, the map

S 2n—1 1
= ) — s,
¢ =1 (UK

is a locally trivial fibration for any € > 0.

Let fi: f~'(S") — S! be the restriction of the fibration f: (C" — V) — C*
of Proposition 3.9 to S'.

Proposition 3.10. The fibration f;: f~'(S') — S!is equivalent to the Milnor
fibration ¢: S*"~'\ K. — S™.

Propositions 3.9 and 3.10 are proved using the C*-polar action in an analo-
gous way as for complex weighted homogeneous polynomials.

In [4] is also proved a Join Theorem, which says that the Milnor fiber of
the sum of two polar weighted homogeneous polynomials in disjoint sets of
variables is homotopically equivalent to the join of the Milnor fibers of the
summands.
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Polar weighted homogeneous polynomials are mixed analytic functions
which is a wider class of real analytic functions recently defined in [24]. There
the author gives a condition to guarantee the existence of Milnor Fibrations for
mixed analytic functions.

3.3. Milnor conditions (a) and (b) and L-analytic maps

An interesting improvement in the technique of proving the existence of Milnor
fibrations for real analytic map germs f: (R",0) — (RK,0),m >k > 2, is
given in [18]. The author defines two conditions under which is possible to
guarantee the existence of Milnor fibrations for non-isolated singularities, more
precisely, for a map f with isolated critical value at 0 € R*.

To describe this result, following the author’s notation in [18], let f(x) =
(fi(x), ..., fi(x)) be a representative of the germ defined in a small neighbor-
hood U of the origin, V f;(x) the gradient map of the coordinate function f;, for
i =1,...,k.Denoteby & = Y (f) the singular locus of f and by p(x) = ||x|?
the square of the distance function from the origin. Define

B:={x eU|Vfi(x),...,Vfi(x), Vp(x) are linearly dependent}.

Definition 3.11. We say that a map germ f satisfies Milnor condition (a) at
the origin 0, if 0 ¢ U\ V(f).

Definition 3.12. We say that a map germ f satisfies Milnor condition (b) at
the origin 0, if 0 is an isolated point of (or, is not in) V(f) N B\ V(f).

It is easy to see that Milnor condition (a) means that in a small neighborhood
of the origin Y (f) C V(f), i.e, 0 € R is an isolated critical value. Milnor
condition (b) implies that there exists a small enough €y > 0, such that for
each 0 <€ < ¢y, 0 < K€, f’l(B,’; —{0p NS NYB = 2, where B’ﬂ‘ —
{0} stand for the punctured closed ball in R¥ of radius 7.

Definition 3.13. If f satisfies Milnor conditions (a) and (b) at the origin, we
say that € is a Milnor radius for f at the origin, if both conditions hold in
B, C R".

Theorem 3.14 ([18]). Suppose that the real analytic map f has Milnor radius
€0 > 0. Then, foralle, 0 < € < €y, 0 < n K €,

fi: Bon f7NBE — (0) - BE — (0)

is the projection of a smooth locally trivial fibration.
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Proof (idea). Since f has Milnor radius €y > 0, we have Y (f)N B, C
V(f)N B, for all 0 < € < €. Hence 0 € R* is an isolated critical value of
f.ie, fi: B\ V(f) — R*is asmooth submersion, where B° stands for the
open ball. It follows from Milnor condition (b) and the remark above that, for
each € and 0 < 1 < €,

fi:Si7tn (B — {0}) — By — {0}

is a submersion on the boundary of the closed ball B.. Now, combining these
two conditions, it follows that for each € and all small enough 7,

fi:Ben f71(By —{0}) — By — {0}

is a smooth, proper submersion, so by Ehresmann’s Fibration Theorem is a
locally trivial fibration. 0

In [18] the author gave the following analytic condition for existence of a
Milnor radius of a map f.

Definition 3.15. We say that a real analytic map germ f: (R",0) —
(R¥,0), m > k > 2, satisfies the strong Lojasiewicz inequality at the ori-
gin, or is L-analytic at the origin, if there exist an open neighborhood U > 0,
and constants ¢ > 0,0 < 6 < 1, such that, for all x € U, the following holds:

FI e min{lanV i)+ @V Aol

It is easy to see that L-analytic maps always satisfy Milnor condition (a).

In [18], using a technique going back to [9], the author proved the following
result:

Theorem 3.16 ([18]). If a real analytic map f :(R",0) — (R¥,0) is £-
analytic at the origin, the Milnor condition (b) holds, so there exists a Milnor
radius for the map f. Therefore by Theorem 3.14) there is a local Milnor
fibration.

In [18] the author posed the following open question:
Question 2. Let f: (R*,0) — (R?, 0) be an L-analytic map that also satis-

fies the strong Milnor condition (see Definition 1.4). Are the two fibrations
equivalent?
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3.4. Real Milnor fibration and open book decompositions

As we have mentioned before, we cannot expect in general that given a real
analytic map germ f: (R", 0) — (R¥, 0), with isolated critical point at the ori-
gin, the projection — : S:'_l \ K. — §*~!is the projection map of a smooth
locally trivial fibration, i.e, for k = 2, that f satisfies the strong Milnor con-
dition at the origin.

In [30] the second author and M. Tibar use the idea of open book decompo-

sition in higher dimensions to get a characterization of these fibrations, for all
k > 2, in the class of K—finite map germs. Their main result is:

Theorem 3.17 ([30]). Let f : (R", 0) — (R*, 0) be a real analytic map germ
and suppose that for all small enough radii € > 0, Y (f)NV(f)N B. C {0}

Then, the map % : Sg"l \ K. — S is the map projection of a smooth

locally trivial fibration if, and only if, it is a submersion for all €. Moreover,
if the map is weighted-homogeneous with isolated singularity at origin, this
fibration is fiber-equivalent to the Milnor fibration given in Theorem 1.3.

Proof (idea). Write f(x)= (fi(x), ..., fi(x)), s = (s1,...,5) € RF\ {0},
and [s] = (51 : ... : s¢) € PK"I(R). Define the analytic set

X := {(x,[s]) € B, x P*"'(R) : rank|:fls(x) fk(x):| < 2}.
L

Sk

Write 7 : X — P*"{(R)and p : X — B, for the projections, and denote by
X1 the fiber of 7 over [s] € P*1(R). It is easy to see that V x IF’k’I(R) C X,
so V x [s] C Xy, for all [s]. Also, set

—1 -1
() () () ()
I |s | L |s|
The following three conditions hold:

1) Xis \ V is a disjoint union of XEg] and X3

2) The projection p : X — B, is a blow up along V, i.e,
piX\(VxP'(R) - B, \V

is an analytic isomorphism.

3) Forall 0 < € <€y, X5\ V is an analytic manifold for all [s], transverse
to all small spheres S, (this follows from the submersion condition in the
hypothesis).
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Now the equivalence follows by a construction similar to that given in [21],
[26] (see also [29]). O

We observe that, if f has an isolated singular point at origin, i.e. if > (f) =
{0}, our main hypothesis is satisfied, so the following result is an immediate
consequence:

Corollary 3.18. A necessary and sufficient condition for a pair of isolated
singular map germs f = (P, Q) : (R*, 0) — (R?, 0) to satisfy the strong Mil-
nor condition ar the origin is that the projection map —— : S" '\ K. — §!

Ifl

be a submersion for all small enough € > 0.

3.5. Real Milnor fibrations and d-regularity

Using the ideas and constructions for holomorphic maps, the authors in [5]
introduce a condition called d-regularity, for a class of real analytic maps
f: (R",0) — (R?, 0) with an isolated critical value at 0 € R?, which is neces-
sary and sufficient for the map f/|f|: S*~'\ K. — S' to be a smooth locally
trivial fibration.

As in §2.2 we define the canonical pencil of f, which is a family of real
analytic spaces parametrized by RP', as follows: for each £ € RP!, consider
the line £, C R? passing through the origin corresponding to £ and set

Xe={x eU|fx)e€ L.

Then each X, is a real analytic variety. It is easy to see that these varieties meet
at V and away from it they are smooth submanifolds of U of dimensionn — 1.

Definition 3.19. The map f is said to be d-regular at O if there exist a metric
p induced by some positive definite quadratic form and an €y > 0 such that
every sphere (for the metric p) of radius < € centred at 0 meets every X, \ V
transversely (whenever the intersection is non-empty). We shall also say that
f is d-regular with respect to the metric p.

Example 3.20. The first four examples are d-regular at O for the usual metric:

(i) By [21, Lem. 5.9], every holomorphic germ f: (C",0) — (C, 0) is d-
regular (see [5]).
(ii) By [25], given f, g : (C2,0) — (C, 0) holomorphic germs (see §3.1):
— If fg has an isolated critical value at O € C, then it is d-regular.
- If f/g : (C",0) — (C, 0) is semitame at 0, then it is d-regular.
(iii) By [4] (see §3.2), polar weighted homogeneous polynomials are d-regular.
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(iv) Assume f: (R",0) — (R?,0) is real weighted homogeneous with iso-
lated critical value at 0. Since the orbits of the action of R* are tangent to
each X, and transversal to all spheres centered at 0, it follows that f is
d-regular.

(v) By [26], every map-germ g: (R"*2,0) — (R?, 0) whose pencil is c-
regular (in the sense of K. Bekka) with respect to the control function
defined by a metric p in R"*2, is d-regular at 0 with respect to p.

The condition of d-regularity is equivalent to the condition given in §3.4
that the map

¢=i:sg—1\1<€—>sk—‘

I
is a submersion for any sufficiently small €. In fact, one has the following
characterizations of d-regularity in terms of the spherification of f.

Asin §2.2, define the map ®: U \ V — S! by ®(x) = ‘;g;l and the spher-

ification F: U \ V — R?\ {0} of f by F(x) = ||x]|P(x).

Proposition 3.21. Let f: (B, 0) — (R?, 0). Then the following are equiva-
lent:

(1) The map f is d-regular at 0.
(ii) For each sphere S¢ in R" centred at 0 of radius € < €, the restriction
map §e: Se\V — Sel of § is a submersion.
(iii) The spherification map § is a submersion at each x € B¢, \ V.
(iv) The map ¢ = —: Sc \ K. —> S' is a submersion for every sphere S,

L1

with € < €.

Proof (idea). The equivalences are straightforward from the definitions of

d-regularity and the spherification map. The important point is to notice that

_ f _ 3w
PO = 17601 = ool O

If f is d-regular, the following proposition gives us a special vector field
which will be used in the Fibration Theorem.

Proposition 3.22. If f is d-regular for some metric p, then there exist € > 0
and a C*® vector field & on B, \ 'V such that :

(i) Each integral curve of € is contained in an element Xy of the pencil;

(ii) The vector field & is transverse to all p-spheres around 0; and

(i) The vector field & is transverse to all Milnor tubes f~'(dDs) for all
sufficiently small discs Dg centred at 0 € R?.
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Proof (idea). Since f is d-regular, the spherification map § is a submersion
on B, \ V. We lift the radial vector field u in R? given by u(x, y) = (x, y),
to vector fields wz and wy on B, \ V using § and f respectively. The desired
vector field is given by adding wz and wy on B, \ V. O

The main result is the following real analogue of Theorem 2.5.

Theorem 3.23 (Fibration Theorem). Let f : (U, 0) — (R?, 0) be a locally
surjective real analytic map with an isolated critical value at 0 € R* and U
an open neighborhood of 0 in R"*2. Assume further that f has the Thom Ag
property at 0, is d-regular, and that dim'V > Q. Then:

(i) One has a Milnor-Lé fibration (a fiber bundle)
f:N(,n) — 0D,,

where N(e,n) = B. N f~1(3D,) is a Milnor tube for f; D, C R? is the
disc of radius n around 0 € R?, € > n > 0. In fact, the same statement
holds for B N f’l(D,7 \ {0}), which fibers over D, \ {0}.

(ii) For every sufficiently small € > O one has a commutative diagram of fiber

bundles,
BV _® St
b
\J
RP!
which restricts to a fiber bundle ¢ = % S\ K. — S

(iii) The two fibrations above, one on the Milnor tube and one on the sphere,
are equivalent.

Proof. Recall that we are assuming f has the Thom A s property. Thus for
€ > § > 0 sufficiently small one has a solid Milnor tube,

SN(e,8) := B. N f~1(Ds \ {0},

and a fiber bundle f: SN(e,§) — Ds \ {0} .

The restriction of this locally trivial fibration to the boundary of Dj gives
the fibration in the first statement in Theorem 3.23.

Now define m; : Dy \ {0} — S! by ¢ +> t/|t], let m, : S' — RP! be the
canonical projection, and set

V:=momof:SN(, 38 — RP'.
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This is a fiber bundle with fibers Xy N SN (€, §), and hence yields statement
(i1) in Theorem 3.23 restricted to the (solid) Milnor tube SN (e, §). We now use
the vector field in Proposition 3.22 to complete the proof of the theorem. [

Corollary 3.24. Let f : (R",0) — (R2, 0) be a locally surjective real analytic
map with an isolated critical value at 0 € R?. Suppose that f has the Thom
Ay property at 0 and dim'V > 0. Then f is d-regular if and only if the map

i: S:‘_'
Lf1

is a smooth locally trivial fibration.

— §!

Proof. If f is d-regular, by Theorem 3.23(ii) f/| f| is a smooth locally trivial
fibration. Conversely, if f/|f]| is a smooth locally trivial fibration, then it is a
submersion, and by Proposition 3.21(iv) <(i) f is d-regular. O
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Counting hypersurfaces invariant by
one-dimensional complex foliations

MAURICIO CORREA JR. AND MARCIO G. SOARES

Abstract

We address the question of counting hypersurfaces which are
invariant by a one-dimensional projective foliation. We obtain some
bounds for the number of such hypersurfaces, of a given fixed
degree k, in terms of k, the dimension of the projective space and
the degree of the foliation. These generalize some already known
bounds.

1. Introduction

In this note we address the question of counting hypersurfaces which are
invariant by a one-dimensional projective foliation. The method adopted here
stems from the work of J.V. Pereira [7], where the notion of extactic variety is
exploited (for several references related to this notion see [2]). Let us briefly
digress on extactic varieties and their main properties.

We start by recalling one-dimensional holomorphic foliations on P{.. These

. 3
are given, in C"*!, by a homogeneous polynomial vector field X = Z P; P
<i
i=0
withdeg P; = d and Py, ..., P, donot have a common factor, modulo addition
of a vector field of the fnorm h.R, where h is a homogeneous polynomial of

0
degree d — 1 and R = Z Zi Fy is the radial vector field. Such a vector field
Zi

i=0
defines a field of directions on P¢. and hence a foliation, denoted Fx. Equiva-
lently, X can be seen as a holomorphic section X : Pt — TP ® Opyc(d —1).

2000 Mathematics Subject Classification 32S65.
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The number d is called the degree of Fx. We consider the vector field X as a
derivation and put X°(F) = F and X"(F) = X(X"~'(F)), form > 0.

We remark that to consider a finite dimensional linear system V on Pg
is the same as to consider a finite dimensional linear space of homogeneous
polynomials V in the variable z = (zo, . . ., Z,). Suppose now that V is a finite
dimensional linear system and let vy, ..., vy € C[zg, ..., z,] be a basis of V.
Consider the matrix

V] vy . Vg
X(vy) X(v2) e X(vp)
E(V,X) = Can
X'y X)) o XN

The extactic of X associatedto V is E(V, X) = det E(V, X), and the extactic
variety of X associated to V is the variety Z(E(V, X)). By introducing the
notion of extactic divisor on a complex manifold, J.V. Pereira [7] obtained the
following results, which elucidate the role of the extactic variety:

Proposition 1.1 ([7], Proposition 5). Let F be a one-dimensional holomor-
phic foliation on a complex manifold M. If V is a finite dimensional linear
system, then every F-invariant hypersurface which is contained in the zero
locus of some element of V must be contained in the zero locus of E(V, F).

Suppose M =P, Fx and £(V, X) are as above. In this case proposition
1.1 is easy to exemplify. Let f be a defining equation for an irreducible Fx-
invariant hypersurface, which is in the zero locus of the linear system V. Change
basis so that V is generated by f, wo, ..., wy. Since {f = 0} is invariant we
have Xj(f) =h; f,1 < j <{~—1, where h; is a polynomial. Then E(V, X)
becomes

f w2 PR U)(
hi f X(ws) e X(wy)
E(V,X) = (1.2)
her f 0 XY wy) - X5 N(wyp)

and f factors £(V, X).
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Now, if f is adefining equation for an irreducible Fx-invariant hypersurface,
which is also in the zero locus of V, its multiplicity is the largest integer m such
that ™ divides £(V, X).

Before going any further, it’s worth remarking that a generic one-
dimensional singular holomorphic foliation F on a complex projective space
leaves no algebraic set invariant, except for its singular locus. Here, generic
means that F lies in an open and dense set of the space of such foliations. For
results in this direction see [1], [6] and [3].

If F is a holomorphic one-dimensional foliation on a complex manifold M,
then a first integral for F is a holomorphic map 6 : M — N, where N is a
complex manifold, such that the fibers of 6 are F-invariant. Then we have:

Theorem 1.2 ([7], Theorem 3). Let F be a one-dimensional holomorphic
foliation on a complex manifold M. If V is a finite dimensional linear system
such that E(V, F) vanishes identically, then there exits an open and dense set
U where F|y admits a first integral. Moreover, if M is a projective variety, then
F admits a meromorphic first integral.

Since we will be dealing with foliations by curves on projective spaces, by a
meromorphic first integral we mean a rational map 6 : Pg, --» P}C whose fibers
are F-invariant. Although we could use Theorem 1.2 to invoke their existence
in the proof of our main result, Theorem 2.3 below, we thought it better to give
an explicit and more elementary proof of this fact, closely related to the proof
of Theorem 4.3 of [2] (see Section 4).

2. Statement of results

Through the use of extactic varieties the following estimates were obtained
in [7]:

Proposition 2.1 ([7] Proposition 2 and Corollary 1). Let Fx be the foliation
on IF’% induced by the homogeneous vector field X in C3, of degree d. Let N;(X)
be the number of irreducible algebraic solutions of degree i of X, counting
multiplicities. If X does not admit a first integral of degree < k then

k 24k
ZiN,»(X)gk(ZZk)+(d—1)((§)>. 2.1)
i=1

Also, the number of invariant irreducible curves of degree k, counting multi-

plicities, is at most
24+k\ 1/
- d—1). 2.2
( " ) + < 5 ( ) (2.2)

In a similar way, we find in [4] the following result:
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Theorem 2.2 ([4] Theorem 4). Suppose the affine polynomial vector field
Y = Z?:] Y[£ inC", n>2, withdegY; =d, 1 <i <n, has finitely many
invariant hyperplanes. Then the following hold:

(a) The number of invariant hyperplanes of Y, counting multiplicities, is at
most

nd + (Z)(d —1). 2.3)

(b) The number of parallel invariant hyperplanes of Y, counting multiplicities,
is at most d.

(c) The number of distinct invariant hyperplanes of Y through a single point,
counting multiplicities, is at most

(n—l)d+<n;1)(d—l)+l. 2.4)

We now present counterparts of Proposition 2.1 and Theorem 2.2, items (a)
and (c), for the case of hypersurfaces invariant by one-dimensional foliations
on P¢.. The proofs are given in section 4. More precisely,

Theorem 2.3. Let Fx be a one-dimensional holomorphic foliation on P, with
deg Fx = d. Suppose Fx does not admit a rational first integral. Then:

(i) Let N;j(X) be the number of irreducible Fx-invariant hypersurfaces of
degree i, counting multiplicities. We have, fori < k,

k K—1

ZiN,-(f) < Z[i(d — 1D+ kl=kK + (d — 1)<12(> ,

i=l1 i=0
k
where K = (": ) (2.5)

(1) The number of Fx-invariant irreducible hypersurfaces of degree k, count-
ing multiplicities, is at most

n+k 1 (":k)
< . )+%< ‘ )(d—l). (2.6)

(iii) The number of Fx-invariant irreducible hypersurfaces of degree k through
a point, counting multiplicities, is at most

NGO nik
;< ) )(d—1)+< L )—1. 2.7)

Remark. The hypothesis of Theorem 2.3 is stronger than that of Proposition
2.1. The reason for this comes from the fact that, in the two dimensional
projective case, the fibers of a rational first integral have the same dimension
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as the leaves of the foliation, which allows for showing that if £ (Vk, X) =0,
where V¥ ¢ Clzo, ..., z,] is the linear space of homogeneous polynomials
of degree k, then X admits a rational first integral of degree < k (see the
proof of Theorem 4.3 in [2]). In the higher dimensional case, the fibers of
a rational first integral have dimension n — 1 and, in this situation, we were
only able to show that, if £ (V¥, X) =0, then X has a rational first integral
(see section 4). However, in case X has a rational first integral 6 of degree m,

then £(V™, X) = 0. This is because, writing 6 = g, where F and G share
no common factor, the level hypersurfaces F + AG = 0 are Fy-invariant and
hence they all do factor £(V™, X). Since there are infinitely many of them,
this extactic must vanish identically. From this it follows that £(V¢, X) = 0 for
£ >m.

Specializing (2.5) and (2.6) to n = 2 we obtain precisely (2.1) and (2.2). On
the other hand, specializing (2.6) and (2.7) to k = 1, i.e., to the case of invariant
hyperplanes, we obtain

Q6)uny =n+1+ (” ! 1) @—1)= [nd + @(d - 1)} 1
= (2.3) +1. (2.8)

and

QDpry =n + (;) d—1)=m-1d+ (” ; 1>(d —D+1= (2.4).
(2.9)

The reason why we have, in (2.8), a difference of 1 between (2.6) =1 and (2.3)
comes from the fact that Theorem 2.2 (a) is affine, whereas Theorem 2.3 (iii)
is projective, hence it contemplates the possibility of the hyperplane at infinity
being Fx-invariant.

Now, (2.7)k=1; = (2.4) because both affirmatives are affine in scope.

Let us explore a little further item (iii) of Theorem 2.3 in the special case of
hyperplanes. We have

QDyery = n + (;) - 1). (2.10)

This bounds the number of invariant hyperplanes passing through a point p.
However, if p is a regular point of the foliation Fx, then this bound drops to
(see corollary 2.4 below):

n—l—i—(n;l)(d—l).



Counting hypersurfaces invariant by one-dimensional complex foliations 109

This is because the direction defined by X at p is contained in every invariant
hyperplane through p hence the line IL!, passing through p and determined by
the direction of X(p), is Fx-invariant. With this in mind we have

Corollary 2.4. Let Fx be a one-dimensional singular holomorphic foliation
on Pt of deg Fx = d and suppose Fx does not admit a rational first integral.
Then, the number of Fx-invariant hyperplanes which contain a fixed {-plane,
0 < ¢ <n—1, is bounded by

n—€+(n;€)(d—l). @2.11)

Note that this corollary is of affine nature.

3. Examples

We now present examples which show that the bounds given in (2.8) and (2.11)
are optimal.

Before doing this recall that, given a vector field X in C", the induced
foliation Fx on P7., which we assume to have degree d, leaves the hyperplane
at infinity, P2 ! invariant if, and only if, X is of the form

d
ngR+in (3.1)
where R = Z z; — is the radial vector field, g € C[zy, ..., z,] is homoge-
0
neous of degree dand X; = ZX,] , with X;; € Clzy, ..., z,] homoge-
0z

j=1 J
neous of degree i,0 < i < d. The variety {g = 0} C P! is precisely the locus

of tangencies of Fx with P!,
Consider the vector fields, defined in affine coordinates zo = 1, by

. 3
_ S
Xo—Zzl ( 1) T (3.2)
_ 0N a0
Xi= o —i-;z, (=1 —1) T (3.3)
‘ —~ 9
Xz=j2=;(z‘f+~--+z‘j+ +Z‘)azj
n B a
+AZZ"(Z?1_1)3_Z,-’ 2<t<n-—1. (3.4)
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Remark that the foliations Fx, on P¢, induced by X;,0 < £ <n — 1, do all
leave the hyperplane at infinity invariant.

Xo 1s an n-dimensional version of a member of the so-called “family of
degree four” in IP%, one of the examples given by A. Lins Neto in [5]. A straight-

1
forward calculation shows thatthen + 1 + <n ; ) (d — 1) hyperplanes listed
below are invariant by Fy,:

z;=0, 0<j=<n '-z0"'=0, 0<i<j=n (3.5)

It’s worth remarking that all the singularities of X have the same analytic type
and are determined precisely by the intersections of these hyperplanes. This
shows the bound given in (2.8) is sharp.

Now, looking affinely, the vector field X leaves invariant the n + (;) (d —

1) hyperplanes
zj=0, 1<j=<n '=20"=0, 1<i<j<n (36
X, leaves invariant the line L' = {z, = - - = z,, = 0}, which is the base

locus of the linear system Z?:z Ajzj. Moreover, then — 1 + <n ; 1) d-1)
hyperplanes listed below are X -invariant and contain L'

7j=0, 2<j<n, ' -'=0, 2<i<j<n. (3.7

As for X;, 2 <€ <n — 1, the ¢-plane X = {7,y = --- =z, = 0} is left

n—=~¢

invariant, as are then — £ + ( 5

Lt

) (d — 1) hyperplanes, which do all contain

=0, £+1<j<n ' =z"=0, t+1<i<j<n (38

(3.6), (3.7) and (3.8) show that (2.11), is sharp for0 < ¢ <n — 1.

4. Proofs

Lemma4.1. LetV =< vy, ..., v, >c be alinear subspace of Clzy, ..., z,]
where the v;'s are homogeneous polynomials of degree k. If E(V, X) # 0, then
deg E(V, X) = Y20 deg X' (v)), for any 1 < j < €, where X°(v;) = v;.

Proof.  The elements in each row of matrix ‘( 1.1) are homogeneous of the same
degree and hence E(V, X)(tz) = t Zio 4 X'®) £V, X)(z). 0
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Proof of Theorem 2.3.  Consider the linear system H°(P"., Op(k)) or, equiva-

lently, the linear subspace, or grading vk c Clzo, ..., 24, of homogeneous
polynomials of degree k, and let Fy be induced by X € H(PL, TPL ®
(’)p%(d —1)). Let wy, ..., wg be a basis of V¥, K = (”:k), and recall that

the extactic variety is independent of the chosen basis.

Now, the non-existence of a rational first integral for Fx assures that
E(VF, X) 0. In fact, by Theorem 1.2, if E(VF, X) = 0 then we would have
a first integral for X. However, since we are working on P, we prefer, by the
sake of completeness, to give explicit arguments to prove this. These follow
closely to those given in the proof of Theorem 4.3 of [2]. To say £(V¥, X) =0
means that the columns of the matrix

wq wy “ee Wk
X(wy) X(wo) X(wg)
E(VK, X) = . _ . 4.1)
XKt wy) XK wy) - XE N (wyg)

are dependent. Hence, there are rational functions 6y, ...6g : P --» ]P’}C such
that

K
M;=) 0;X'(w;)=0, for 0<i=<K-1 (4.2)
j=1
Now, let s be the smallest integer with the property that there exist ratio-
nal functions 6y, ..., 0, : P¢. -——» ]P)(}: and wy, ..., w, € V¥, linearly indepen-
dent, such that (4.2) holds. We clearly have 1 < s < K and we may assume
0, = 1.
Applying the derivation X to both sides of (4.2) we get

X(M;) = X©O) X' (w) + 6 X (w)+ -+

X(6,) X'(w)+ 6 XT(w) =0 (4.3)
——— ——
=0 =1

for0 <i < s — 2. Subtract
My =Y 0; X (w)=0, 0<i<s—2 4.4)
j=1

from (4.3) to get

X(M;) — Miyy = X(6) X'(w)+ -+ X(0,_1) X' (w,_1) =0, (4.5
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for 0 <i <s —2. By the minimality of s we must have X(0))=---=
X(65-1) = 0 and hence, provided these are not all constants, we have a first
integral for X. This in fact occurs because, since M reads

O wi 4+ 0 w1 +wy =0, (4.6)

we conclude that not all the 6;’s could be constant since wy, ..., ws € V¥ are
linearly independent.

Recall that, by Proposition 1.1, any Fx-invariant hypersurface, which is con-
tained in the zero locus of some element of H°(P%, Op:.(k)), is also contained
in the zero locus of £(V¥, X). Hence, if we let N;(Fx) denote the number of
irreducible Fy-invariant hypersurfaces of degree i then, for i < k, we have

K—1

k
D iN(Fx) < deg £V X) = deg X'(w)) (4.7)
i=1 i=0

by Lemma 4.1. It remains to evaluate deg £(V*, X). Since deg X = d, it follows
immediately that deg Xi(wj) =i(d — 1)+ k and

K-1

K—1
. K
degEVFE, X) =) degX'(w;) = id—1)+kl=kK +(d —1 ,
eg E(VX, X) ;eg (w;) g[z( ) + kI +( )(2)
4.8)
k
where K = (n: ).This proves (i) of Theorem 2.3.

To prove (ii) we simply observe that

k _ n+k
Ni(Fx) < w = <n +k) + @-1 <( k )) (4.9)

k k k 2

To prove (iii) we remark that we may choose the point at our will, hence
we choose it to be (1 :0:---:0). Then we consider the linear space V(f -
Clzo, . . - » z1], of homogeneous polynomials of degree k in which the monomial

k
z§ is absent. We have dimc V§ = <n +

r ) — 1 and now repeat, verbatim, the

proof of case (i).

Proof of Corollary 2.4. We may assume the £-plane L¢ is the base locus
of the linear system V,_, generated by z¢41, ..., z,. Any hyperplane con-
taining IL¢ belongs to V,_, and hence it’s enough to consider the extactic
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EWVu_e, X) =det E(V,_;, X) where

Ze+1 2042 e Zn
X(ze+1) X(z¢42) e X(zy)
E(V,—¢, X) =
X" N zem) XN zeg) o XNz

(4.10)
—{
Since the degree of E(V,,_y, X)isn — £ + (n ) ) (d — 1), the result follows

by the arguments in the proof of theorem 2.3.

Acknowledgements. The second author is grateful to ICTP for hospitality.
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A note on topological contact equivalence

J.C.F. COSTA

Abstract

In this work we discuss some properties and examples of the topo-
logical contact equivalence of smooth map germs. For example, we
prove that all finitely C°-KC-determined map germs f : (R", 0) —
(R?,0), with n < p, are topologically contact equivalent.

1. Introduction

The contact equivalence (or K-equivalence) was introduced by J. Mather [10] to
reduce the problem of C*° classification of C*° stable map germs to the problem
of isomorphic classification of R-algebras. Many properties and invariants of /C-
equivalence are well-known and appear in the classical literature of Singularity
Theory (cf. for example, [10], [11], [12], [19]). However, there exist moduli
for the /C-orbits. Hence it seems natural to investigate weaker versions of K-
equivalence. Some recent works in this direction are [13], [14], [1], [2], [3]. In
this sense, the purpose of this article is to describe some results with respect to
topological K-equivalence (or C°-K-equivalence) obtained during the work of
my Ph.D. thesis [4] realized at the ICMC-USP, Sdo Carlos. For example, in this
paper we show that finitely C°-X-determined map germs f : (R", 0) — (R”, 0)
with n < p are all topologically KC-equivalent. For the case n > p, we obtain
a particular result explaining the geometrical interpretation of topological K-
equivalence and we give conditions for the C°-K-triviality of families of map
germs. The special case of functions germs was treated in [1].

2000 Mathematics Subject Classification 58C27 (primary) 32S15, 32S05 (secondary).
The author thanks the partial support from FAPESP grant no. 2007/01274-6 and PROCAD-CAPES
grant no. 190/2007.
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2. Topological contact equivalence

Definition 2.1. Two map germs f, g : (R",0) — (R”, 0) are said to be fopo-
logically contact equivalent (or topologically K-equivalent) if there exist two
germs of homeomorphisms

H: (R" xR?” 0) — (R" xR”,0) and h:(R",0) — (R",0)
such that H(R" x {0}) = R" x {0} and the following diagram is commutative:

®", 0) L Re x RP,0) 5 (R",0)
h | H | hl
(R", 0) id.9 R" x R?, 0) =2 (R, 0)
where id : (R", 0) — (R”?, 0) is the identity mapping of R" and m, : (R* x
R?,0) — (R", 0) is the canonical projection germ.

Sometimes we use the notation “C°-K-equivalence” to indicate the topolog-
ical contact equivalence. In general, it is usual to write “C°-G-equivalence” to
describe the topological version of G-equivalence, where G is one of classical
Mather’s group, i.e, G =R, L, A, C or K.

Definition 2.2. A C* map germ f : (R",0) — (R”, 0) is said to be finitely
CO-K-determined if there exists a positive number k such that for any C*
map germ g : (R”, 0) — (R”, 0) with j* £(0) = j*g(0), f is topologically K-
equivalent to g.

Several characterizations of C°-KC-determinacy appear in the survey [19].

3. Properties and invariants

3.1. Casen=p

Inthe casen = p, T. Nishimura [ 14] has a beautiful result that shows a complete
invariant to the topological -equivalence:

Theorem 3.1 ([14], p. 83). Let f, g : (R",0) — (R", 0) be two finitely CO-
K-determined map germs and n # 4. Then, f and g are topologically K-
equivalent if and only if | deg(f)| = | deg(g)|.

The property of C°-KC-determinacy of a germ f : (R”, 0) — (R”", 0) guaran-
tees that £~'(0) = {0} as germs and consequently the mapping degree deg( f) is
defined. This degree can be algebraically calculated using the Eisenbud-Levine
formula [5] when the map germ is finitely X-determined. The restriction n # 4
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that appears in the Theorem 3.1 is due to the Poincare’s conjecture since it was
not resolved at that time.
The key to the proof of Theorem 3.1 is the following lemma:

Lemma 3.2 ([14], p. 85). Let f, g : U — R? be two continuous mappings,
where U is a neighbourhood of the origin in R". Suppose that there exists a
family of continuous mappings F; : U — RP, t € [0, 1], such that the following
conditions hold:

) Fo=fand Fi=gorg= (g1, -..,8p-1.—&p);
iy F1(0)= f~10), forallt € [0, 1];
iii) For anyt € [0, 1], the vector F;(x) is not included in the set
{aFy(x) |a e R, o <0}, foranyx e U — f~1(0).

Then F, is topologically K-equivalent to F,, for any t, t' € [0, 11. In particular,
f and g are topologically K-equivalent.

3.2. Casen < p

Let f,g:(R",0)— (R”,0), n < p, be two finitely C°-K-determined map
germs. We are interested in describing when these germs are topologically
K-equivalent. In fact, we prove in Theorem 3.6 that the C°-K-equivalence
does not distinguish finitely C°-X-determined map germs. The next examples
illustrate this fact and motivate it.

Example 3.3. The germs f(x)= (x2,0) and g(x)= (x,0) are C°-K-
equivalent.

Initially, note that the germ f(x) = (x2,0) is clearly K-equivalent to the
germ Yy (x) = (x2, x3) (cf. Mather [11]) and the same happens with the germs
g(x) = (x,0) and ¥(x) = (x2, x). Moreover, taking the pair of homeomor-
phisms A(x) = x and H(x, yi, y2) = (x, y1, y%), it follows from Definition 2.1
that the germs v and vy, are C°-K-equivalent. Then, f and g are C°-K-
equivalent.

However, observe that the function germs x and x? are not C°-K-equivalent
by Theorem 3.1.

Remark. More generally, with the same arguments as in the Example 3.3, it is
easy to prove that f(x) = (x/, 0) is C°-K-equivalent to g(x) = (x*, 0), for any
[, s positive integers.

It follows from the finite determinacy theory of contact equivalence (cf.
[19], [10]) thatif a germ f : (R, 0) — (R2,0) is finitely KC-determined, then f
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is KC-equivalent to the germ g(x) = (x¥, 0), for some integer k. Using this fact
and the previous Remark we can prove the following result:

Proposition 3.4. Let f, g : (R,0) — (R?, 0) be two finitely K-determined
map germs. Then, f and g are C°-IC-equivalent.

Example 3.5. The cross-cap f(x, y) = (x, y?, xy) is C°-K-equivalent to the
glx,y) =(x,,0).

In fact, since g X (x,y*, y) and f X (x, ¥%, y%), it is sufficient to show
that (x, y2, y) cx (x, y2, %), where the notations £ and e denote the /C-
equivalence and the C-K-equivalence, respectively.

Taking

h(x,y)=(x*y%) and H(x,y,z1,22,23) = (x*, ¥’ 21,23, 23)
we get the required equivalence between f and g.

In general, ifn < p we can prove that any two finitely C’-XC-determined map
germs are C°-K-equivalent. The proof of this fact uses the same arguments and
notations as in [14].

Theorem 3.6. Let n < p and f,g: (R",0) = (R?,0) be two finitely K-
determined map germs. Then f and g are topologically K-equivalent.

Proof. By Fukuda’s Cone Structure Theorem [6] we can assume that there
exists a topologically cone-like germ f : (R”, 0) — (R?, 0) such that f is C°-
KC-equivalent to f (resp. there exists g such that g is C°-K-equivalent to 3). A
C* map germ f : (R”,0) — (R”, 0) is called topologically cone-like if there
exists a positive number & such that for any number ¢ with 0 < ¢ < gy and
any representative of f the following properties are satisfied:

i) the set f~1(S’ _I) is a smooth submanifold without boundary, which is
homeomorphic to the standard sphere S;‘*I;

ii) the restriction mapping f : f~'(Df) — D? is topologically right-left
equivalent to the cone

c(f) s fHSPTY) x [0, 8)/fH(SP™Y x {0} — P x [0, )/SP 7! x {0}
of the restricted mapping f : f‘l(Sf_l) — S defined by c(f) =
(f (), 0).

It follows from condition i) that there exists a homeomorphism ¢ : S;’O’l —
F1S2Y (resp. ¢y SE— #71(S27")). Define the mapping F : So=l—
St by F(x) = f o () (resp. G(x) = § 0 ).
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By hypothesisn < p, itfollows that F and G are homotopic, i.e., there exists
ahomotopy H, : S!~" — Si', 1 € [0, 1] such that Hy = F and H; = G.
Take the cone

c(Hy): 271 x [0, 11/ 8271 x {0} — 271 x [0, 1]/ 827" % {0}

of H, defined by c(H;)(x, s) = (H,(x), s).

Then we have c(Hy) = c(F), c¢(H;) = ¢(G) and ¢(H,)~'(0) = {0} for any
t € [0, 1]. Moreover, as c(H,) is the cone of H;, by compactness of [0, 1] it
follows that there exists a finite subset {zp, ..., #;} of [0, 11,0 =1y < --- <l =
1 and for any integer i, withO < i < k — 1, and forany ¢ € [#;, #; 1], the vector
c(H;)(x) ¢ {ac(H,) |a € R_}foranyx € S;‘o’l x [0,1]/ S;’O’l x {0} ~ Dg’l.

By Lemma 3.2, ¢(F) and ¢(G) are C’-K-equivalent.

Hence

£ TR ) R ) R e6) R e e

Then f and g are C°-K-equivalent. O

3.3. Casen > p

First we consider the case p = 1. In [1], the author with S. Alvarez, L. Birbrair
and A. Fernandes considers a classification problem, with respect to topological
KC-equivalence of function germs definable in an o-minimal structure. In fact,
we present some special classes of piecewise linear functions, so-called fent-
functions. We prove that these tent-functions are models for equivalence classes.
Namely, we prove that, for each definable germ f, there exists a tent-function
g such that f and g are topologically X-equivalent. The main technical tool for
this is a definable version of Lemma 3.2. For analytic function germs of two
variables, the equivalence classes of JC-decomposition defined by tent-functions
can be described as equivalence classes of finite collections of elements —1,
0 or 1, by cyclic permutations. These classes are called K-symbols. We prove
that C-symbol is a complete invariant of definable function germs, with respect
to topological K-equivalence. Moreover, we prove that any analytic K-symbol
admits a polynomial realization. We also present normal forms, for function
germs of two variables which are finitely C°-/C-determined. All results and
definitions cited above can be found in [1].

In this paper, the case p = 1 is also considered. In fact, in the Subsection
3.3.1 we present a geometrical interpretation for the C-C-equivalence when
p = 1. For other cases, that is, whenn > p, p # 1, we consider the problem of
CO-K-triviality of families of map germs satisfying an integral closure condition
(Subsection 3.3.2). We note that an integral closure condition is used here to
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guarantee the construction of appropriate integrable vector fields that provide
the C°-KC-triviality required. This type of argument is utilized by several authors
(see for example, [7], [18]).

3.3.1. Geometrical interpretation of C°-K-equivalence

By definition two map germs f, g : (R", 0) — (R”, 0) are KC-equivalent if there
exists a C*°-diffeomorphism in the product space (R” x R”, 0) which leaves
R" x {0} invariant and maps graph (f) to graph(g) ([10]). J. Montaldi [12]
interprets the contact equivalence by introducing a natural geometric notion,
called contact between submanifolds. In fact, Montaldi clarifies the relationship
between the K-class of equivalence of maps and the contact type of submani-
folds. The notion of contact type between two pairs of submanifolds germs at
the origin in R” is given by the existence of a diffeomorphism germ of (R", 0)
taking one pair to the other. For the topological case, we adapt the definition
of same topological contact type and we obtain an analogous result for the
hypersurface case, with respect to C°-KC-equivalence.

Definition 3.7. Let X;, );, i = 1,2, be submanifolds of R”. We say that the
pairs (X, Vy) and (X, )%») have the same topological contact type at the origin
in R" if there exists a homeomorphism map germ H : (R”, 0) — (R", 0) such
that H(X)) = A, and H()))) = ).

Notation:

CO_K(Xla yla O) = CO_K(X27 y27 0)

Theorem 3.8. Let X;,); be submanifolds of R" such that dim X; = dim
Yi=n—1,i=1,2 Let g : (X;,0) - (R", 0) be immersion germs and f; :
R"*,0) — (R, 0) submersion germs, with fi_l(O) =Y, such that f; o g;, i =
1,2, are finitely C 0_K-determined. Then

CO-K(XI, yl, O) = CO—K(XQ, yz, O) < fl o g1 and f2 O g2 are CO-K:-
equivalent.

Proof. (=)Let H:(R",0) — (R",0) be a homeomorphism germ such that
H(X)) =X, and H() = s

Observe that H(X| N Y;) = &> N Y, hence X} N Y is homeomorphic to

homeo

A, N Y. This homeomorphism will be indicated by = . Making appropriate
identifications we can obtain
4 _q d%o ho]r\n]eo di’zZ'(/zo
(fiog) (=g (XNY) = XNV = LN =

diffeo

= &' (BN =(f08)(0),
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diffeo

where = indicates the diffeomorphism between the sets. Hence, the function
germs f) o g and f, o g, are C°-V-equivalent, that is, there exists a homeo-
morphism germ in (R”, 0) which maps (f; o g1)~'(0) to (f> o g2)~'(0).

However, for function germs finitely C 0_fC-determined, Nishimura ([14])
showed that the C°-V-equivalence is equivalent to C°-K-equivalence. Then it
follows that fi o g; and f; o g, are C°-K-equivalent.

(<) By hypothesis we have dim &; = dim ), =n — 1 = k. The idea is to
express X; as the graph of ¢; : R¥ — R and ), as the graph of the null function
of R* to R. For this, consider a coordinate system of R” such that

Sl oo x0) = X4,

Thus, Y, = fl_l(O) = R* x {0}. Let V, be a 1-dimensional transverse sub-
space to X} and )V, such that R" = )| x V.

Letm : R" = ) x Vi — ) be the canonical projection into the first factor.
Hence,

]T|X] ZX]CR”—)J)I

is a diffeomorphism that induces a coordinate system in X7.

With respect to this coordinate system, ) is the graph of the null function
and &) is the graph of fj o g;, where f| is considered to be restricted to
f] Iy] XV1 —> V].

By a similar method, we can do the same construction to X, and ).

It follows from the C°-K-equivalence between fjog; and f, o g, that
there exists a homeomorphism germ H : (RF x R, 0) — (R¥ x R, 0) such that
H (R¥ x {0}) = R* x {0} and H takes the graph of f o g; to the graph of
f> o g>. In other words, there exists a homeomorphism H such that H();) = )»
and H(X]) = Xz.

Thus, C°— K (X}, Vi, 0) = CO— K (X5, ), 0). Il

3.3.2. CO-K-triviality
There are several works interested in the study of the triviality of families of
map germs with respect to some equivalence relations. For CO-/C-triviality we
can cite, for example, [15], [16], [17].

For a family of real map germs satisfying the condition of no coalescing,
King [8] showed that the topological triviality of the zero-sets of this family
implies the C°-R-triviality of this family and consequently its C%-/C-triviality.
In our result (Theorem 3.11) we put a condition so-called good K-deformation
to the family of map germs. We also demand an integral closure condition. The
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prerequisites for the study of the integral closure of ideals and modules can be
found in the work of T. Gaffney [7].

Definition 3.9. An analytic deformation F : (R" x R, 0) — (R”, 0) of a germ
Fo: R",0) — (R?”, 0)is a good K-deformation if there exists a neighbourhood
of the origin U C R” such that

UNF ' 0)NTF — {0} =9,
for all # € R, where X F; denotes the singular set of F;.

Let A, be the set of analytic function germs in n variables at the origin and
X C R" be an analytic set. We define Af(,x the module formed by p-copies of

Ax = A, /(functions that define X in a neighbourhood of x € X).

Definition 3.10. Suppose M is a submodule of Af(’x, X a real analytic
set. Then the real integral closure of M, denoted by M in A‘;x is the set
of h € Af(,x such that for any analytic curve ¢ : (R, 0) — (X, x), we have
hog¢ e (@ (M)A,

Let M be a submodule of A% . We denote by [M] the matrix of generators
of M and by J;,(M) the ideal generated by k x k-minors of [M].

The main result of this subsection is the next theorem which gives a sufficient
condition to C°-K-triviality. The idea of Theorem 3.11 is to use a convenient
condition of integral closure to construct appropriate integrable vector fields
that establish the C°-K-triviality required.

Theorem 3.11. Let F:(R" x R,0) — (R?,0) be a good analytic K-
deformation ofa germ Fy = f : (R", 0) — (R”, 0). Consider F;(x) = F(x,t).
If

IF
E ed Ft(mnen—H) + mnF*(mp)eF,’

then F is CO-K-trivial.

Proof. For simplicity we denote h = aa—f and M =dF,(m,0,.1)+
m, F*(m,)0r,.

Consider {«ay,...,a,} the generators of m,6,,, where each «; is of
the type xi%, for any i =1,...,n and for any j=1,...,n+ 1. Let
{d Fi(ay), ..., dFi(a,;,)} be the generators of submodule d F;(m,0,1) and
{(xiFriej, I=1,...,n;i=1,...p; j=1,..., p} be the generators of sub-
module m, F*(m ,)0F,, where F; ; are the components of F;.
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Let {p1, ..., p,} be the generators of J,(M) and p = Z Loi %
i=1
Since F is a good analytic -deformation, we have that p(x) = 0 if and
only if x = 0. Observe that

ok -h e J,(M).h.
Then, it follows from the real analytic version of Lemma 1.6, p. 303 of [7] that
ok - h e M.J,((h, M)).

Hence we have

m n.p.p
ok -h= Zsz(aj)akj + Z xiFriejbij,
j Li,j

with agj, b,‘jk S Jp((h, M)).
As py is a generator of J,(M), we have that p; is a p x p-minor of matrix
[Mlandp =} |oil’.

i=1

Then it follows that

m n.p.p
Lol - h = Zsz(Olj)aijk + Z xiFieibijion =
J Li,j
rom n,p,p,r
p-h=dF Zakjpkaj + Z okbijixie; Fy ;.
k. Lijk

By hypothesis 4 € M and by Gaffney’s result on integral closure (see the
real analytic version of Proposition 1.7, p. 304 of [7]) we have that

Jp((h, M) € Jp(M).
Then it follows that ay;, b;jx € J,(M).
Consider the vector field e(x, t) = Z M. As aij € J,(M) we have
k,j

lakj| < c1 sup; {generators of J,(M)}, i.e.,
lag;| < c1supi{lpil}.

Hence, |e(x, t)| < c|x]|, and the vector field is integrable (cf. [9]).
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Put
n,p,p,r
(oxbijrxie;)yi
1,i,j.k p

Since b;j, € J,(M), we have

|bijk] < casup; {lpil},

d then |n(x, y, t)| < c|x||y|. This means that 7 is also integrable.
The integrability of the vector fields ¢ and n provides the homeomorphisms

giving the C°-KC-triviality of the family F. U
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Bi-Lipschitz equivalence, integral closure
and invariants

TERENCE GAFFNEY

Abstract

In this note we relate several different ways of looking at an
infinitesimal notion of bi-Lipschitz equisingularity. In the case of
curves we show how invariants related to these notions can be used
to tell if a family is bi-Lipschitz equisingular.

1. Introduction

The study of bi-Lipschitz equisingularity was started by Zariski [22], Pham
and Teissier [18], [19], and was further developed by Lipman [13], Mostowski
[14], [15], Parusinski [16], [17], Birbrair [2] and others.

In this note, we begin the study of bi-Lipschitz equisingularity from the
perspective of our previous work on Whitney equisingularity. In the approach
of that work, the study of the equisingularity condition is developed along
two avenues. One direction is the study of the appropriate closure notion on
modules and applying it to the Jacobian module of a singularity [4]. The other
direction is through the study of analytic invariants which control the particular
stratification condition [5]. The interaction between the two approaches is
useful in understanding each approach.

In section two of this paper, we work on the first approach, looking to the
hypersurface case, and to similar constructions for motivation. The construction
which seems most promising, defining the saturation of I via the blow-up of
X by I, is the analogue of a construction used to study the weak sub-integral
closure of an ideal in [11], written with Marie Vitulli.

2000 Mathematics Subject Classification 32S15 (primary), 14B0S, 13H15 (secondary).
Please refer to http://www.ams.org/msc/ for a list of codes
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In section three, we apply the theory of analytic invariants to describe when
a family of space curves is bi-Lipschitz equisingular.

This note was written while the author was the guest of USP-Sao Carlos.
He thanks the Institute and the people of the singularities group there for their
support during the period of this work. He also thanks the referee for a careful
reading of this paper, and for helpful suggestions.

2. The Lipschitz saturation of an ideal or module

As we will see, the integral closure of an ideal or module can be related to
the integral closure of a ring, hence of its normalization. So the starting point
for us is the Lipschitz saturation of a space, as developed by Pham-Teissier
([19]). When we understand how to modify spaces, we can modify ideals and
modules.

In the approach of Pham-Teissier, let A be a commutative local ring over
C, and A its normalization. (We can assume A is the local ring of an analytic
space X at the origin in C".) Let I be the kernel of the inclusion

A ®C A_ —> A_ ®A A_
Then the Lipschitz saturation of A, denoted A, consists of all elements & € A
suchthat h ® 1 — 1 ® h € A ®c A is in the integral closure of I. The con-
nection between this notion and that of Lipschitz functions is as follows. If
we pick generators (zy, ..., z,) of the maximal ideal of the local ring A, then
7i®l—-1®z,€¢ A®c A give a set of generators of /. Choosing z; so that

they are the restriction of coordinates on the ambient space, the integral closure
condition is equivalent to

|h(z1y .oy z0) — h(Z),s ..o, 2| < Csupilzi — 2]
holding on some neighborhood U, of (0, 0) on X x X. This last inequality is
what is meant by the meromorphic function & being Lipschitz at the origin
on X. (Note that the integral closure condition is equivalent to the inequality
holding on a neighborhood U for some C for any set of generators of the
maximal ideal of the local ring A. The constant C and the neighborhood U will
depend on the choice.)
If X, x is normal, then passing to the saturation doesn’t add any functions.
There is another interesting operation on spaces that fits between normal-
ization and saturation. If, in the definition of the saturation, we ask only that
h ® 1 —1® h be in the radical of I, then the set of such functions / defines a
subring of A which we denote Agy. We can view elements of A as pullbacks of
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bounded meromorphic functions on X. The conditionthatz ® 1 — 1 ® A is in
the radical of I is equivalent to / being the pullback of a continuous meromor-
phic function on X. Then we define the semi-normalization of X as Spec(Agy).
The normalization, semi-normalization and saturation are the largest spaces of
their type, a notion which we now make precise.

Given an analytic germ X, x, which for simplicity we assume irreducible, we
can consider the set M, of bounded meromorphic functionson X. If f: ¥,y —
X, x is a bi-meromorphic, finite map-germ, then the local ring of Y, y can be
identified with a subring of M. The relative size of the subring is a measure of
the size of the underlying space. If X, x" is a germ which is the normalization
of X, x, with normalization map fy, then the local ring of X, x" is M, for the
semi-normalization, the elements of the local ring are the continuous elements
of M, while the elements of the saturation are the continuous elements which
satisfy the Lipschitz condition. If f: Y, y — X, x is a bi-meromorphic, finite
map-germ, then the local ring of Y can be identified with a subring of Xy, x’,
and there exists a map g : Xy — Y which is a normalization of Y such that
f o gisanormalization of X. If the local ring of ¥ is a subring of the continuous
elements of M, then if f is an analytic homeomorphism, there exists a map
g : Xsy — Y which is a semi-normalization of Y such that f o g is a semi-
normalization of X, and g is a homeomorphism. If the local ring of Y is
a subring of the Lipschitz elements of M, then similar statements hold; in
particular there is a Lipschitz homeomorphism from the saturation of X to Y.

There are analogous closure operations for ideals in the first two cases.
Given anideal I C A, then £ is integrally dependent on /, if / satisfies a monic
polynomial relation of the form A% + Y /" g;h’ = 0 where g; € I*~. The

integral closure of I consists of the set of elements of A which are integrally
dependent on /. Given an ideal I C A, then & is weakly subintegral over /,
provided that there exist g € Nand a; € I', for (1 <i < 2g + 1), such that

n n i
h"JrZi:l <i>aih” =0 (g+1<n<2g+1). 2.1)

The weak subintegral closure of 7, denoted *I, consists of the set of elements
of A weakly subintegral over /.

At this point there are various possibilities for defining the Lipschitz closure
of anideal /. If h € Ox ,, denote by hp the germ h(z) — h(z'), and by Ip the
ideal generated by the { f; ,} where the { f;} are a set of generators of /.

I, = {h € Ox|h € IA}.

2) Is, = {h € Oxxlhp € Ip, h € V/T}.

There is an analogy which leads to a third definition. This analogy also
ties the closure operations on ideals defined above to the operations on ringed
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spaces of normalization, seminormalization and saturation. Consider B;(X),
the blow-up of X by I. If we pass to the normalization of the blow-up, then
h is in I iff and only if the pull back of % to the normalization is in the ideal
generated by the pullback of 7 [12]. If we pass to the seminormalization of the
blow-up, then % is in * I, iff the pullback of & to the seminormalization is in the
ideal generated by the pullback of 7. (For a proof of this and more details on
the weak subintegral closure cf. [11]). Denote the saturation of the blow-up by
SB;(X), and the map to X by mg. Then the third candidate definition is:

3) Is, = {h € Ox.u|m3(h) € m3(D)).

We will call I, the Lipschitz saturation of the ideal /, and will try to
justify this below.

There are some easy observations regarding these possible definitions which
we combine into a proposition.

Proposition 2.1. We have

1) Is, =1 if (X, x) is normal or seminormal.
2) ISz cl
3) Is, c*I C I

Proof. 1) If X, x is normal or seminormal, then the Lipschitz functions are
smooth.

2) Suppose h e ls; if x € V(I) then |h(y) —h(x)| = |h(y)—0] <
Csup;| f;(y)|, which implies & € I at each point of V(I) (Cf. [4]).

3) This follows because the maps from the seminormalization and the nor-
malization of B;(X) factor through the saturation of B;(X). O

Similar constructions can be made for submodules of a free Ox , module.
Given M a submodule of a free Ox module F of rank p, we can view M as an
ideal M in the ring O[T, ..., T,]. We can then blow-up by the ideal sheaf
induced on X x PP~1, Starting from this space, we can form the saturation,
seminormalization and normalization as before, using these spaces to define
the Lipschitz saturation, weak sub-integral closure, and to form the integral
closure.

Returning to the ideal case, we see that I, is too restrictive, as when X is
normal, no functions are added to /. To evaluate the other two definitions we
turn to the applications we have in mind.

Our application is to equisingularity; assume we are interested in a pair of
strata, the small stratum Y being embedded as an affine space; assume it is one
dimensional, so we identify it with our field k. For both W and bi-Lipschitz
equisingularity of families of real or complex analytic sets, the starting point is
the desire to control the vector field obtained by taking the constant unit field
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on k, extending it trivially to the ambient space then projecting to the tangent
space of the large stratum at every point using orthogonal projection. If we work
on R x R” in the case where the closure of the open stratum is a hypersurface
with equation f = O then the vector field of interest in coordinates is:

9 _ 3 Sofo 9

ay i=l fle ++fx2,l BXi.
We could ask that the vector field be Lipschitz. By work of Mostowski, we
know that this cannot hold generically. Here the ideal is J(f), the Jacobian
ideal of f. If we lift the components of the field to B )X, by composing with

p the projection to X, and work on U;, the open set on which (fy, o p) is a
reduction of p*(J(f)), we see that at a neighborhood of a point of Uy,

f.\'fxi ﬂ
24+ f2 fa

X1

<C‘

The analogous inequality holds over C.

Looking at the meromorphic function ff—‘l on the open subset U, suggests
asking that f, € J(f)s, is an interesting condition. If this condition holds we
get inequalities of the form

where we are working at a point on the diagonal of U; x Uy, over the origin, and
7r; is the projection to the i-th factor, T/ T} coordinates on projective space. If
we work on a subset of U on which {||T;/T, o 7y — T,/ T} o m;]|} are bounded
by the difference of the coordinates, then the original field is Lipschitz on the
corresponding horn neighborhood on X. This condition can hold at all points
of the blow-up without contradicting the results of Mostowski on the failure of
generic bi-Lipschitz equisingularity. For when the surface is most curved, the
terms ||T;/ Ty oy — T;/ Ty o 75 || can have relatively large changes compared
with the change in the coordinates, so the Lipschitz inequality can still hold
on B;X though it fails on X. From this viewpoint, Mostowski introduces
the polar varieties as new strata in order to deal with the points where the
IT;/Ti omy — T;/Ti o w2 || cannot be bounded in terms of the change in the
coordinates.

If we have a family of complex analytic hypersurface singularities then by
work of Mostowski we know that the field we have been studying is Lipschitz
on some horn neighborhood, hence the condition for f, € J(f)s, is checked
generically for a Z-open subset of B;(X). We conjecture that it holds over a

fyopom _ fyopom
inoponl fxiOPOJTQ

lxiopom —xiopom|,\T;/Tiom —T;/T o mll}

< Csup; {lyopom —yopom],
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Z-open subset of the parameter space. The following result may be helpful in
checking this. It gives a description of I, that works on X x X. Some notation
is needed. Let h € Oy, then hp is in OF, y , ., defined by (h o7y, h o 7).
Let I be an ideal in Ox.,; then I is the submodule of 0%,y , , generated by
the hp where & is an element of /.

We first need a lemma describing the generators of Ip.

Lemma 2.2. Suppose I is generated by { f1, ..., f4}. Then Ip is generated by
thepairs {(f, oy, f, o), ((Xjf,- oy, .Xjf,- o 1))}

Proof.  Itis clear that the elements listed are in /. They imply that I, contains
the ideals 15 (0, 7r5(1)) and I (7{(1), 0), where 1, is the ideal generated by the
double of the coordinates. Itis also clear that I is generated by {(g o 7}, g o 7)
where g € 1. Now

(gom,gom) = (Y thfom. Y (hifyom),

so it suffices to show that ((; f;) o 7y, (h; f;) o m>) is in the module generated by
our list of generators. This is true if and only if (0, (h; o Ty — h; o ) f; 0 m2))
is. Now, h; o Ty — h; o 5 € I finishes the proof. O

Example 2.3. If I = (x2, y?), we see easily that the set of generators of Ip
must include more than the doubles of x> and y?.

Theorem 2.4. Suppose (X, x) is a complex analytic set germ, I C Ox , h € I.
Then h € I, if and only if hp € Ip.

Proof.  'We use a mixture of techniques here. If ® = (¢, ¢,) is a curve, d :
C,0 - X x X, (x, x), with image not contained in V(I) x V(I) then ® has
a unique lift ® to B;X x B;X. Consider the case where ®(0) is not on the
diagonal of B;X x B;X. In this case, there is nothing to check if we want
to check h € Is,. For to check h € Is,, we work on B; X, at points of E the
exceptional divisor, we choose f a local generator of p*(/) and check that
ho p/f op is Lipschitz at points close to the point e of E where we are
working. This involves working in a neighborhood of e x e and working with
curves passing though e x e.

We claim it is also trivial to check that ip € Tp for such a curve. Because
®(0) is not on the diagonal of E, the matrix of generators of &* p*(Ip) takes
the form of

(fiodr, fiopM

where M contains an invertible submatrix and f; o p, f; o p are local genera-
tors for p*I at ¢;(0), ¢»(0) respectively. In turn this implies that ®* p*(Ip) is
the direct sum of ¢} (/) and ¢;(/), and this contains (& o ¢, h o ¢»).
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So we may assume we are working in a neighborhood of a point (e, ¢) on
the diagonal of E x E. Label the generators of / so that f; is a local generator
of p*(I) on a neighborhood of e. Then the condition that & € I, is checked at
(e, e) if the function A/ f) is Lipschitz at e which means that

Ih/fiopom(@) —h/fiopom@l <CY |(xiopE
+ 2, 1T/ Ton@).

For the module condition, it suffices to show (h o pom, ho p om,) isin
the integral closure of the pullback of Ip to the product B;X x B;X in a
neighborhood of the point (e, e).

For this it is convenient to use the determinantal criterion of [4]. The integral
closure condition holds if and only if the minors formed by adding (h o p o
71, h o p omp)asacolumn vector to the matrix of generators of the pullback of
Ip and taking 2x2 minors is in the integral closure of the minors of the matrix
of generators.

Using the previous lemma, we get that the minors of the matrix of generators
have the form

{(fiopomfiopom)T;/Tiom; —T;/Ti omp),
(fiopom fiopom)(xiop)p(T;/T1)om}.

Meanwhile the additional minors that we get by adding (ho pom,hopo
;) as a column vector are the product of (f; o p o my fi o p o mp) with the
collection:

{(h/fiopom —h/fiopom),(h/fiopom)T;/Tiom —T;/Tiom),
(h/f1 0 pom)((x; o pp)T;/T1) o ma}.

Of these new minors all are in the integral closure of the original collection
since h € I with the possible exception of the first one.
So we need

lh/fiopom(z)—h/fiopom(| < Zi |(xi o p)p(@)(T;/T1) o m2(2)]
+ 2, 1T/ T
Since the (T;/ T1) o m2(z) are locally bounded, this becomes
\h/fiopom(@ —h/fiopom@|<C)  |(xiopp)Q)
+ 2, 1T/ T,

which is the same as the other condition. O
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The advantage of the previous result is that it allows us to work on X x X
instead of the blow-up. Assuming that we can prove that this module condition
is generic we can then use such tools as the principle of specialization of integral
dependence to relate the generic Lipschitz condition to parameter values. This
would show that invariants related to the modules I play a role in the bi-
Lipschitz equisingularity of families of hypersurfaces. In the next section we
take a different approach in the development of a theory of analytic invariants
controlling bi-Lipschitz regularity.

3. Bi-Lipschitz equisingularity of families of curves

In the last section we developed a theory in terms of defining equations using
Jacobian ideals and modules. In this section, we develop an infinitesimal theory
using parameterizations of our sets and relate this theory to analytic invariants.

Let X € C x C" be a Whitney equisingular family of irreducible curves
with C x 0 C X as parameter space. Suppose X is defined by a family of maps
f(v,z) = f,(z) with y coordinates on the parameter space C and z coordinates
on C". Then the hypothesis of Whitney equisingularity implies that the family
of curves has a simultaneous smooth resolution, so we can assume there exists
a family of maps F(y,7): Cx C— C x C", F(y,t) = (y, F,(t)), such that
F is a homeomorphism, and is an equivalence off the parameter space. Here
we assume that the parameter space is one dimensional only for simplicity of
notation and argument.

The existence of F puts us into the setting of [6]. Then, not only can we
ask that X be bi-Lipschitz equisingular, but also that the family of maps F
be bi-Lipschitz left trivial. This question has the advantage that it is true iff a
certain canonical vectorfield is Lipschitz. We know that

foF =0
This implies that

0 aF, o

— Z Yy

ay i 9y 9z;
is tangent to X at all points where X is smooth, and is tangent to the y axis.
Note that this vector field is only meromorphic on X. Though the % depend
holomorphically on (y, t), (¥, t) depend meromorphically on (y, z).

In order to show that these are Lipschitz on X, in contrast to the last section,
we work directly with the Lipschitzian saturation of the ring of X, showing that
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the components of the field are in the Lipschitzian saturation. Here we follow
[19], but work in local coordinates. Some needed notation which diverges
somewhat from the notation of the previous section. Given 7 € Oy ,, X C
C", the double of / denoted 4 p is the element /i(z) — h(z") of Oxx x,(x,x). Given
amap (fi, ..., fp)if we are interested in the double points of the map we form
the ideal (f1,p, ..., fp,p). Denote this ideal by Ip(f).

Given the local ring of an analytic set Oy ., let (z1, . . . z,) be the generators
of the maximal ideal; let NOyx  denote the normalization of Ox .. Then h €
N Oy, isin the Lipschitizian saturation of Oy ., if hpisin Ip(zy, . . . 2,), Where
the integral closure is taken in the local ring of the product of the normalizations.

One of the goals of this note to find a set of invariants depending only on
the members of the family whose independence of parameter is necessary and
sufficient for the bi-Lipschitz equisingularity of the family.

A key role is played in this by the second Segre number of Ip(F)y),
denoted s>(Ip(F})), and the multiplicity of the pair (Ip(F)), I»), denoted
e((Ip(Fy), In)), where I, is the ideal that defines the diagonal in C x C.
The Segre numbers were defined in [10], and used in [6] in a similar context.
For information about the multiplicity of a pair of ideals or modules see [7],
[8], [9]. Both numbers have a geometric interpretation in the curve case which
we now describe.

Proposition 3.1. Suppose f: C,0 — C", 0 is the normalization of its image.
Suppose w: C* — C? is a generic projection, and the image of w o f is X.
Then s;(Ip(f)) = w(X) +m(X) — 1, e(Ip(f), Ia) = n(X).

Proof.  For both invariants we are working in the ring O,. Then there exists a
Z-open set of 2 linear combinations of our generators g; and g, which generate
a reduction of Ip(f), ie. a subideal of Ip(f) with the same integral closure.
Choosing two linear combinations of our generators (f; () — fi(t')),1 <i <n,
amounts to choosing a linear projection 7, from C" — C2, and the ideal so
generated is just Ip(wr o f). So so(Ip(f)) = s2(Ip(ma o f)); in [6] it is proved
that this is u(X) + m(X) — 1, by showing that if we deform f so that the image
of 7, o f has only nodes, then s,(Ip(m; o f)) breaks up into a sum in which
each node counts twice, as there are two double points in the source, and the
ramification locus of 71 o f breaks into m(X) — 1 points, where 7; is a generic
projection to C. (See Cor. 3.3 of [6] for a discussion.)

Again e(Ip(f), In) = e(Ip(my o f), Ip) since Ip(mp o f) is a reduction of
Ip(f). Then again varying f so that the image of m; o f has only nodes, the
multiplicity polar theorem shows that each double point of 7, o f; counts once
toward e(Ip(my o f), I5). (Neither ideal has a polar curve as both have only
two generators.) So, e(Ip(f), In) = 28 = u. O
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Remark. Artin-Nagata have shown that the number of double points is the
dimension over C of the quotient of 15 by Ip(m; o f), so this gives another
way of computing e(Ip(f), Ia). See [6] discussion before Cor. 3.5.

The fact that choosing two generic elements of /() amounts to choosing a
generic projection to C? may give some insight into Mostowski’s construction
of Lipschitz stratifications. For example, looking at the double point curve of
a generic linear projection from X2,0 C C" to C?, is related to looking at the
polar curve of the ideal Ip(zy, ..., z,), where (zy, . . ., z,) are generators of the
maximal ideal of X, 0.

Proposition 3.2. Suppose F(y,t): C x C — C x C" is a homeomorphism
onto its image, defining a family of irreducible curves with singular locus
C x 0. Then the following are equivalent:

1) There exists a set U of generic projections such that (y, w o Fy) defines an
equisingular family of plane curves.

2) e(Ip(Fy), I5) is independent of y.

3) s2(Ip(Fy)) is independent of y.

Proof. By the discussion above 1) clearly implies 2) and 3) since the curves
are equisingular, u and m are independent of parameter.

We can choose a projection to C? such that for a Z-open set U of parameters
the ideal Ip(m; o F)) is a reduction of Ip(Fy) as ideals on U x C. We can
also ask that it be a reduction when restricted to 0 x C. In general, this is not
enough to say that Ip(s; o F)) is a reduction of Ip(F,) as ideals on C x C,
but either of the hypotheses of 2) or 3) imply it is. (For 2) see [10]. For 3) the
argument uses the multiplicity polar theorem again; the numerical condition
implies that the ideal has no polar curve, hence there is no vertical component
in the exceptional divisor in the blowup of the ideal. )

In particular C x A2 = V(Up(Fy)) = V(Up(m 0 Fy)), so (y,mp 0 Fy) is
homeomorphic onto its image, which has constant Milnor number, hence is an
equisingular family. O

The next step is to show that 1) implies the Lipschitz equisingularity of the
family defined by F;. This has already been proved by Mostowski, as his work
shows that with this hypothesis, a Lipschitz stratification of X is given by the
y-axis and its complement. Here we use integral closure methods to achieve
the same result.

Proposition 3.3. Suppose F(y,t): C x C — C x C* is a homeomorphism
onto its image, defining a family of irreducible curves with singular locus



Bi-Lipschitz equivalence, integral closure and invariants 135

C x 0, and any of the conditions of proposition 2 hold. Then the vector field
a oFy, 0
— 4 Z Yy -
ay i dy 0zi
is Lipschitz.

Proof. 'We may assume F(y, t) has the form (y, fo(r) + > hi(t)y') where fp,
jand h; are n-tuples of functions. Note that % is " ih;()y'~", and its double
is

Y ithin)y Tt = i)y

We want to show that this n-tuple of elements is in Ip(F(y, t)), which is the
integral closure of the ideal generated by (y — y', fo(t) — fo(t') + Y_ hi(t)y" —
hi(t")y"). Using the (y — y') term, we see that this is the same as showing:

Y i@y T = k@)Y T =y i) — by
is in the integral closure of the ideal generated by (y — ¥/, fo(t) — fo(t') +

S (hi(r) — hi(')y")
We will show that

3 ihi(e) — hi@)Y T C o) = folt) + Y (hi(e) — hi(e)y))

along (y, t,t’). Consider the family of ideals on y x C? as y varies, gotten by
taking the underlying ideal on the right hand side and restricting to y x C2.
Using our hypothesis, by [3], we know that the family of curves is equisat-
urated. Further by Lemme IV.1.3 of [3], we know that the saturation of the
ring of each fiber contains all monomials in 7 that appear in the parameter-
ization of the curve. Since generically all of the monomials in all of the #;
and f, appear, all of these monomials have their doubles in the integral clo-
sure of (fo(t) — fo(t') + Y (hi(t) — hi(t'))y")). Since the Segre numbers of
these ideals are independent of y, it follows by the principle of specializa-
tion of integral dependence ([10]) that all of these monomials are actually in
(fo®) — fo@) + D (h;(t) — h;(t"))y")) along (y, ¢, ¢'). This implies the desired
inclusion for Y i(h;(¢) — h;(t'))y'~!. This finishes the proof. O

It is not surprising that the results of this section are related to others
appearing in the literature, as space curves have been much studied. Teissier,
in [20], studied the ideal of the diagonal Ip(f) in the case of plane curves,
showing that the ideal is the product of the ideal defining the diagonal A in
1C? with a residual ideal (p. 118 [20]); it is not hard to see that the multiplicity
of this residual ideal is the multiplicity of the pair of ideals Ip(f), I. Teissier
also mentions (p. 120 [20]) that, in general, the multiplicity of this residual
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ideal is related to the § invariant of the image of the curve under a generic
projection to the plane. Other results, related to our proposition 3.3 are proved
in [21] p357-361 and use the principle of specialization of integral dependence
for ideals of finite colength. The value of our approach lies in the possibility of
extending the theory beyond the curve case, as the machinery of Segre numbers,
the multiplicity of pairs of ideals and the multiplicity polar theorem are not
limited to ideals of finite colength.
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10
Solutions to PDEs and stratification conditions

TERENCE GAFFNEY

Abstract

In this note we show the connection between Verdier’s condition W
and the smoothness of solutions of PDEs obtained by the method
of characteristics in the two stratum case.

1. Introduction

If we consider the behavior of a partial differential equation (PDE) on a singular
space, a natural question to ask is “when is the PDE and its solutions similar
along a singular stratum?”” A solution to this problem will involve stratifying a
space relative to the PDE, as well as finding a good definition of “similar”. In
this note we consider the simplest case—those PDEs for which the method of
characteristics applies.

We show that there is an intimate connection between the applicability of
this method and Verdier’s condition W.

2. The method of characteristics and W stratifications

The method of characteristics is a tool for reducing the solution of a PDE to the
solution of an ODE (ordinary differential equation). To recall how this method
works consider the first order linear homogeneous PDE:

n ou
Z, hi(x)—/ =0 *
i=1 8)6 i
2000 Mathematics Subject Classification 00000.
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Here we are working on an open subset U of K", where K = C or R, and
h; are analytic functions. To apply the method of characteristics, consider the
vector field

n d
V = Z[:l h,(x)a—xl

The integral curves of V are called characteristic curves. Note that if u(x) is
a solution of *, then D(u o ¢) = 0, where ¢ is any integral curve of V, hence
u is constant on ¢. If we can find a smooth hypersurface H transverse to V
at every point, and we can specify the value of u on H, then we can find the
value of u at an point on U by flowing back to H using the characteristic curves
and evaluating u on H. H is a called a non-characteristic since it is nowhere
tangent to V.

We illustrate these ideas with an example adapted from [4]. The transport
equation is the initial value problem

u;+v-Vu=0
u(0, ¥) = h(z).

These equations model the flow of a fluid along a domain in R” with constant
velocity ¥ = (v, ..., v,), with u(¢, ¥) the density at time ¢ and position X of a
contaminant.

In this problem the associated vector field is

- 0 n 0
V= & + Zi:l v; 8_x,
which is clearly a well defined vector field on R**!.

The characteristic curves are just the parallel lines 7(s) = (0, )+
s{1, vy, ..., v,), and the non-characteristic is the hyperplane ¢ = 0. If we start
at (¢, X) and flow back to the non-characteristic, we end at (0, X — ¢v). For the
initial condition A (X), the solution becomes u(f, x) = h(X¥ — tv). As the flow is
analytic, the solution has the same smoothness as /.

(For further information about the method of characteristics see [4], or [3].)

Now we describe how this transfers to PDEs on singular spaces.

Set-up: Let ¥ = KF x 0 ¢ X9 ¢ K¥ x K", X the germ of an analytic set,
Xo := X — Y smooth. Assume y are coordinates on Y and z are coordinates
on K”, m,, the ideal generated by the z coordinates. If the ideal 7(X) defining
X is generated by {fi, ..., f,}, denote by f the mapgerm with components
(fi, ..., fp) Denote by J M_( f) the module generated by the partial derivatives
of f with respect to the z coordinates , and by JM,(f) its integral closure,
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if working over C or its real integral closure if working over R. (Cf. [2] for
information on these two closure notions.)

Given a linear PDE as above, if x € S where S € {X, Y}, we ask that V,
the associated vector field, is tangent to S at every x.

In applying the method of characteristics, we need a non-characteristic
hypersurface, and we can ask about the smoothness of any solution. If the
method of characteristics applies to our set-up, then the solutions of the PDE
along the singular stratum Y are similar, as we can use the flow to “push” H
along.

In this note we use Verdier’s condition W as our main stratification condition.
Recall how this is defined.

Suppose A, B are linear subspaces at the origin in KV, then define the
distance from A to B as:

|(u, v)]

we Bt o ol
ve A—{0}

dist(A, B) =

In the applications B is the “big” space and A the “small” space. (Note that
dist(A, B) is not in general the same as dist(B, A).) Suppose Y C X, where
X, Y are strata in a stratification of an analytic space, and dist(7 Yy, 7 X,) <
Cdist(x, Y)forall x close to Y. Then the pair (X, Y) satisfies Verdier’s condition
WatOeY.

This notion is useful for producing rugose vectorfields as extensions of
constant vectorfields on Y. A statified vector field v is called rugose near
y € Sq , where S, is a stratum of X, when there exists a neighbourhood W, of
y and a constant K > 0, such that

v — vl < Ky — x|l

for every y' € Wy, N S, and every x € W, N Sg , with S, C Sg.
In [2], an integral closure formulation of this condition is given, namely that
the pair (Xy, Y) satisfies condition W at the origin if and only

% e m,JM,(f)
ayi

foralli,1 <i <k.

Our first goal is to construct a PDE on X which is solvable by the method
of characteristics. This will require more notation. Let I = (i1, ..., i,—q), J =
(Ji1, -+, ju—a) be collections of increasing integers 1 <i; <n, 1 < j; < p.
Let D, f denote the matrix of partial derivatives of f with respect to the z
coordinates. Let j; ;(f) denote the minor of size n — d of D, f formed using
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the columns indexed by I and rows indexed by J. Let J,(f, n — d) denote the
ideal generated by these minors using all valid indexing sets. If in forming
Jj1.7(f) we replace the i; column of D, f by % denote the resulting minor by

Jrs.0(f)

Notice that we have the

Proposition 2.1. In the above set-up we have the relations
of —_— af
. 2 — n . .
IjrsCOI F E el ]I,J(f)]l,x,](f)_aZiJ

Proof. If j; ;(f) is identically O on a component there is nothing to prove for
that component; so assume it’s not. Then the result follows if we can show

i (N
JI,J(f)a_yi = Z,;\.el JI’J’J(f)giX‘

Work on the Z-open set U of points where j;, ;( f ) is not zero. We know
the matrix obtained by adding the column j;, ](f)ay — Zl e Js, ](f)af to
the matrix D,(f) still has the same rank n — d as D,(f) has. But this is a
contradiction unless the added column vector is zero on U, for the new matrix
contains the submatrix of rank n — d defined by I and J, and by Cramer’s rule
the entries of the added vector in the rows indexed by J are 0. So if any entries
of the added row are non-zero, the rank of the new matrix must be at least
n—d+1. O

Now fix i and add together the resulting equations to obtain:
af — af
. 2 _ n .
E i Iz, (O T E Idiel ]I.J(f)]l,s,J(f)—BZiA )

Dividing by the coefficient of % we obtain:

af Z Jra(Hjrs.a(f) af _
Lisel Y s (OI? 9z,

This condition implies that the vector field
_ Z Jra(Njrsa(f) 9
1l 37 5 s (I 9z,

is tangent to X. Note that the field is well defined on X, as the denominator
21,1 ||j]“](f)||2 is only 0 on the singular locus of X which is Y by the set-up.
We define the field on all of X by setting V;|Y = %
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Given the field we can write the PDE it is linked to in two different forms,
both of which have the same solutions.

0 —_— 0
X, NI =37, T (- =0 (P

el Y s (HI? 9z, . !
The first equation has analytic coefficients, while the second, though it only
has meromorphic coefficients, defines the vector field we integrate to get the
characteristics. Each of the components of f are solutions to both equations,
corresponding to the initial condition u(0, z) = 0. We will see shortly that if
the pair (X, Y) satisfies W then, because the PDE is linear, the solution is
determined by its values on X N0 x K".

8_u_Z | Jra(Hjrs,a(f) ou 0 P
ay; 1,J,i

Theorem 2.2. Suppose (Xo,Y) satisfies W, then X N (0 x C") is non-
characteristic for each P! and the vector field associated to each P/ is rugose.
If h(0, 2) is the initial condition for P/, thenu = h o ®~' is the unique solution
to the PDE P’ on X, where ® is the flow defined by the rugose field.

Proof. From the definition of V;, it is clear that V; is not tangent to X N
(0 x C*) on some neighborhood of the origin, hence X N (0 x C") is non-
characteristic. We show that V; is rugose. It is clearly real analytic on X, and
on Y and tangent to both by construction. It suffices to show that

Jra(jrs,s(f)
o i (HOI?

for each I, J. In turn to show this, it suffices to show

N0 irs. (O DI < Cllzay - za)ll SIU}) Ijrs (£, DI

(y9 Z) E C”(le ...,Zn)”

15,0 (D, DN = Clizy, - - za)ll sup 11O, DI

The condition that W holds implies

% € m, J M (f).
dyi

By the determinantal criterion of [2] this implies the ideal generated by the
determinants of size n — d formed by taking minors of a matrix of generators
of m, J M,(f) contains those minors obtained by replacing one of the columns
of the matrix of generators m, J M,(f) by %

Applying the curve criterion, we see that this is equivalent to j; 5 ;(f) in the
integral closure of m, J,( f, n — d); the other factors of z; canceling off. In turn
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this implies
150 () DN = Clizrs - - - za)l sup 1.0 (), D

which shows V; are rugose.

Since V; is rugose it can be integrated to give a flow ® ([5]), which is real
analytic on X and continuous on X.

Then 4 o ®~! is a solution to P’ which satisfies the initial condition. If u is
another continuous solution which also satisfies the initial condition, then % o
®~! — u is a solution by linearity and is 0 on X N0 x K". Since h o ®~! — u
is a solution, it is constant on characteristics hence is identically 0 on Xy, hence
Oon X. ]

Note that in general the solution to P; or P/ is as smooth as ® ! is. To see
this let 2(0, z) = z;; then the solution with this initial condition is just the j-th
component of ®~!. So the geometry of X puts restrictions on the smoothness
in general of the solutions of the PDE P;.

There is a converse to the previous theorem.

Proposition 2.3. Suppose X is an analytic set as in the set-up for this section.
Suppose that the vector field associated to each P/ is rugose; then (Xo, Y)
satisfies W.

Proof.  From the last proof, we can see that the condition that the fields V; are
rugose implies

s—f_ € myJ M:(f).

Yi
In turn, this implies (X,, Y) satisfies W. O

The last proposition has an extension.

Theorem 2.4. Suppose X is an analytic set as in the set-up for this section.
Suppose for each tangent vector to Y, B_L;
first order PDE, with associated rugose vector field whose restriction to Y is

ai“ then W holds for the pair (Xo, Y).

there exists a linear homogenous

Proof. This proof is similar to the first half of the proof of Theorem 2.5 of [2],
but easier. In the complex case we assume our vector fields are complex valued.
(The P/ are good examples in the complex case.) The hypothesis implies that
on a neighborhood of the origin we can find k linearly independent fields,
which restrict to a basis of T'Y,, which are tangent to X thereby defining a
k-dimensional subspace T, of TX, at x € X,. Further, we can find linear
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combinations of these fields so that we can assume they have the form:

0 0
Vi = o +;aiui¥j

dyi
Now we are going to compute the distance between TY, and T X, .. ]

A basis for the vectors which are orthogonal to 7  is given by

3 3
vi={— - aG,—1.
{8Zj IZa’jayi}

Now
dist(T X, ;, TYy) < dist(Ty ., TY,) < Csup, ;lla; ;| < C'llz]|.

Together Theorems 2.2 and 2.4 offer another characterization of condition
W in the two strata case.

This result shows that if Y has dimension 1, and W fails at the origin, then
the method of characteristics does not apply if we insist that the associated field
be rugose.

So far in Theorem 2.2, in the case where (Xy, Y) satisfies W, we have
exhibited a linear homogeneous PDE which can be solved by the method of
characteristics. In Theorem 2.4 we showed W holds for the pair (X, Y), if there
exists a linear homogenous first order PDE, with associated rugose vector field
whose restriction to Y is = ) . It is natural to ask that if (X, Y) satisfies W, are
there other examples of PDEs of the type described in 2.4 other than those in
2.2?7 We give a set of examples indicating these should be plentiful, and giving
some idea of how to find them.

The context of our examples is the paper [1]. This deals with families
of hypersurfaces defined by functions F(y, z), F: K¢ x K" — K where the
function can be either real or complex analytic. We denote F(0, z) by fo(z)
which we assume has an algebraically isolated singularity at the origin. We
can associate to fy its Newton polygon, giving rise to the Newton filtration of
C, of germs of analytic functions at the origin. We denote by .4; all germs of
filtration / or greater. We assume further that fj is fit (ie. its Newton polyogon
intersects each of the coordinate axes), and is Newton non-degenerate. We also
assume that F(y, z) is a deformation of fy(z) by terms above or on the Newton
boundary. In this set-up it is shown in [1] that the pair (X — Y, Y) satisfies W
at the origin, where X is the hypersurface defined by F and Y, as usual, is the
parameter space K¥ x 0.

We say the level A; is fit, if all of its vertices are lattice points of R". As
discussed on p 339 of [1] if A4, is fit, so is A4,;, for all integers r > 1. Denote
the set of monomials corresponding to the vertices of A4; by ver(A4;). Further,
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the filtration on C; extends to a filtration on C, ; we denote germs of filtration /
by A, . y. In the current set-up, it is shown in [ 1], that the condition of theorem
2 on p340 holds for some positive integer / and for all j. This condition is:

oF oF
VCI‘(A[m) — C (Alm z, y) < )
yj aZi

where m is the filtration level of fj, and (z; BF ) is the ideal generated by the
germs z; 3£ 3 . Let V,m be the tuple of monomials made up of the elements of

ver(A;,), and let p;,,, denote || Vlm | 2 The above filtration condition then implies
that there exists a system of PDEs on X of the form

du hii 0

| L _01<j<k
ayj ’:Olm 821

with the filtration of 4 ;; greater than or equal to the filtration of py,. This
ensures that the associated vector field is rugose which ﬁnishes the example.
A partial dlfferentlal operator of the form h 5+ > hi 2 3, must satisfy the

equation i~ 3f +> h; 2L 7 = = 0 for the operator to be well defined on the cotan-
gent bundle of X in our set-up, where f is any element of the ideal of X. Thus,
h% lies in the module generated by the partials of F with respect to the z
variables. Looking back over the above set of examples, shows that being able
to prove that the method of characteristics applies yielding rugose solutions
involves knowing where h % sits in this module.
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Real integral closure and Milnor fibrations

TERENCE T. GAFFNEY AND RAIMUNDO ARAUJO
DOS SANTOS

Abstract

We give a condition to guarantee the existence of a Milnor fibration
for real map germs of corank 1, which include cases that are not
L-maps in the sense of Massey. Our approach exploits the structure
of a family of functions.

1. Introduction

The existence of Milnor fibrations for non-isolated singularities has been stud-
ied by many mathematicians using different approaches, for example, in [PS]
the authors studied the existence of real Milnor fibrations in the Milnor tube

and in spheres where the projection map is given by ——, or the strong Milnor

IL.f
fibration (for further details see [AT], [AR], [AR1], [RSV] and [Sel]). In [Se2]

Seade presented a beautiful survey about the existence of real Milnor fibrations
for non-isolated singularities as well as interesting new results. In [AT] the
authors studied the existence of strong Milnor fibrations for non-isolated sin-
gularities using the idea of open book structures in higher dimensions.

In [DM], Massey studies the existence of real Milnor fibrations on the Milnor
tube involving the singular zero level of map, as approached by Lé D. Trang in
[LD] and H. Hamm and Lé in [HL].
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He considers two conditions called Milnor condition (a) and Milnor con-
dition (b), which are sufficient to guarantee the existence of Milnor fibrations
for real analytic map germs f : R”, 0 — R¥, 0 for n > k > 2. In what follows
we will give a short description of these conditions:

Let f:R",0— R 0, f(x) = (fikx), /LX), ..., fi(x)) a real analytic
map germ. Define the following analytic sets:

The variety of f, denoted V(f), and defined as V(f):={x e R",0:
fix) = falx) = -+ = fi(x) = 0}. Let Y_(f) denote the critical set of f, the
points {x € R*,0: V fi(x), ..., V fi(x), are linearly dependent}.

Now let r be the function given by the square of distance from the origin and
define B={x €e R*,0: Vfi(x), ..., Vfi(x), Vr(x), are linearly dependent}.
It is clear that Y (f) C B. Following Massey, we make the following defini-
tions.

Definition 1.1. We say that a map germ f satisfies Milnor’s condition (a) at

0if and only if 0 ¢ > (f) — V(f),ie. S(f) C V(f).

Definition 1.2. We say that the map germ f satisfies Milnor’s condition
(b) at 0, if and only if, 0 is an isolated point of V(f)N B — V(f).

We say that € > 0 is a Milnor radius for f at origin 0, provided that
BN (Q_(f) = V(f) = ¢ (empty) and B. N V()N B —V(f) < {0}, where
B denotes the open ball in R” with radius € and B, its topological closure
in R".

Theorem 1.3 [DM]. Suppose that f satisfies Milnor’s conditions (a) and (b) at
0, and let €y > 0 be a Milnor radius for f at 0. Then, for all 0 < € < €, there
exists § > 0, 0 < § K €, such that f :B.N ffl(Bg‘) — By is a surjective,
smooth, proper, stratified submersion and, hence, a locally-trivial fibration.

Proof (Idea of proof). Since f has a Milnor radius ¢y > 0, we have that
S (f) N B, C V(f)N B, It means that, for all 0 < € < ¢, the map f : B. \
V(f) — R* is a smooth submersion. Now from the Milnor condition (b), and
the remark above, it follows that: for each € there exists §, 0 < § < ¢, such
that

£t £ (Bs — {0)) — Bs — {0}

is a submersion on the boundary Sf’l of the closed ball B.. Now, combin-
ing these two conditions we have that, for each €, we can choose & such
that

fi:Benf ' (Bs—{0) - Bs— {0} (D)
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is a proper smooth submersion. Applying the version of Ehresmann Fibration
Theorem for the manifold with boundary B, we get that it is a smooth locally
trivial fibration. O

Remark 1. Instead of using the Ehresmann theorem for manifold with bound-
ary, we also can apply Thom’s 1st isotopy lemma by considering the map f| as
a proper stratified submersion.

Definition 1.4. We say that the map germ f satisfies the strong Lojasiewicz
inequality at the origin 0 or is an L-map if, and only if, there exists an open
neighborhood 0 € U, and constants ¢ > 0,0 < 6 < 1, such that forall x € U,

f@l <c- @ mia?)H—l laiV fi(x) + -+ aV fi(2)l]

In [DM], the author proved that if f is an L-map at origin then Milnor’s
conditions (a) and (b) is satisfied.

It is easy to see that pairs of functions which come from a holomorphic
function or which come from mixing holomorphic and anti-holomorphic func-
tions are natural candidates to satisfy the L-map properties. (Cf. example 3.15
of [DM].)

The problem is that the class of L-maps may not behave very well for truly
real analytic maps, as we now show.

Example 1.5. Consider the maps germs G(x, y, z) = (x, y(x> + y> + z2)),
G:R?* 0— R2? 0and H(x, y) = (x, y3 +x2y), H:R? 0— R?%0. Itis easy
to see that V(G) = Oz—axis, > (G) = {(0,0,0)} and > (H) = {(0, 0)}, but
> (H o G) = Oz—axis. The map G is not an L-map at the origin; if it were,
the defining inequality would hold along every curve. However, restricting to
the curve ¢(r) = (¢, 0, 0), and using a; = 0, a; = 1, if the defining inequality
holds, it implies that

[t <c- [(Vyx* +y* + 2 o) =c- |7

which is impossible. The map G is an L-map at other points of the Oz—axis,
because G is a submersion there.

Example 1.6. Consider now the composed map H o G = (x, (y(x% + y> +
22))® + x2(y(x? + y*> + z%))). The map H o G is not L analytic along Oz—axis.
Again, this is easily seen using curves. Suppose (0, 0, zp) a point on the
Oz—axis different from the origin. Consider the curve ¢(t) = (¢, 0, zp).
So, x 0 ¢(t) = t, while V((y(x> + y* + 2))° + x*(y(x* + y* + 22) 0 $(1) =
(0, z3#%, 0) module 3. Then, the inequality which defines the L analytic condi-
tion fails along this curve.
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The problem in both cases is that the function x is too large in norm compared
with the norm of the gradient of the second component function.

We note that the map germ G has an isolated critical point at the origin,
so by Milnor’s result [Mi] the Milnor fibration (1) exists in the “full Milnor
tube" involving(but without) the zero level, but this map germ does not satisfy
the strong Lojasiewicz inequality. Furthermore, the map germ H is an analytic
homeomorphism; since G is an L-map on points of V(G) different from the
origin, you might hope that the composition H o G would continue to be an
L-map at such points, but, as the example shows, this is false.

Note that these examples can be thought of as families of functions param-
eterized by x. These examples suggest that better results can be obtained by
studying the maps as families of functions.

In what follows we will show how to use the real integral closure tools for
modules, as defined by the first author in [G], to prove that under certain natural
conditions these kind of map germs, some with non-isolated singular set, have
Thom’s A ¢ —condition and consequently, have a Milnor’s fibration.

We also introduce the notion of the uniform Lojasiewicz inequality after
proposition 3.2. This inequality plays the role of Massey’s strong Lojasiewicz
inequality in this paper. It is essentially a Lojasiewicz inequality, but at the level
of a family of functions.

The existence of Thom’s A y-condition for non isolated complex complete
intersection singularities have been studied by the first author in [G1] as well.
Here we are concerned with the real case.

2. Notations and setup

Denote by (A,, m,) the local ring of real analytic function germs at the origin
in R” and by .Af, the A, free module of rank p. If (X, x) is the germ of a real
analytic set at x, denote by Ay , the local ring of real analytic function germs
on (X, x), and by Af(,x the corresponding free module of rank p. If f is a
map-germ at R”, 0, let /(f) denote the ideal in .4, generated by the component
functions of f. Then, as usual, 7(f).A% is the submodule of 47 made up of
p-tuples of elements of 7(f).

Definition 2.1 [G], [GTW]. Suppose (X, 0) is a real analytic set germ in R",
M a submodule of A% . Then:

1) h e A}, is in the real integral closure of M, denoted by M, iff for all
analytic paths ¢ : (R, 0) — (X,0), ho¢ € (¢p*M)Ay;

2) he .A';(’X is strictly dependent on M, iff for all analytic paths ¢ : (R, 0) —
(X,0),ho¢p € m,(¢p*M)A,. We denote by M T the set of elements strictly
dependent on M.
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The definition of the real integral closure of a module is equivalent to the
following formulation using analytic inequalities.

Proposition 2.2 ([G], page 318). Suppose h € Af(yx , M a submodule of
.A’;(’x. Then h € M if. and only if. for each choice of generators {s;} of M,
there exists a constant C > 0 and a neighborhood U of x such that for all
¥ € T'(Hom(R”, R)),

[1¥(2) - k(@I = ClIY(2) - 5i (2]
forallz € U.

Consider f :R",0 — R?, 0 and I(f) as above. If you alter the form of
Massey’s inequality allowing 6 = 1, then it is equivalent to asking that I( f).A2
is in the integral closure of the jacobian module of f, which is the submodule
of A,zl generated by the partial derivatives of f. The Lojasiewicz inequality
in the complex analytic case is equivalent to asking that f is strictly dependent
on the jacobian ideal at all points where the jacobian ideal is zero. We conjecture
that Massey’s inequality is equivalent to I(f).A? being strictly dependent on
the jacobian module of f at all critical points of f. If Massey’s inequality holds
at the origin on some neighborhood U, then I(f).A? is strictly dependent on
the Jacobian module of f at all critical points of f on U.

If we assume 6 is a rational number p/q then more can be said. In this case,
Massey’s inequality takes the form

lfCOIP <c-  min a1V fi(x) + -+ aV fix)]?.

lar,....ap)ll=1

If f is a function germ then this amounts to saying that /(f)” is in the
real integral closure of J7(f). The module case works as follows. Given the
jacobian module of f, JM(f) C A2, we can view JM(f) and I(f)A? as
ideals M(f) and Z( f) in the ring A, [T}, T>], then the inequality says that the
real integral closure of (M( f))? contains (Z(f))?.

3. Some results

Consider f:R",0— R20, £, Vi,..., Yoo1) = (X, 8, Vs oo +) Yao1)),
where sometimes we let y denote (y, ..., y,—1). We assume f(Q (f)) =0
or equivalently > (f) € V(f) (or Milnor condition (a)), where V(f) is
the variety of f, and let X; := V(g —s*) Cc R""', F; := (s, x)|x,, where
now we are considering g — s* : R"*! — R, (s, x, y) — g(x,y) — s¥ and F :
R — R2, F(s,x,y) = (s, x). So, Fy = F|x,. Also consider IT : R"*! —
R, II(s, x, y) = x and IT; := IT|y,.
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The first result is:
Lemma 3.1. In the setup above we have Y (Fy) = > (Il|x,) = Y _(f) x {0}

Proof. Consider the jacobian matrices of the respective maps.

1 o 0 ... 0
J(Fy) = 0 1 0o ... 0 s
— skl & & - &w.
0 1 o ... 0
= |
k —ksk1 & & - &
and
1 0 0o ... 0
J(f) = < )
8x gyl gyz e g,Vn—]

It is easy to see that the critical locus of f is given by Y (f)=
V(gys -1 &) CR" x {0}. In the other two cases (g,,, ..., &gy,_,) also van-
ish on the respective singular sets, and since we assume Milnor condition (a),
this implies x and g are zero as well. In turn, on X, this implies s = 0, which
shows that the singular locus of I1; is the same as Fj. ]

Note that the singular locus of X} is given by V(J(g(x, ¥))) N {s = 0}, and
this is contained in ) _(f) x {0}. Assume now that we have a stratification of X,
which satisfies Apj, —condition. Since, by the Milnor condition (a), > (f) x {0}
lies in x = 0, it follows that the strata of Y (f) x {0} satisfy the Whitney A
condition. Assume also that there exists a neighborhood 0 € U C R”, such that

lgx, I <c sup {llgy . I}, 0<6 <1
i=1 —1

holds for some neighborhood V, of any z = (x, y) € U \ {0}, where the con-
stant ¢ may depend on z, but the constant 8 does not. This inequality plays the
role in this paper that Massey’s inequality does in the definition of L-maps.
If we think of g(x, y) as a family of functions parameterized by x, then our
inequality is a uniform Lojasiewicz inequality and we denote it by such in
the following, as it relates the values of g to the values of the partials of g in
the y variables, which are the “state space" variables.

Notice that the above inequality implies that Y (f) C V(g), so if we assume
this inequality we need only assume ) (f) C V(x), and this coupled with the
inequality implies Milnor condition (a). Thinking of f as a family of functions,
the Milnor condition (a) means that Y (g,) is non-empty only for x = 0.
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k—1
Proposition 3.2. Suppose that in the setup above we have 6 < ——. Then

the An, stratification of Xy is also an Ay, stratification, perhaps adding the
origin as a stratum.

Proof. We have the singular set of Fy is > (f) x {0}, and this lies in F;, = 0,
and the stratification of Y (f) x {0} satisfies Whitney A condition. So it suffices
to consider the pairs (Xx \ D _(Fi), S(p.0)), (P, 0) € D _(Fi), p # 0, S(p.0) is the
stratum of ) _(F) which contains the point (p, 0).

Suppose we have such a point (p,0) € > (Fy), p #0, where the
A, —condition fails for the pair (X; \ Y_(Fk), S(p,0))- By assumption we know
that the Ap, —condition holds at (p, 0), and we know that the tangent vectors
to the stratum S, 0) at (p, 0) are in ker(F'(p, 0)). The last follows because
Y (F) = Y(f) x 0 C V(x) x 0.

Now the A, —condition holds iff the column vector J(Iy) - v is strictly
dependent on the module generated by the partial derivatives with respect to
variables s, y at (p, 0), where v is any tangent vector to S, ¢y at (p, 0). This
follows because it is known that the strict dependence condition must hold
for the module generated by all the partial derivatives; but since v € V(x, s),
J(ITy) - v lies in (0, I) where [ is the ideal generated by (gy,, ..., &y,_,), it
follows that only the partials with respect to s, y can be used, as only they give
elements with a zero as first entry.

The Af, —condition holds iff J(s, x, g(x, y) — s*) - v is strictly dependent
on the module generated by the partial derivatives with respect to y by the
reasoning of the previous paragraph.

If Ap, fails and Ap, holds we have that there exists a curve ¢ : R,0 —

X¢, (p, 0) such that while V,g(x, y).v € (s, g, ..., gy, )T, for all v tan-
gent to Sp.0), (Vyg-vo@) & mig*(gy,, ..., &y, ) for some v, where m, is
the maximal ideal in the ring of germs of analytic functions of one variable.
Claim: These two facts imply that (s*~!) ¢ m Further, if
skl € (gy,, ..., gy, ,), then the A, —condition holds.
Proof of claim. If (s*~!) € (gy,, - - -, &,_,)» then
("1, Eyir e ng)T = (&y» - g}'n—l)T'

However, the first fact implies that V,g - v is in the left hand side of the
above equation, while the second fact implies it is not in the right, so (s*~!) ¢
e 8-

If (sk1) e (8y,»--+»8y,,)> then the A —condition holds because then
(&ys e ng)T will contain Vyg(x, y) - v, for all v tangent to S, o).
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So we may suppose (s¥71) ¢ m This implies there exists a
curve ¢ : R, 0 — Xy, (p, 0) such that the ord(s*~! 0 @) < min{ord(gy, o ¢)}.
()

Now as sk = (sk)kk;l and using the fact that under X; we have g(x, y) = s¥,
so we have (sk)kk;I op = g%‘ o .

Now [g"T 0 (r)] < Cmini_i,...—1{lgy, © (1)}, for all 7 small enough
by the uniform Lojasiewicz inequality. This implies that ord(g%] o) >
minf{ord(gy, o ¢)}. Then, ord(s*~! o ¢) > min{ord(g,, o ¢)}. This contradicts
(*) above. OJ

Lemma 3.3. Suppose we have an Ay stratification on R", then for all k we
have an A stratification on X(or A, —condition holds), in which the strata
on Xi N (R" x {0}) are the same as for the Ay stratification, and the union of
the open strata is the complement of Y (Fy) = > (f) x 0.

Proof. Note that the A ;—condition implies the Whitney A condition on strata
of X; N(R" x {0}) = V(g). So, we only have to check for the open strata.
Suppose we have a curve ¢ such that ord((D(g) - v) o @) fails to be greater than
the ord(J(g) o ¢) where v is a tangent vector to a stratum of X; N (R* x {0})
at ¢(0). Then using I o ¢ (where I stands for the projection of R"*! —
R™), we get a curve where their order inequality again holds. This implies
A —condition fails. U

Lemma 3.4. Suppose S is an Af, stratification of the Xy, where ) (Fy) =
> (f) x 0is a union of strata, and the complement of > _(Fy) is a union of open
strata. Then, this induces an Ay stratification of R".

Proof. Again we know that the Whitney A condition holds between the strata
of Y (f), so we just need to consider the open strata. Suppose A ; fails at some
point p, where A p—condition holds for X, at (p, 0), then there exists a curve
@, and functions v (¢), ¥, (¢) such that

}1_) 1 t—p[(wl(t), Yo () - J(f)(@(t))], which is a limiting conormal vector to
the fibers of f, fails to contain 7,(S,). Now we re-parameterize ¢. Suppose
g(@(1)) has order r, and use ¢t = t*. So, g(¢(t%)) has order kr. This implies that
g 0 @(zX) = ¥ h, for some h, with h(0) # 0. Consider g o p(t¥) = [t"hi IF.

Letsog = t"h# define an extension of @, then @(1) = (p(75), T ht) lies
on Xy over p.
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Now set ¥ = —(t¥)s* ! o @(1), then

1 1 0 ...0
lim — (Yo(7), ¥1(v), ¥o(7)).| O 1 ...0]o ot =
=0 TP k-1
s 8x 8y

1 ...0

x y

1
= }1})}'(1) W(’gﬁl(t)v 1102(7:)) (

and A p—condition fails.

> o (%), so this limit is the same

Theorem 3.5. Suppose f as in our setup, and the uniform Lojasiewicz inequal-
ity holds, then there exists an A s stratification of R" in which y_(f) is a union
of strata, and the open strata are the complement of Y _(f).

Proof. Choose k as in the proof of proposition 3.2, then we know that since
[Ty is an analytic function, there exists an A, stratification. (For the complex
analytic case this is proved in [H], and the complex stratification can be used to
give a refinement of a real Whitney stratification of X; in which ) (f) x {0}
is a stratified set, which is an Ap, stratification.) Since Y (ITy) = Y _(f) x 0
by proposition 3.1, > (f) x 0 is a union of strata, and its complement is a
union of open strata. Now by proposition 3.2, this stratification is also an A,
stratification, and by lemma 3.3, induces the desired A ; stratification. O

Example 3.6. It is useful to see how the above proof breaks down for the
map f = (x, xy) which is the basic example of a map which does not have
an A stratification. Here the singular locus is the Oy-axis, so the map sat-
isfies Milnor condition (a). Further, X; has equation xy — s¥ =0, and a Aq,
stratification is given by {{0}, {Oy — 0}, {X; — Oy}. However, no uniform
Lojasiewicz inequality holds, for in a neighborhood of points (0, y), y # 0,
Clxy| > |gyl = |x] for € = 2/yl.

Example 3.7. We wish to show that the key inequality applies to the examples
1 and 2. We first consider G(x, y, z) = (x, y(x> 4+ y> 4+ z2) = (x, g1(x, y, 2)),
and show

123

lg1(x, y, DI7" < csup{lgiy(x, ¥, DI, lg1.:(x, y, DI}

(Here the sup is taken over the values of the partial derivatives
81,y(x,,2), &1.-(x, y, 2) at each point in a neighborhood of the origin, and
compared with the value of |g;(x, y, z)|*/? at that point.)
This will follow if we show that
ye? 4+ 32 + 2P < elx® + 3y + 2P

But, this is obvious.
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Now consider H o G = (x, g(x, y, 2)), where H(x,y) = (x, y* +x%y) =

(x, h(x, y)).
As before we know that

Ih(x, Y)I* < Clhy(x, y)

at all points. Now we want to show that the composition H o G also satisfies a
uniform Lojasiewicz inequality.

We have h? o G = g"(g2 + x%)7, while gt = (h,(G)g,,)"*". Now y? +
x? <3y? +x% = hy(x, y),s0

|h? 0 G(x,y,2)] < |gl(x,y, 2)|IR)(G(x, y, D).
We want to show
|h? 0 G(x, y,2)| < |hy(G(x, y, D" g1y(x, y, D)IPF

It suffices to show that

g e, v, )| < 1hy(G(x, v, D)lIgiy(x, y, 2P
From the form of g; we see that
lg? .y, 2| = IyP 2y lIx? + y* + 2217).

Now |y2[|x? + y> + 2%|” < |gi1.y(x, y, 2)|?T!, so it suffices to prove that
there exists p such that [y?72| < |hy(G(x,y,z))|. Looking at the form of
hy(G(x,y, z)) we see that p = 6 suffices.

For our final result we show that the property of satisfying an uniform
Lojasiewicz inequality is an analytic invariant of a family. In general, it remains
open as to whether or not the families obtained by the composition of two maps
whose associated families satisfy an uniform Lojasiewicz inequality also satisfy
an uniform Lojasiewicz inequality.

Proposition 3.8. Suppose R(x,yi,...,Vu—1) =, r(x,y1,..., Yu—1)) and
L(x,Y) = (x,l(x,Y)) are bi-analytic map germs at the origin of R" and R?
respectively, F(x,y) = (x, f(x, y1, ..., Yu—1)) as analytic germ at the origin,

F satisfies an uniform Lojasiewicz inequality with rational 0. Assume L pre-
serves the y-axis. Then, L o F o R satisfies an uniform Lojasiewicz inequality
with the same 6 as for F.

Proof. Notice that it suffices to prove the proposition for R and L separately.
Consider L o F'. We know that

|f(x7 )’l, ~~,)’n—l))|0 S C Sup I{ny,'(x? )’17 ,}’n—l)“}

i=1,...n—
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Since

I(x,y) = y(lo(x, y) with [o(0, 0) # 0

and

(Lo F)y(x, y) =1y(x, f(x, y) [y (x, y), with[,,(0, £(0,0)) # 0,

it follows that

Gy e <€ sup {100 F)Yi, yis s yu- D))
i=1,..., n—1
For the case F o R the result follows from the fact that the set {(f o R),,}
generate the same ideal as {R*(f,,)}, so that the existing inequality pulls
back under R to give the desired new inequality, with perhaps a different
constant C. O
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Surfaces around closed principal curvature
lines, an inverse problem

R. GARCIA, L. F. MELLO AND J. SOTOMAYOR

Abstract

Given a non circular spacial closed curve whose total torsion is an
integer multiple of 2, we construct a germ of a smooth surface
that contains it as a hyperbolic principal cycle.

1. Introduction

Let o : M — R3 be a C” immersion of a smooth, compact and oriented, two—
dimensional manifold M into space R? endowed with the canonical inner
product (., .). It will be assumed that r > 4.

The Fundamental Forms of « at a point p of M are the symmetric bilinear
forms on T ,M defined as follows [10], [11]:

Io(p;v, w) =(Da(p;v), Da(p;w)),
11,(p;v, w) =(=DNy(p;v), Da(p;w)).
Here, N, is the positive normal of the immersion «.
The first fundamental form in a local chart (u, v) is defined by I, = Edu® +
2Fdudv + Gdv?, where E = (a,,, o), F = (a, o) and G = (o, o).
The second fundamental form relative to the unitary normal vector N, =
(ot A oty)/ ey Aoyl is givenby 11, = edu® + 2fdudv + gdvz, where

_detloy, oy, ], detlo, o, 0] detfo, oy, 0]

 JVEG—F? S = VEG-r *T JEc-P

2000 Mathematics Subject Classification 53A04, 34A09, 53A05, 57R30.
Acknowledgements: This paper was done under the project CNPq 473747/2006-5. The first author
had the support of FUNAPE/UFG.
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In a local chart (u, v) the principal directions of an immersion « are defined
by the implicit differential equation

(Fg — GHdv* + (Eg — Ge)dudv + (Ef — Fe)du* = 0. (1.1)

The umbilic set of «, denoted by U, consists on the points where the three
coefficients of equation (1.1) vanish simultaneously.

The regular integral curves of equation (1.1) are called principal curvature
lines. This means curves c(¢) = (u(t), v(t)), differentiable on an interval, say
J, with non—vanishing tangent vector there, such that, for every ¢t € J, it holds
that

dvu(t)
dt

du(t) dv(t)
dt dt

2
(Fg — Gf)u(t), v(r)) ( ) + (Eg — Ge)(u(r), v(t))

du(t)\*
+ (Ef — Fe)(u(), v(t)) <7> =0
and ¢(J) NU, = @.

When the surface M is oriented, the principal curvature lines on M \ U,
can be assembled in two one—dimensional orthogonal foliations which will be
denoted by F(«) and F,(«). Along the first (resp. second), the normal curvature
11,(p) attains its minimum k; ( p), denominated the minimal principal curvature
at p, (resp. maximum k»(p), denominated the maximal principal curvature
at p).

The triple P, = {F\(«), Fo(a), Uy} is called the principal configuration of
the immersion «, [5], [6]. For a survey about the qualitative theory of principal
curvature lines see [2].

A closed principal curvature line, also called a principal cycle, is called
hyperbolic if the first derivative of the Poincaré return map associated to it is
different from one.

In [9] and [8] it was proved that a regular closed line of curvature on a
surface has as total torsion a multiple of 2. In this paper we consider the
following inverse problem.

Problem. Given a simple closed Frenet curve, that is a smooth regular curve of
R3 with non zero curvature, is there an oriented embedded surface that contains
it as a hyperbolic principal cycle?

It will be shown that this Problem has a positive answer in the case that the
curve is a Frenet, non circular, curve such that its total torsion is an integer
multiple of 2.
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NAT

e 0=(0,0,0)

Figure 12.1. Germ of a parametrized surface (s, v) near a curve c.

The interest of hyperbolic principal cycles is that the asymptotic behavior of
the principal foliation around them is determined. The first examples of hyper-
bolic principal cycles on surfaces were considered by Gutierrez and Sotomayor
in [5], where their genericity and structural stability were also established.

2. Preliminary results

Let ¢ : [0, L] — R3 be a smooth simple, closed, regular curve in R3 with
positive curvature k£ and of length L > 0, i.e., a Frenet curve. Let also ¢ =
¢([0, L]). Consider the Frenet frame {t, n, b} along c satisfying the equations

t'(s) =k(s)n(s),
n'(s) = —k(s)t(s) + t(s)b(s), 2.1
b'(s) = —1(s)n(s).

Here k > 0 is the curvature and 7 is the torsion of c.
Consider the parametrized surface of class C", r > 4, defined by the equa-
tion

a(s, v) =c(s) + [cos O(s)n(s) + sinO(s)b(s)] v
+-mou%nb@)—smeuyu@][%A@nﬂ4-éBunﬁ+wﬁcu,w}

:c@y+mNA7xn+{%A@w2+%B@nﬁ+v%X&m}N@)

2.2)
For an illustration see Fig. 12.1 and [4], [5].
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Here, ¢/(s) =1(s) =T(s), 0(s) =0(s+ L), A(s)=A(s+ L), B(s)=
B(s+ L), C(s,v) =C(s + L, v), C(s,0) =0, are smooth L—periodic func-
tions with respect to s and v is small.

Proposition 2.1. The curve ¢ is the union of principal curvature lines of « if
and only if

L
(s) +60'(s) =0, (0) = 06y, / 1(s)ds =2mmw, m € Z. (2.3)
0

Moreover, for any solution 6(s) of equation (2.3) the parametric surface
defined by equation (2.2) is a regular, oriented and embedded surface in a
neighborhood of ¢. The umbilic set U, N c¢ is defined by the equation

A(s) + k(s)sinf(s) = 0. (2.4)

Proof. We have that N(s) = Ny(s,0) = cos6(s)b(s) — sinf(s)n(s). By
Rodrigues formula it follows that ¢ is a principal curvature line (union of
maximal and minimal principal lines) if and only if N'(s) + A(s)t(s) = 0. Here
A is a principal curvature (maximal or minimal).

Differentiating N leads to

N'(s) = sinQ(s)k(s)t(s) — [t(s) + 0'(s)][cos O(s)n(s) + sinO(s)b(s)].

Therefore ¢ is a principal line (union of maximal and minimal principal lines
and umbilic points) if and only if t(s) 4+ 6'(s) = 0.

By the definition of « it follows that (s, 0) = t(s) and «,(s, 0) =
cos O(s)n(s) + sin (s)b(s) are linearly independent and so by the local form of
immersions it follows that « is locally a regular surface in a neighborhood of c.

Since the total torsion is an integer multiple of 27 and 7(s) + 6'(s) =0
it follows that for any initial condition 6(0) = 6, equation (2.2) defines an
oriented and embedded surface containing ¢ and having it as the union of
principal lines and umbilic points.

Supposing that 7(s) + 6’(s) = 0 it follows that the coefficients of the first
and second fundamental forms of « are given by

E(s,v) =1 — 2k(s)cosB(s)v

+ Bk(sf(l + c0s20(s)) + k(s)A(s) sin 9(s)i| v2 4+ 0(Y),
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F(s,v) = lA’(s)A(s)u3 + oY
) - 2 £

G(s,v) = 1 + A(s)*v> + O(v°), (2.5)
e(s, v) = —k(s) sin0(s) + k(s) cos O(s)(sin 6(s) — A(s))v + O(v7),
f(s,v) = A'(9)v + 00?),

g(s,v) = A(s) + B(s)v + O(v?).

By equations (1.1) and (2.5) it follows that the coefficients of the differential
equation of principal curvature lines are given by

L(s,v) = (Fg — Gf)(s,v) = —A'(s)v + O(v°),
M(s,v) = (Eg — Ge)(s,v) = A(s) + k(s) sin 0(s)

+ |:B(s) — k(s)A(s) cos O(s) — %k(s)2 sin 29(s)] v+ 0(v?),

N(s,v) = (Ef — Fe)(s,v) = A'(s)v + O(v?). (2.6)

The umbilic points along ¢ are given by the solutions of M(s,0) =
A(s) + k(s) sin6(s) = 0 which corresponds to the equality between the princi-
pal curvatures k;(s) = —k(s) sin0(s) and k2 (s) = A(s). O

Remark 1. The one parameter family of surfaces M(6y) = o, ([0, L] X
(—€,€))\ ¢ defined by equations (2.2) and (2.3) is a foliation of a neigh-
borhood of ¢ after ¢ is removed. For all 6 the curve ¢ is a principal cycle of
ag,. This follows from the theorem of existence and uniqueness of ordinary
differential equations and smooth dependence with initial conditions of cg, and
boundary conditions given by equation (2.3).

3. Hyperbolic principal cycles

In this section it will be given a solution to the problem formulated in the
Introduction.

Let ag, be the surface defined by equation (2.2) and associated to the Cauchy
problem given by equation (2.3).

Theorem 3.1. Consider the oriented parametric surface og, of class C", r >
4, defined by equations (2.2) and (2.3) such that Z/lom(J Nec=1W. Then ¢ is a
hyperbolic principal cycle of oy, if and only if

Ay) = /L 46 ds #0 3.1)
Y7 )y A(s) + k(s)sin6(s) ‘ '
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The coefficient A(6y) is called the characteristic exponent of the Poincaré map
associated to c.

Proof. The principal curvatures are given by

ki(s,v) = — k(s)sinO(s) + (k(s) sinO(s) + A(s))k(s)cosO(s)v + 0(1)2),
ky(s, v) =A(s) + B(s)v + O(v?).

The first return map 7 : {s = 0} — {s = L} defined by 7 (vy) = v(L, vy),
with v(0, vg) = vy, satisfies the variational equation

M(s, 0)vgy,(s) + Ny(s, 0)vy,(s) = 0.

By equation (2.6) it follows that

N, A'(s)
——(5,0)=— . .
M A(s) 4 k(s) sin6(s)
Integration of the above equation leads to the result. O

Remark 2. The criterium of hyperbolicity of a principal cycle was established
by Gutierrez and Sotomayor in [5], [6]. They proved that a principal cycle ¢ is
hyperbolic if and only if

/dkl _/ dky _l/ dH 20

cka— ki cko—ki 2JoVHZ—K "

Here H = (ky + k;)/2 and KC = k;k; are respectively the arithmetic mean and
the Gauss curvatures of the surface.

Proposition 3.2. Consider the family of oriented parametric surfaces ay,
defined by equations (2.2) and (2.3) such that L{% N ¢ = @ for all 6. Then the
following holds

L / _ [
AB) = / k(s).A (S)COS(SQO o T(s)ds) . 32)
o [k(s)sin(G — fy T(s)ds) + A(s)]?
Proof. Direct differentation of equation (3.1). ]

Theorem 3.3. Let ¢ be a smooth curve, that is a closed Frenet curve of length
L inR3 such that t is not identically zero and fOL t(s)ds = 2mm, m € Z. Then
there exists a germ of an oriented surface of class C", r > 4, containing ¢ and
having it as a hyperbolic principal cycle.

Proof. Consider the parametric surface defined by equation (2.2). By Propo-
sition 2.1, ¢ is a principal cycle when 6'(s) = —1(s), 6(0) = 6, fOL T(s)ds =
2mm. Taking A(s) = (1 — sin6(s))k(s) it follows that M (s, 0) = k(s) > 0 and
soU, Ne = @. So ¢ is a closed principal line of the parametric surface «.
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By Theorem 3.1 it follows that ¢ is hyperbolic if and only if

_ R A'(s) _ L [k(s)sin0(s)]
= In(z (0))_/0 AG) 1 k) sinfe) S = 7, ey 70

By assumption the function k(s) sin 8(s) is not constant. In fact, k(s) > 0 and
as T is not identically equal to zero it follows that sin 8(s) = sin(6y — f(j T(s)ds)
is not constant.

If A # 0 it follows that ¢ is hyperbolic and this ends the proof.

In the case when k(s)sin6(s) is not constant and fL ”‘“)Stﬂds =0,
consider the deformation of @ given by

()2

(s, v) = a(s, v) + e —=v-[cos O(s)b(s) — sinB(s)n(s)],
a(s) = [k(s)sin 9(s)] .
Then c is a principal cycle of «, and the principal curvatures are given by
ki(s, 0, €) = — k(s)sinO(s),
ky(s, 0, €) =A(s) + €[k(s)sin8(s)] = (1 — sinO(s))k(s) + €[k(s)sinO(s)] .
Therefore by Theorem 3.1 and Remark 2 it follows that

ki(s,0,€) ds — /L [k(s)sinB(s)]
ko(s,0,€) — ki(s,0, €) - o k(s)+ e[k(s)sin6(s)]

L
A(e) = In(z(0)) = — /
0

Differentiating the above equation with respect to € and evaluating in € = 0 it
follows that

L M ! 2
N O = (Inx/(0)) oo = / [M} ds £0.
) k)

This ends the proof. (]

Remark 3. When the curve c¢ is such that fOL t(s)ds =2mm, m € Z \ {0}
there are no ruled surfaces as given by equation (2.2) containing ¢ and having
it as a closed principal curvature line. In this situation we have always umbilic
points along c¢. In fact, in this case k>(s) = A(s) = 0 and m # O implies that
sinB(s) always vanishes. These points, at which k;(s) also vanishes, happen to
be the umbilic points. See Proposition 2.1.

Corollary 3.4. Let ¢ be a closed planar or spherical Frenet curve of length L
in R3. Then there exists a germ of an oriented surface containing ¢ and having
it as a hyperbolic principal cycle if and only if ¢ is not a circle.

Proof. In the case of a planar curve, let c(s) = (x(s), y(s), 0) with curvature
k and consider the Frenet frame {z, n, z}, z = (0, 0, 1) associated to ¢. Any
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parametrized surface o containing ¢ as a principal curvature line has the normal
vector equal to N = cos 8(s)n(s) + sin6(s)z. Therefore,

N’ = —k(s)sin8(s)t(s) + 0'[— sin O(s)z + cos O(s)n(s)].

By Rodrigues formula N’ = —A(s)¢(s) if and only if 6(s) = 6y = cte. One
principal curvature is equal to k{(s) = k(s)sin6y. By the criterium of hyper-
bolicity of a principal cycle, see Remark 2 and Theorem 3.1, the principal
curvatures can not be constant along a principal cycle. A construction of the
germ of surface containing ¢ as a hyperbolic principal cycle can be done as in
Proposition 2.1 and Theorem 3.3. In the case of spherical curves, any closed
curve has total torsion equal to zero and the proof follows the same steps of the
planar case. This ends the proof. ]

4. Concluding remarks

The study of principal lines goes back to the works of Monge, see [11, page
95], Darboux [ 1] and many others. In particular, the local behavior of principal
lines near umbilic points is a classical subject of research, see [7] for a survey.
The structural stability theory and dynamics of principal curvature lines on
surfaces was initiated by Gutierrez and Sotomayor [5], [6] and also has been
the subject of recent investigation [2].

The possibility of a Frenet (biregular) closed curve in the space to be a
principal line of a surface along it depends only on its total torsion to be an
integer multiple of 2.

The presence of umbilic points on such surface depends on function A(s) as
well as on k(s) and 6, which in turn depends on 7. In fact6 = — f(; (s)ds + 6y,
depending on a free parameter 6.

In fact the location of the umbilic points given by equation (2.4) change
with the parameter 6.

In this paper it has been shown that a non circular closed Frenet curve ¢
in R? can be a principal line of a germ of surface provided its total torsion is
2mm, m € Z. In Theorem 3.3 the germ of the surface has been constructed in
such a way that ¢ is a hyperbolic principal line. As it is well known that the
total torsion of a closed curve can be any real number, the results of this paper
show that closed principal lines (principal cycles) are special curves of R3. This
completes the results established in [8] and [9].

The generic behavior of principal curvature lines near a regular curve of
umbilics was studied in [3].
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Euler characteristics and atypical values

HELMUT A. HAMM

Abstract

The theorem of Ha and L€ says that one can check using the Euler
characteristic of the fibres whether a polynomial mapping C> — C
is locally trivial in the sense that it defines a C*° fibre bundle. This
theorem will be generalized to the case of a polynomial mapping
g:Z — C, where Z is a smooth closed algebraic subvariety of
some CV, not necessarily of dimension 2. It is well-known that
eveninthecase Z = C", n > 3, itis no longer enough to look at the
Euler characteristic of the fibre of g alone without serious additional
assumptions. In this paper we will use the Euler characteristic of
other spaces for this purpose in order to avoid explicit reference to
some compactification.

The method of proof is the following: first it is shown that
there is no vanishing cycle at infinity (with respect to a suitable
compactification) and then that one can construct vector fields
which lead to a local trivialization.

Introduction. Let g: C* — C be a polynomial map. It is well-known that
even if g has no critical points it may happen that g does not define a fibre
bundle which is locally (and therefore globally) C* trivial. This is due to
the circumstance that g is not proper as soon as n > 1, so we cannot apply
Ehresmann’s theorem. There may be fibres which are of a different kind from
the general ones. It is customary to call f, an atypical value for g if g does not
define a topological fibre bundle over any neigbourhood ot 7y. The most famous

example of an atypical value has been presented by Broughton [2].

2000 Mathematics Subject Classification 32520 (primary), 14D05, 32S15, 58K15 (secondary).
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Here we are first interested in the cohomological counterpart. More gen-
erally, let g: Z — V be an arbitrary holomorphic mapping between complex
spaces and k > 0. Then we consider the groups H*(g7'(¢);C) fort € V. If g
defines a locally trivial topological fibre bundle these groups are isomorphic
provided that V is connected. In fact we can say more: they are the stalks of the
locally constant sheaf of C-vector spaces R¥g.C,, where C is the constant
sheaf of complex numbers on Z and R¥g,C is associated to the presheaf
W > H*g7'(W), Cz) = H (g~ (W); C).

We will concentrate on the case where V is an open subset of C but will
admit a constructible complex F of sheaves instead of the constant sheaf of
complex numbers. The question will be under which condition the sheaf R¥ g, [F
is (locally) constant and its stalk over ¢ is isomorphic to H* (g7'(t), F). (Here
H denotes hypercohomology and Rfg, the k-th hyperdirect image.) It may
happen that this is the case for some but not all k. If there is some k such that
it is not true in any neighbourhood of #, we say that 7y is a cohomologically
atypical value with respect to F.

Finally we will return to the original question under which condition we have
a topological fibre bundle. In particular, we will prove the following theorem:

Theorem 0.1. Let g: C" — C be a polynomial map. Suppose that the fibre
g’l({O}) is reduced and thatforall0 <k <n—2,0< j; < ... < jy <nand
almost all (zjf], ey zjk) € C* the following is true: The Euler characteristic of
{zeC'z; = zjfl, 2 = zj‘.k, g(2) =t} is independent of t, |t| < 1. Then
g defines a C*™ fibre bundle over some neighbourhood of 0, so 0 is not an
atypical value of g.

This is a generalization of a theorem of Ha-L& [6] which concerns the case
n = 2. For other conditions see e.g. [13].

The author would like to thank Lé Diing Trdng, Mihai Tibdr and Jorg
Schiirmann for valuable discussions and the Deutsche Forschungsgemeinschaft
for financial support.

1. Cohomological results

1.1. Let Z be a complex space, V an open subset of C and g: Z — V a
holomorphic function. Let us suppose that we have a compactification of g,
i.e. a proper holomorphic extension g: Z — V, where Z is a complex space
which contains Z as a Zariski open dense subset. Let Z,, be the space Z \ Z.
We suppose that the inclusion j: Z — Z is Stein, i.e. that every z € Zy, has a
fundamental system of open Stein neighbourhoods U of z in Z such that U N Z



Euler characteristics and atypical values 169

is Stein. In particular, this hypothesis is fulfilled as soon as Z, is locally defined
in Z by one holomorphic function.

Let R be a principal ideal domain, e.g. Z or a field like Q or R. Let IF be a
bounded complex of sheaves of R-modules on Z. We will consider this complex
as an object of the derived category. Let us assume that [F is constructible, which
means that that the stalks of the cohomology sheaves are of finite type over R
and that there is a stratification (i.e. a complex analytic partition) of Z such that
every cohomology sheaf is locally constant along each stratum. Let R j, [F be the
direct image with respect to the right derived direct image functor; for simplicity
we will omit the indication of derived functors and write j,[F instead. In fact
we suppose that the partition above may be extended to an analytic partition
of Z: then J«IF is constructible, too. For the theory of constructible sheaves we
refer to [10].

Let us fix an integer m. We suppose that:

a) dim{z € Z | h"(IFZ) # 0} < m — k for all k (support condition),
b) dim{z € Z | imHX(U, U \ {z};F) # 0 or imH*'(U, U \ {z};F) is not

free} < k — m for all k (cosupport condition, cf. [5]).

Here U runs through the system of all open neighbourhoods of z in Z and
HK(U, U \ {z};F) is defined similarly to algebraic topology.

We will then write F € D™(Z).

In the case where R is a field this means — up to shift — that F is perverse
with respect to the middle perversity, and the conditions a) and b) are written
aslF € D="(Z) resp. F € D="(Z).

Example 1.1. If Z is smooth and everywhere of dimension m we have that
Rz as well as every locally free Rz-module of finite rank is in D™ (Z).

The same is true if Z is locally a complete intersection of dimension m.

In general, if dim Z = m the sheaf R; satisfies the support condition a)
above, of course. If R, satisfies the cosupport condition b), i.e. dim{z €
Z| liin H(U,U\{z}; R) # 0} < k — m for all k, we say that r Hdr(Z) > m
(r Hdg = rectified homological R-depth); cf. [5] Déf. 2.4.2.

Now let us consider the situation near a point 7y € V. Without loss
of generality we may suppose that 7y = 0. Remember that we have the
notion of the sheaf complex of vanishing cycles of j,F with respect to g:
@4 j,JF. This is a complex on 27 1({0}), the cohomology sheaves will be
denoted by <I>§ J«IF. We will not repeat the precise definition but recall that
(Cng*]F)Z ~HNU,UNg ' (1); j,F) =HU N Z,U Ng~'(t);F) where U is
a suitable open neighbourhood of z in Z which is sufficiently small and ¢ # 0 is
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sufficiently small compared with U. Notice our convention which may differ
from the literature by a shift!

In contrast to [3] where cohomological methods have been already used in
the context of compactifiable maps we will really exploit the central role of the
sheaf complex of vanishing cycles here.

Of course, R¥g,F = R¥g, (j,IF). We choose a Whitney regular stratification
of (Z, Z,) which is adapted to j,F, i.e. such that the cohomology sheaves
of j,[IF are locally constant along each stratum (this is the case as soon as the
stratification of Z is adapted to IF, see [10] Prop. 4.0.2, p. 215). Note that g is
submersive over V \ {0} in the stratified sense after shrinking V if necessary.
From now on let us suppose that V' is chosen in such a way.

Using Thom’s first isotopy lemma we obtain:

Lemma 1.2.

a) (R*g.F), ~H(g™'({t)),F), 1 € V \ {0}.

b) Suppose that g is submersive at z € g~ ({0}) in the stratified sense. Then
(@%j*lﬁ‘)z = 0 for all k.

c) If g is submersive in the stratified sense we have for every k: RFg,IF is
locally constant, and (R¥g,F), ~ H*(g~'({t}),F), t € V.

Furthermore, let us notice that ¢) follows from b):

Lemma 1.3.

a) Suppose that the complex ®¢j,[F is acyclic, i.e. its cohomology sheaves are
zero. Then we have for every k: R*g,F is locally constant.

b) Suppose that ®¢j.F is acyclic near Z,. Then we have for every k:
(R, F), =~ H' (g~ ({r}),F), 1 € V.

Proof. a) Let gy and g, be the mappings of g~'({0}) resp. g~'({0}) onto {0}.
Note that (g). Pz j.[F is acyclic. Since g is proper we get by base change:

(80)+PgjsF = D48, jiF = Da8.F.

Now @ ¢,F = H¥(g=!(W), g~'(#); F) if W is a suitable neighbourhood
of 0 in V and t € W\ {0}. So for all k: H¥(g~' (W), g7'(t);F) =0, i.e.
H(g~' (W), F) — (R¥g,[F), is bijective. Of course, the latter is true also
fort = 0.

b) Because of Lemma 1.2 it is sufficient to take t = 0.

Let us consider the following commutative diagram:

g0 S g7 ((0) L g (P N Zo
k4 k koo |

J i

Z < Z <~ Zoo
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Now it is sufficient to show that H(g=!(W), g~1(0); F) = 0 for all k. Let
[ be the inclusion of {0} in V. Then: [*g.F =[l*g,j.F = (EO)J*j*]F and
(80)ek™F = (g0)uk™ j* juF = (80)(jo)« jg K J.F. So the mapping H¥ (g~ (W),
F) — Hf(g~'(0);F) coincides with the map Rk(go)*(E* Jj«F) —
R¥(g0)+((io)s ng* J«IF). We have a distinguished triangle:

— PN — T . — . o 1
— @o)s(i0)uitk” jF —> @)k juF —> @olio)s ik juF —>

Therefore we must show that the first complex is acyclic. But we have two
further exact triangles:

_ . TR _ . . . _ . . . 1
—> @) (i0)uigk JuF —> (G0)+(i0)ig W juF —> (B)ulio)uigPgjFI+1] =

_ . a7l _ . N . _ . . . 1
— (8o)xi0)sigh juF —> (80)x(i0)xi g juF —> (Zo)x(i0)wig Vg juF[—1] AN

Since iéz! Jjx = kioi' j = 0 and @5 j,F is acyclic near Z,, we obtain the desired
result. [

1.2. In the remainder of this section we make the following

Assumption. The cohomology sheaves of the complex @, are concen-
trated on a finite set S.

Lemma 1.4.

a) gj.F € D"(g~(0)).
b) Forallz € S: (d)gj*]F)Z = 0 for k # m, (CD;l’j*IF)Z is free of finite rank.

Proof. a) We have that j,F € D"(Z): the support condition follows from [4]
because the mapping j is Stein, the cosupport condition is trivial. According
to a result of Schiirmann [10] Theorem 6.0.2 we can conclude that ®¢j,.[F €
D"(g~'(0)).

b) follows from a) because S is finite. ]

Theorem 1.5.

a) RKg,F is locally constant, k #m — 1, m,

b) the mapping t — rk (R*g,F), is lower semicontinuous for k = m — 1 and
upper semicontinuous for k = m.

©) (Rfg.F)=H( (0N, F), k#m—2,m—1,m,

d) the mapping t — rk H*(g~'({t}), F) is lower semicontinuous for k = m —
1 and upper semicontinuous for k = m — 2, m.

Proof.  Let us take up the notation of the proof of Lemma 1.3. According to
Lemma 1.4, ®¢j,F € D"(g'(0)).
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By hypothesis the cohomology of this complex is concentrated on the finite
set S. Therefore (g). P¢jF € D™(0). Since g is proper we get by base change:

(Eo)*cDg]*F = 0,48, jiF = ®;qg.F.

Now @f ¢.F =H'(g~' (W), g~'(t);F) if W is a suitable neighbour-
hood of 0 in V and t € W \ {0}. So H¥(g~' (W), g~'(¢t);F) = 0 for k # m,
H"™(g~" (W), g7'(1); F) is free. *

This implies a) and b).

Now let us compare Hf(g7'(0),F) and Hk(g~'(r),F), 1 #0:
First, H(g7!(r), F) >~ Wk (g.F) = ¥} (5, j.F) = R¥(g)). ¥e(j.F). Note that
@0)«(jo)s = (g0)« and jgk =k*j*, j*ju =id, so (Bo)(jo)sjik juF =
(80)+k* j* jF = (80)+k*F. So, H*(g~1(0), F) = R¥(g).k*F.

Furthermore, jiWs = W, j*, so jiWgj. = W,j*j. = W,. Therefore we

have a commutative diagram: (*¥*)
@k 1 F — @u(o) ik juF = (g0)k*F
\ \! 2

(80)+ Vg )il —> (80)«(Jo)xJo Vsl = (80)s W, I

We want to give a more geometric interpretation: Suppose that Z, is defined in
Z by ¢ =0, where ¢ : Z — [0, oo[ is a continuous subanalytic function. Let
Zo:={z€ Z|¢p(zx) > 1/r}. Choose r >0, then W and r € W \ {0} small
compared with 1/r. Then the diagram (**) above yields, after applying R¥ . . .,
the following commutative diagram:

H(g™' (W), F) —  H'(g7'(0),F)

v l
H(g™'(1). F) — H (') N Z<,, F)

Here, the right vertical is defined as composition:
H'g (0, F) — H'(g (0N Z<, F) «— H'(g™'(W)N Z<,, F)
— H(¢g' (0N Z<, ),

where the first two arrows are isomorphisms.
Now let us return to the diagram (**) of sheaf complexes before. The lower
horizontal can be completed to a distinguished triangle:

— . . . _ . . % . +1
— (80)(i0)4ig ¥z jsF —> (€0)s¥gjsF —> (€0)x(io)wji; Vg juF —

Let us consider the first term. We have another distinguished triangle

— . g — . . . — . . . 1
— (@o)wli0)eik juF —> (o)s(i0)sil PgjuF —> (Fo)wlio)wigWe juF[—1] —>
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Since iéz!j* = kéoi!j* = 0 we get a quasiisomorphism (EO)*(io)*i(")cbgj*F —
(80)+(i0)+ip Wz jF[—1], see end of proof of Lemma 1.3.

Since @z ). F e D™ (E’l({O}) is concentrated on a finite set we get that
(80)+(i0)<iy®¢ j.F € D"(0).

Altogether this implies that the lower horizontal map above in (**) induces
a mapping R*(g0). Vg jsF —> R¥(g0) o) i Vg juF, ie. H(g71(r), F) —
H*(g='(t) N Z<,, F), which is a monomorphism for k = m — 2, an epimor-
phism for k = m — 1 and an isomorphism otherwise.

As for the right vertical of (¥*), we have a distinguished triangle

% 1
— (80):k*F —> (0)x W F —> (g0): P F[+1] —

Now the cohomology of ®,F = j;®4j.[F € D™ (g’1 (0)) is concentrated on the
finite set S N Z, 50 (80)« P, F = (8¢)«(jo)«PF € D" (0). Thus we obtain that
the mapping R¥(g0).k*F —> R¥(go). ¥, F,i.e. H(g~(0), F) ~ H*(g~'(W) N
Z..,F) — H*(g~'(t) N Z,, F), is a monomorphism for k = m — 1, an epi-
morphism for k = m and an isomorphism otherwise.

Altogether we obtain: (F*F)

rkH (g7'(0), F) < rkH*(g7'(1), ), k=m—1
k=m-—-2,m
otherwise

v

This implies d).

Note that we may argue for the left vertical of the first commutative diagram
(**) similarly as for the right one. Altogether we obtain that the upper horizontal
of (**) induces an isomorphism R¥(gy).k j.F —> R¥(go).k*F for k # m —
2, m — 1, m, which implies ¢). ]

Furthermore let us look at the Euler characteristic
xe = x@ '{t), F) := Y (= Dfrk H* (g7 ' ({t}), FF).
Define p1. := rk(®% j.F).,z € g~ ({0}).
Of course, we have x;, = x((g.F),) := Zk(—l)krk(ng*IF), fort # 0.

Theorem 1.6.
a) xo = x((g«Fo),
b) xo—x: =" pe.

Proof. 'We refer to the proof of Theorem 1.5. The considerations there imply
the following equations:

X0 — X (80 WeF) = (=1)" 3 o7 Mo,
x((80)x¥eF) — xe = (=" 3. 7 M
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For the first equation, see the discussion of the right vertical in (**).

The lower horizontal in (**) shows that x((go)«W,F)— x; =
—X((Eo)*(lo)*lé‘l’gj*w) = X((?O)*(lo)*léd)gj*ﬁ?)

The distinguished triangle

_ . . . — . — . o . +1
— (80)x(i0)ig @5 jsF —> (80)«PgjuF —> (80)«(jo)sJi P F —>

shows  that  x((80)«(i0)eigPg/ul) = (=1)" 3 p. — (=" 3"/ e =
(=™ ZzeZm .. So we get the second equation, too.
Therefore

Xo—xe=(=D"> e

which gives b).
Similarly, because of (*):

x((&:F)) — x(&:F)) = (=" > " p.

A comparison between these formulas yields a), because x; = x((g.F);). U

Theorem 1.7. Suppose that the cohomology sheaves of the complex @ j.[F are
concentrated on a finite set S and that the mapping t — X, is locally constant.
Then we have for all k:

a) RFfg,TFis locally constant,
b) (R*g.F)o = H*(g~'({0}), F),
c) <I>§j*IF =0, i.e. we may take S = (.

Proof. Because of Theorem 1.6 b) we have that ®¢j,IF is acyclic, i.e. ¢). By
Lemma 1.3 we can derive a) and b). O

2. Absence of vanishing cycles

2.1. Now we return to the situation in section 1.1 and want to study the question
under which condition the complex &3 j.F is acyclic, avoiding the restriction
made in Theorem 1.7. We want to present a condition which only uses some
kind of Euler characteristics, putting r = 1 below.
Let g and g be as before (section 1.1). We assume that there are holomor-
hic mappings g1, ..., gu—1 : Z — C which extend to holomorphic mappings

Zis- 18y Z— C:=CU{oo}suchthat(g,,...,3,): Z— C" ' x Vis
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finite, where g, := g and g, := g. As before let us assume that the inclusion
j: Z — Zis Stein. Let IF be a complex of sheaves of R-modules which belongs
to D™(Z) and r > 0, where R is a principal ideal domain.

Theorem 2.1. Assume that the cohomology sheaves of @3 j.F vanish outside
some analytic subset of dimension <1. Then the following conditions are
equivalent:

a) Forallr <k <!, 0 < ji <... < jx <n there is a dense subset S; of
C* such that for all (s;.‘], ey s;k) € S; the following holds: The number
xUgj, = s_’/'-‘l, 8 = s;fk, gn = t}, F) is independent of t, |t| K 1.

b) The cohomology sheaves of @3 j.IF vanish outside some analytic subset of
dimension <r — 1.

Proof. a) = b): Let us choose some Whitney statification of (Z, E_l({O}))
adapted to @ j.[F which satisfies Thom’s ag -condition (the last property is
automatic by [1]). Let z be a point of some stratum Z; C §;1 ({0}) of dimension
k > r. Assume that the cohomology sheaves of ®¢ j,IF do not all vanish at z;

we can suppose that k is maximal with respect to this property. Of course,

k <. We must derive a contradiction. Put / := (815---»8y—1)- Then E(Z,-)
is analytic of dimension k. Take a smooth point s* = (s}, ..., s;_;) of this
set. After permutation of the components of 7 we may assume that the space
{s1 =57, ..., st = 57} is transversal to E(Z,-) at this point, 57, ..., sy # 0o. We
may assumethatg]-(z) = s_’l.k,j =1,...,n—1,then{g, =s7,...,8 =s;}is
transversal to Z; at z. Let S" := S 4 be as above, then we may assume that
7, ..., 80 € S’. Furthermore we may assume that {g, = ST, g =585 is

transversal to the whole stratification. Then the support of the cohomology of
@3, j«F intersects this set only in some set S which consists of finitely many
points. Now let Z' :=Z N {g, = St B =S 2 =2 NZ.,g :=3Z,
j’ the inclusion of Z’ in 7’, ' .= F|Z’'. Because of the transversality condition
we have for all z € g'~1({0})): (Pgji[F); >~ (®g j.F').. Note that we have base
change for j, because of [10] Prop. 4.3.1, p. 261, and for ®5 because of [10]
Lemma 4.3.4, p. 265. Furthermore, F' € D" (Z’). So we can apply Theorem
1.7 and conclude that the finite set S is empty, which is a contradiction to our
assumption z € S before.

b) = a): Without loss of generality we may assume j; = 1,..., jiy = k.
Let (s}, ..., s;) be chosen generically, Z etc. as above, z € 2 '({0}). Then the
cohomology of (®g j,F'), > (®gj.[F). vanishes, because » — 1 — k < 0. This
implies that the cohomology of (g(). Pz j/F') =~ ®;q(g).jiF' =~ ®ig(g).F
vanishes, which yields the desired result. O
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Note that in the case r =1 =0 a) = b) is just a consequence of
Theorem 1.7.

Remark 1. The hypothesis that the cohomology sheaves of @z j.IF van-
ish outside some analytic subset of dimension </ is fulfilled if we take
I = dim(supp ®,F) U (g7 ({0} N Zoo).

Example 2.2. Let Z be a closed analytic subset of CV x V, g @ i=z5,)=
L. .N+LZ:=C"xV)NZ g =%,|Z.3 = 8N1s 8 1T BN
Then j : Z — Zis Stein, and (g}, ..., Zy41) : Z — CV x V is the inclusion
of a closed subspace and therefore finite. So we can apply Theorem 2.1.

2.2. The mostimportant case is the following: Assume Z C C¥ Zariski-closed,
g : Z — C apolynomial mapping, Z := closure of the graph of g in CN x C,
8(2) := zn+1. Of course we may identify Z with the graph of g. Put g;(z) :=
zj,j=1,..., N. Then we can apply Theorem 2.1 (see Example 2.2) and
obtain:

Theorem 2.3. The following conditions are equivalent:

a) For all 0 <k <[ :=dim(supp ®,F)U @O NZe), 0<ji<...<
Jk < N there is a dense subset S of(Ck such that for all (s}‘] e, s;‘-‘k) es;
the following holds: The number x({z;, = s;‘l, cees 2 = sjk, g=t},F)is
independent of t, |t| < 1.

b) @z j.[Fis acyclic.

Remark 2. Fix t, [t| < 1. For 0 < ji <... < jx <N with 0 <k < put
xE) = x (g, = 52 =85, 8 =1}, F), where (s5,...,s7) is
chosen general enough. Let x;(IF) be the family of these numbers. Then we
may replace a) by the following equivalent condition:

a) =t +— x/(IF)is constant for || < 1.

Here we argue as follows: Let § > 0 be sufficiently small and ji, ..., ji
as above. There is a value ¢ such that M :={(s;,...,s;,. )| x(z; =
Sjy...,2j, =8j,8 =1},F) =c} is a constructible dense subset of Ck x
{|t| < 8}. Then the question is whether the intersection of M with C* x {0} is
dense in C* x {0}, too.

This condition a*) is similar to (but not the same as) the condition “polar
numbers constant” of M. Tibar, see [12].

Now look at the special case where F = L, £ being a locally free
Rz—module of finite rank, e.g. £L = Rz. Let Sing g be the set of critical
points of g in the stratified sense, with respect to the canonical Whitney stratifi-
cation of Z. Then supp ®,L is contained in g~ ({0} N Sing g. So we get from
Theorem 2.3:
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Theorem 2.4. Suppose that dim Z = m and r Hdg(Z) = m (see Example
1.1). The following conditions are equivalent:

a) Forall0 <k <1 :=dim(g~'({0}) N Singg) U@ '{0H N Zx), 0 < ji <
. < jx <N there is a dense subset S; of C* such that for all
(s;‘l, ..., 87 ) € S the following holds: The number x({z;, = s
s;.kk, g = t}, L) is independent of t, |t| K 1.
b) &g j.Lis acyclic.

*

j]an-’ZjA:

Note that g—!1({0}) = §_1({0}) if Z =C". So we get:

Corollary 2.5. Suppose that g : C> — C is a polynomial mapping such that
g~ '({0}) is generically reduced, i.e. reduced except for a nowhere dense subset.
The following conditions are equivalent:

a) The number x({g = t}, L) is independent of t, |t| K 1.
b) ®gj.L is acyclic.

Remark 3. There are other cases which can be reduced to the situation consid-
ered in Theorem 2.4. In particular, we can include the case of rational functions:

a) Suppose that we look at a family of algebraic subvarieties of CV depending
on some parameter ¢ instead of the fibres of some polynomial mapping: The
varieties are of the form {z € CV| fi(z, ) = ... = fi(z, 1) = 0}, where
fis ..., fi: CN*1 — C are polynomial functions. Then these varieties can
be identified with the fibres of the mapping {z € CN*!| fi(z, 1) = ... =
fi(z,t) =0} — C: (z,t) — .

b) Suppose that instead of Z we look at {z € Z|h(z) # 0}, where h is
some polynomial function: This space can be identified with {(z,?) €
Z xClth(z) =1}.

c) Suppose that we are looking at the fibres of a rational function f;/f>
on C": These are of the form {z| f1(z) = tf2(z), f2(z) # 0}. Using the
approach of a) and b), we see that the fibres can be identified with the
fibres of the mapping {(z, s, 1) € C"*2| fi(z) = tf>(z), sf2(z) = 1} —> C:
(z,8,1) —t.

This shows that it is important to look at polynomial functions on affine vari-
eties, not just C".

In fact the case where C? is replaced by an affine surface has already been
considered by Zaidenberg [14].
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3. Topological triviality

3.1. Let g and g be as in section 1.1. We want to give a condition under which
g defines a locally trivial topological fibre bundle. We assume that there is a
principal ideal sheaf 7 in O whose zero set is Z. If we choose a Whitney
stratification of Z such that Z, is a union of strata and if g is submersive in
the stratified sense, i.e. the restriction of g to every stratum is submersive, we
know that g defines a topological fibre bundle. We are, however, interested in
a condition which does not necessitate to investigate Whitney conditions at
infinity, i.e. along Z.
Now we make the following

Assumption. Z is smooth and everywhere of dimension m, g is submersive.

In the following lemma the properness of g is not used. Let py € Zoo N
27 '({0}). Let f be a representative of a generator of Z po- Since the statement
is local we may suppose that Z is an analytic subset of some open set U in
C!, po = 0 and that g and f are defined on U. We may assume that these are
non-trivial linear functions, passing to the graph of the mapping (g, f).

Let 7, be the set of limits at py of tangent spaces to Z N {f = const} at
points p near py.

Furthermore let R be a principal ideal domain and £ a locally free Rz-
module of finite rank whose stalks are non-trivial.

Lemma 3.1.  Suppose that the complex @z j.L is acyclic. Then dg, |L # 0,
L €T,

Proof.  Since we may pass from R to its quotient field we may assume that R
is a field.

Let us fix a Whitney stratification of Z such that Z,, is a union of strata.
Note that automatically Thom’s a¢-condition is satisfied because of [1] Th.
4.2.1.

Let k be the inclusion of Z in U. Remember that J«L is perverse, so k, j. L,
too. By [8] Theorem 3.2 we know that (dg)y & SS(k.j«L), where SS denotes
the microsupport, see [7] V.1. Note that the microsupport is a closed subset of
the cotangent bundle of U.

By [7] Prop. 8.6.4 we can conclude that the fact that & j.L is acyclic is not
disturbed if we replace g by a different function with the same differential at 0.

By adding a quadratic form a;z3 + - -- + a;z7, where ay, ..., a € C are
general enough, we may achieve that we have an isolated critical point at 0 in
the stratified sense. This is accomplished in the usual way: First pass to Z x C'.
Then for each stratum S of Z, {(z,a) € (S\ {0}) x C' | g(z) + 123 +--- +
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alz,2 = 0} is smooth, let a = (ay, ..., a;) be a regular value for the restriction
of (z, a) — a to this subset.

Passing to new coordinates we may suppose that 0 is at most an isolated
singular point from the very beginning.

Let0 < § < € K 1. Then Z, and {g = 0} intersect transversally along the
intersection with S, because we have at most an isolated singular point, and
the intersection of Z, N {g = 0} with S is transversal, by the Curve Selection
Lemma. We may pass here from Z, to { f = s} (by Thom’s a s-condition) and
from {g = 0} to {g = ¢}, where |s|, |t| < 4. Finally, we may here replace g by
a linear function v which is sufficiently near g. (*)

Now fix 5,0 < |fg| < 8. Then {g = to} intersects the stratified space D, N Z
transversally. If v is sufficiently near to the linear function g we have that {v =
fo} intersects D, N Z still transversally and that H*(Z N D, N {|v| < 8}, Z N
D.N{v=1}L)=HZND., ZND.N{g=1t}; L) =0forall k. Because
of (*) we know that ®,_, j, L is acyclic near S, for || < §. So we can conclude
that HY(Z N D. N{jv] <8}, ZN D N{v =1ty}; L) = GB(be_u(p)j*E)p,where
Ipll < €, |v(p)| <8, v(p) # to. Therefore ®,_, j, L must be acyclic for || < §
in D, N Z (along t = 1, this is clear). (**)

Leti and i ,, denote the inclusion of g~'(0) N Zin Z and of pying~'(0) N Z,
respectively. By hypothesis, ®g . L is acyclic, 50 i), ®gj.L, too. Now i} i' j.L
is acyclic, so il’,0 Wz j. L is acyclic, too.

For 0 <|t|]<8<e<kl we have 0= hk(il’,olllgj*ﬁ) =HYD.NZN
g ON{fI <8, DNZNg ) N{IfI <8N (S ULl f] = 8));L).

So O0=HD.NZnv'@¢)N{|fl <8, D.NZnv i H)N{f] <8}
N(Se U{|fI=38}); L) if v is near dg,, and O < |¢| < . First, v should be
near dg , for given 7 but this restriction turns out to be unnecessary since the
statement does not depend on ¢, because of (¥*).

Now take —| f|? as Morse function on D, N Z Nv~!(¢). The restriction to
Se N Z Nv~!(¢) has no critical point p with | f(p)| < § because of (¥). If we
have a critical point p in the interior with | f(p)| < § and Milnor number .,
we get a direct summand for the cohomology with k =m — 1 of the form
,cﬁ" # 0, which leads to a contradiction. So there are no such critical points.

Assume now that the assertion of the lemma is not true: then near py there
is a p and v close to dg,, such that p is a critical point of f|{v = v(p)} N Z.
This is a contradiction. ]

As a first consequence we get that we have at least locally a fibre bundle:

Lemma 3.2. Under the assumption of Lemma 3.1, g|D. N Z N g~ '({Jt| < a})
defines a C* fibre bundle over {|t| < o} for) <a K € K 1.
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Proof.  Let us choose a stratification and € as in the preceding proof. Then we
may find suitable vector fields whose flows lead to the desired trivialization. [

Consequently we obtain:

Lemma 3.3. Let F be a locally constant sheaf of R-modules on Z. Under the
hypothesis of Lemma 3.1 ®5j,F is acyclic.

In order to handle the global case let us pass to some uniform version of
Lemma 3.1:

Lemma 3.4. Suppose that the complex ®4j.L is acyclicc M > 0. Then
dg,,|L # Owhenever L is a limit at py of tangent spaces to Z N { f(z)e
const} at points p near po where ||u|| < M.

<u,z2> _

Proof. Wereplace Z by Z x C! with the induced stratification which is Whit-
ney regular, too, f by F : (z,u) — f(z)e="**> and g by (z, u) — g(z). Then
apply Lemma 3.1 to the new situation (the hypothesis is fulfilled).

Let us look at the tangent space to Z N { f(z)e="*> = const} at a point p.
This corresponds to the tangent space to (Z X CHN{F = const} at (p, u),
intersected by the space du = 0. Finally we have Thom’s ag-condition which
implies that the limits of tangent spaces to (Z x C') N {F = const} at points
(0, up) are of the form L x C'. Altogether this implies our assertion. ]

Theorem 3.5. Assume that the complex O3 j.L is acyclic. Then g defines a
C® fibre bundle over {|t| < 1}.

Proof. Let py and f be as above. By partition of unity we may con-
struct a C* function ¢ which is near py of the form ¢ =|f|>p for
some positive smooth function p. Then (3¢). = f(2)p(2)df. + | f(2)|*dp. =
F@)p)e <"==d(fe<"*>), where u is determined by (u,...) = 9p./p(2).
Therefore, by Lemma 3.4, the restriction of g to the fibres ¢ = const # 0 near
Z o 1S submersive.

Now we may build a smooth vector field v on Z such that d¢(v) = 0, dg(v)
= 1 (resp. = i). Integrating we obtain the desired smooth trivialization. O

Corollary 3.6. Let F be a locally constant sheaf of R-modules on Z. Under
the assumption of Theorem 3.5 the sheaves R¥g,F are constant with fibres
isomorphic to H*(g~'(t), F) over {|t] < 1}.

Proof. This is a direct consequence of Theorem 3.5 but also of Lemma 1.3.

g
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Furthermore we can derive a result which has been proved in the case
Z = C™ by Parusiniski [9] who generalized an earlier result of Siersma and
Tibar [11]:

Corollary 3.7. Assume that all complexes ®3j.Cz are acyclic outside some
finite set and that the functions t — x(g~'(t)) are constant. Then g defines a
C® fibre bundle over {|t| < 1}.

Proof. This follows from Theorem 1.7¢) and Theorem 3.5. ]

3.2. From now on we drop the hypothesis that g is submersive but still make
the following

Assumption. Z is smooth and everywhere of dimension m.

Asbefore, let £ be alocally free Rz-module of finite rank with non-vanishing
stalks.

Lemma 3.8. The following conditions are equivalent:

a) g is submersive over {|t| < 1},
b) &, L is acyclic.

Proof. a) = b) clear.

b) = a): It is sufficient to show that g~'({0}) is a smooth hypersurface in Z.
Take a Whitney regular stratification of Z such that g~'({0}) and Sing g~'({0})
are unions of strata. Assume Sing g~'({0}) # : Let us take a point z in a
stratum of Sing g~'({0}) of maximal dimension. Let Z’ be a normal slice at
zin Z. Then (®,L), = (P42 L]|Z’),. Now Z' is smooth, and z is at most an
isolated singular point of g|Z’. The acyclicity of (®4 2 £|Z’), implies that the
reduced Milnor number of g|Z’ at z vanishes, so g|Z’ is regular at z, hence g,
too, which contradicts our assumption. O

Now we can show that Theorem 3.5 still holds without the assumption that
g is submersive:

Theorem 3.9. Assume that the complex ®5j.L is acyclic. Then g defines a
C® fibre bundle over {|t| < 1}.

Proof. Because of Lemma 3.8 g is submersive over {|¢| < 1}; note that
(®zj.L)g'({0}) = ®,L. Now apply Theorem 3.5. d

3.3. Now let us pass to the assumptions of section 2.2. As before let £ be a
locally free Rz-module of finite rank with non-vanishing stalks. Furthermore
let us suppose that Z is smooth (as before), pure-dimensional and that g does
not annihilate any of the connected components of Z.
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Theorem 3.10. Suppose that dimZ = m. Put [ := dimSing g~'({0}) U
(§71({0}) N Zs) < m — 1. The following conditions are equivalent:

a) For all 0 <k <1,0 < ji <... < jx <N there is a dense subset S; of
C* such that for all (s}, ..., 83) €S the following holds: The number
x{z;, = s;, e 2y = s;-‘k, Zn+1 = t}, L) is independent of t, |t| < 1.

b) &g j.L is acyclic.

c) Forall0 <k <1,0 < ji <...< jx <N thereis a dense subset §; oka
such that for all (s}, ..., s}) € S; the following holds: The map g|{z;, =
s;‘l, e 2 = s;fk} defines a C* fibre bundle over {|t| < 1}.

Proof. a) = b): see Theorem 2.1.
b) = c): Apply Theorem 3.5.
¢) = a): clear. O

Corollary 3.11. Suppose that dim Z = m, that g='({0}) = g~ '({0}) (e.g. Z =
C™) and that g~'({0}) is generically reduced. The following conditions are
equivalent:

a) Forall0 <k <m—2,0 < j <...< jx <N there is a dense subset S;
of C¥ such that for all (85,5, 5};) € S the following holds: The number
xUzj =%, ..., 2j, =8}, znv41 = t}, L) is independent of t, |t| < 1.

b ®gj.L is acyclic.

¢) Forall0 <k <m—2,0 < ji <... < jx <N there is a dense subset S;
of CF such that for all (85,5, 5}) €S the following holds: The map
gz, = s;‘], ey = s;’fk} defines a C™ fibre bundle over {|t| < 1}.

Proof. With the notations of Theorem 3.10 we have [ < m — 2. O

Remark 4. The condition c) in Theorem 3.10 resp. Corollary 3.11 does not
depend on the choice of £, so the same holds for a) and b) which is not obvious
from the beginning!

Proof of the theorem of the introduction. This follows from Corollary 3.11.
O

In the case m = 2 we obtain the following generalization of the theorem of
Ha-Lé:

Corollary 3.12. Suppose that diim Z = 2, that g='({0}) = g '({0}) (e.g. Z =
C?) and that g~'({0}) is generically reduced. If x ({g = t}) is independent of t
for |t| < 1 the mapping g defines a C™ fibre bundle over {|t| < 1}.

Let us show that none of the hypotheses of Corollary 3.12 can be dropped.
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First, the hypothesis that g~'({0}) is generically reduced cannot be
omitted:

Example 3.13. Look at C* x C — C: (z1,z22) z%. The Euler characteristic
of all fibres vanishes but the fibre over 0 is a multiple one and therefore
nowhere reduced. The other assumptions of Corollary 3.12 are fulfilled: We
take Z = {(z1, 22, 23) € C* | 2120 = 1}, 8(z1, 22, 23) = 23.

Second, we cannot renounce to the hypothesis that g=1({0}) = g~'({0}) if
we pass from C? to a smooth surface:

Example 3.14. The mapping {z € C?|z,22 # 0} — C: (21, 22) = 2122 has
no critical points but does not define a topological fibre bundle since the fibre
over 0 is empty, the others are isomorphic to C*. The Euler characteristic of
all fibres is 0. According to section 2.2 we can rewrite our example as follows:
{z € C| 212223 = 1} —> C: z > z122. The assumption g—1({0}) = g~ ({0}
is not fulfilled because g—1({0}) = @.

Third, the dimension assumption in Corollary 3.12 cannot be dropped:

Example 3.15. Let us modify the Broughton example C> — C: (zy, z0) —>
21(z1z2 — 1) by multiplying by a factor C*, i.e. C*xC*—>C:z+ z1(ziz2 —
1). Since the Euler characteristic is multiplicative the Euler characteristic of
every new fibre is 0. According to section 2.2 we may write our example
as follows: Z :={z € C*|z3z4 = 1}, g : Z —> C: z > 7325 — z;. The Euler
characteristic of the fibres of g is constant, as we have seen, but not the one of
the fibres of g|{z € Z | z3 = 23} if 2§ # 0, because these fibres correspond to
the fibres of the original Broughton example. Of course O is an atypical value
of g.
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14
Answer to a question of Zariski

A. HEFEZ AND M. E. HERNANDES

Abstract

We give a negative answer to a question asked by Oscar Zariski in
the book The Moduli Problem for Plane Branches, about genericity,
normal forms and analytic classification of plane branches.

1. Introduction

The analytic classification program for plane branches, within an equisingu-
larity class, started by Ebey [1] and Zariski [4], was finished by the authors of
the present note in [3], whose results allow us also to answer, in the negative,
a specific question about normal forms, genericity and analytic classification
asked by Zariski in [4, Remark 6.14, Chapter VI]. The scope of this paper is
widened by giving the complete analytic classification of the equisingularity
class determined by the semigroup of values (7, 8), where our counterexample
was picked. This may be useful in other contexts, since very few equisingularity
classes are completely classified in the literature. Throughout this paper, we
use the notation of [3].

2. Classification of the equisingularity class (7, 8)

In this section we give the analytic classification of plane branches belonging
to the equisingularity class given by the semigroup of values I' = (7, 8).

2000 Mathematics Subject Classification 14H20 (primary), 14Q05, 14Q20, 32510 (secondary).
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Since the conductor of I' is 42, we have that any plane branch in this
equisingularity class is A-equivalent to a branch in the family

Xr = {(t7,t8+ Z aiti); a; € C},
8<i<42

where A-equivalence means equivalence under analytic changes of coordinates
p in the source and o in the target as germs of functions (C, 0) — (C?, (0, 0)),
given as follows (c.f. [3, (2.2)]):

oX,Y)="X+p,r*Y +¢q)

and

7 .8 iV\ 7
f = p(t) = rt (1 N p(t 1 +7Z78<i<4zalt )) ’
r't
where r € C*, p is in the ideal (X2, Y) and ¢ is in the ideal (X, Y)?.

The application of [2, Algorithm 4.10] and [3, Theorem 2.1] can give the
analytic classification of branches in the equisingularity class determined by
any semigroup of values I'.

In the case where I = (7, 8), the result is that any plane branch with this
given semigroup of values is .4-equivalent to one normal form in Table 1, and
two parametrizations, ¢ = (1", 18 + 3", ca;it’) and ¢’ = (t7, 13+ >, _galt),
belonging to the table, are equivalent if and only if they are homothetic, meaning
that @; = r*~'a/, for all i, where r is a (A — 8)th root of unity and A is the order

of the first term in ), _g a;t'.

3. The question of Zariski

Zariski dedicated [4, Sections 4, 5 and 6, Chapter VI] to the study of branches
with semigroups of the form I' = (v, vy + 1), where the following result was
proved:

Theorem 3.1 ([4, Theorem 6.12]). Let vy > 5, and let

Q= tvo,lvoJrl+avo+3tvo+3+"'+a2vo—lt2v071+ Z ai[i ’

a7
ieU;_, L
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where

— -31.
L,=f{so+D+1,....,(s+wy—1} and ¢ = [”02 } '
and such that a; = 0, whenever i is one of the first s + 1 elements of Ly for
all 2 < s < q. Then two generic parametrizations of the above form (called
canonical parametrizations) are A-equivalent if and only if they are homothetic.

Zariski proved that the above theorem is true for 2 < vy < 6 without the
genericity condition on the parameters and asks the following question (c.f. [4,
Remark 6.14)):

Is the above theorem true for vy > 6, without the genericity assumption on
the coefficients of the parametrizations?

The answer is no! An example arises exactly in the first and simplest situation
not analyzed by Zariski, namely for I' = (7, 8), where Zariski’s canonical form
becomes:

@, 8+ ar' + bt + e 4+ dr + er®).

The trick to build such an example consists in taking a branch which is
simultaneously in one of our normal forms and in Zariski’s canonical form.
Then we transform it by .4-equivalence into a branch in canonical form, but
with an extra term (hence not in normal form), so that the two branches are not
homothetic.

To produce our example, we start with a branch:

11
0= (t7,t8+t'0+t” +Zt12+a13t13>,

where a3 # 2741. This corresponds to a branch in row 2 of table 14.1 and it is
obviously in Zariski’s canonical form.

Since any term of order greater than 20 is irrelevant for our analysis and may
be eliminated by suitable changes of coordinates, it is enough to consider the
changes of coordinates o and p of section 2 with p = b, Y + b, X% + b3 XY +
byY?* and ¢ = ¢1X? 4+ ;XY + c3Y2. Computing the parameters b; and ¢j in
order to keep Zariski’s canonical form, we get

8 12 3 1
:b :O’ :—b . :——b s b :——b s b :——b .
Ci 1 (&) 7 2, C3 7 2 3 ) 2 4 2 2

T In view of [4, Definition 6.10 and Remark 6.11], one should have s < U"z_ 2, which leads to

q= [”OE 3] and notg = [%} as stated incorrectly in [4, Proposition 6.12] and not used as

such in the sequel.
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Table 14.1. Normal forms for plane branches with ' = (7, 8)

Condition Normal Form

13+9a?
ap # —g+ @7, 8 + 110+ ap ' + apt'? + apst!? + agot®)

13+9a, 12
3 t

39 27 .3 1 11 1 1
a3 # Ban + Bady @7 8+ 10 fan + +apt® +aot")

13494?
(t7’t8+t10+a Moy +89a“t12

ay # A
+(Zan + Zad) 17 + aror” + axr®)
o 7, 8 4110 4y + %IIZ
0o +(3(9)6111 + %afl)tw + ajor'? + axt®® + axt?7)
(t7, lS + tll +6112t12 +a13t13 +a20t20)
A7, 8 + 112 + agst® + aygt'®)
aig # —3 @7, 13 4+ 11 4+ aist'® + ajot'® + art?®)
(7,5 117 = 118 4 1019 4 apr™)
ax # 12al, (@7, 18 + '8 4+ a101" + axt® + axt?’)
(7,85 + 118 4 apor!? + 202,120 4 gy¢77)
(7,15 + 11° + axt®)
(17,18 412 4 ayet)
(17,18 4+ 1% 4 ayt?T)
7,13 4+ 177)
@, 184+ 13%
(7, 1%
where
Ao Ea”alg _ 3577 _ 47399a121 _ 100970141‘1 _ 17523(1?1 _ 2]87a§1.
4 512 2560 320 1280 1280

In this way we get the following equivalent branch to ¢:

11 301
o= <t17, i+ + thz + apst)? + 5by (Z - 5a13> t120> .

Since a3 ;ﬁ , for every choice of b, # 0 we get a branch ¢, equivalent to
¢ and in Zariski’s canonical form, but without being homothetically equivalent
to it, giving a negative answer to Zariski’s question.
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Projections of timelike surfaces
in the de Sitter space

SHYUICHI IZUMIYA AND FARID TARI

Abstract

We study in this paper projections of embedded timelike hypersur-
faces M in ST along geodesics. We deal in more details with the
case of surfaces in S 13, characterise geometrically the singularities
of the projections and prove duality results analogous to those of
Shcherbak for central projections of surfaces in R P3.

1. Introduction

We study in this paper the contact of timelike hypersurfaces in the de Sitter space
St with geodesics. The contact is measured by the singularities of projections
along geodesics to transverse sets. There are three types of geodesics in Sy,
spacelike, timelike and lightlike ([13]). In the case of spacelike and timelike
geodesics we project, respectively, to orthogonal hyperbolic and elliptic de
Sitter hyperquadrics. For a lightlike geodesic, we project to a transverse space as
the orthogonal space contains the geodesic. We give in section 3 the expressions
for the families of projections along the three types of geodesics.

Given a point p on a timelike hypersurface M C S{, there is a well defined
unit normal vector e(p) € S} to M at p; see [4] and section 2. If M is orientable,
then e(p) is globally defined. However, it is always locally defined and our
investigation here is local in nature. We have the (de Sitter) Gauss map

E:M— S
p — e(p)

2000 Mathematics Subject Classification 53A35, 53B30, 58K05.
FT was partially supported by a Royal Society International Outgoing Short Visit grant.
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with the property that its differential map (the Weingarten map) —dE, is a
self-adjoint operator on T, M ([4]). As M is timelike, the restriction of the
pseudo-scalar product in the Minkowski space to T, M is also a pseudo scalar
product. Therefore, —dIE, does not always have real eigenvalues. When these
are real, we call the associated eigenvectors the principal directions of M at
p. For timelike surfaces in 513 there is a curve, labelled the lightlike principal
locus in [7, 10] (L P L for short), that separates regions on M where there are
two distinct principal directions and regions where there are none. On the LP L
there is a unique double principal direction. One can also define the concept
of an asymptotic direction on a surface M in S}. We say that v € T, M is an
asymptotic direction at p € M if (dE,(v), v) = 0, see section 2 for details.

We show in section 4 that the singularities of the projections of surfaces
in S 13 along the three types of geodesics capture some aspects of the extrinsic
geometry of the surface related to the Gauss map E. Indeed, the singularity
at p € M of a given projection is of type cusp or worse if and only if the
tangent to the geodesic at p is an asymptotic direction (Theorems 4.2 and 4.3).
We characterise geometrically in section 4 all the generic singularities of the
projections along geodesics. For instance the L P L is picked up as the locus of
points where the projections along the lightlike geodesics have singularities of
type cusp. The projections also pick up special points on the L PL (Theorem
4.3), namely the singular points of the configuration of the lines of principal
curvature.

The first author introduced duality concepts between hypersurfaces in the
pseudo spheres in the Minkowski space [4, 5]; see section 6 for details. We
use these concepts to prove in section 5 duality results between some surfaces
associated to a timelike surface M C S; and special curves on the dual surface
M* of M. The results are analogous to those of Shcherbak in [16] for central
projections of surfaces in R P3, and to those of Bruce-Romero Fuster in [2] for
orthogonal projections of surfaces in the Euclidean space R>.

The work in this paper is part of a project on projections of submanifolds
embedded in the pseudo-spheres in the Minkowski space R} via singularity
theory. We dealt in [8] with the contact of (hyper)surfaces with geodesics in the
hyperbolic space (see also [11]) and in [9] with their contact with horocycles.

2. Preliminaries

We start by recalling some basic concepts in hyperbolic geometry (see
for example [14] for details). The Minkowski (n + 1)-space (R’l’“, (,)) is
the (n 4 1)-dimensional vector space R"*! endowed by the pseudo scalar
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product (x,y) = —xoyo + i X;yi, for x=(xp,...,x,) and y=
(yo, ..., yp) in R'{“. We say that a vector x in R']'H \ {0} is spacelike, light-
like or timelike if (x,x) > 0, = 0 or < 0 respectively. The norm of a vector
x € RI™! is defined by |x[| = +/[(x, x)]. Given a vector v € R!*" and a real
number ¢, a hyperplane with pseudo normal v is defined by

HP(v,c)={x e R"" | (x,v) = c}.

We say that H P (v, c) is a spacelike, timelike or lightlike hyperplane if v is
timelike, spacelike or lightlike respectively. We have the following three types
of pseudo-spheres in R+

Hyperbolic n-space : H'(—1) = {x € R’,’“ | (x,x) =—1},
de Sitter n-space : St ={x e R | (x,x) =1},
(open) lightcone :  LC* ={x € R'l’“ \ {0} | (x,x) =0}

We also define the lightcone (n — 1)-sphere
ST = {x = (x0, ..., X)) | {(x,x) =0, xo=1}.

A hypersurface given by the intersection of S} with a spacelike (resp. time-
like) hyperplane is called an elliptic hyperquadric (resp. hyperbolic hyper-
quadric).

A smooth embedded hypersurface M in ST is said to be timelike if its tangent
space T, M at any point p € M is a timelike vector space. Some aspects of the
extrinsic geometry of timelike hypersurfaces in S7 are studied in [4, 7, 10].

Let M be a timelike hypersurface embedded in S7. Given a local chart
i : U — M,where U is an open subset of R"~! we denote byx : U — Sfsuch
embedding, identify x(U) with U through the embedding x and write M =

x(U). Since (x,x) =1, we have (x,,,x) =0, fori =1,...,n — 1, where
u=uy,...,u,—1) € U. We define the spacelike unit normal vector e(«) to M
at x(u) by
xXW)ANx, (U)AN . .oAX,, (1)
e(u) '

T X A X ) A - A Xy @I

where A denotes the wedge product of n vectors in R’f“ (see for example [14]).
The de Sitter Gauss map is defined in [4] by

E:M— S
p — e(p)

Atany p e M and v € T,M, one can show that D,E € T,M, where D,
denotes the covariant derivative with respect to the tangent vector v. The linear
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transformation A, = —dIE(p) is called the de Sitter shape operator. Because
the surface M is timelike, the restriction of the pseudo scalar product in R}
to M is a pseudo scalar product. Therefore, the shape operator A, does not
always have real eigenvalues. When these are real, we call them the principal
curvatures of M at p and the corresponding eigenvectors are called the principal
directions.

We now review some concepts of the extrinsic geometry of embed-
ded timelike surfaces M in S? (so n = 3 above). We denote by (u, v) the
coordinates in U C R?. The first fundamental form of the surface M at
a point p is the quadratic form I, : T,M — R given by I,(v) = (v, v). If
v =ax, + bx, € T,M, then 1,(v) = Ea® + 2Fab + Gb*, where

E:(xuvxll)v F:<xusxv>v G:<xvvxv>-

are the coefficients of the first fundamental form. Because M is timelike, we
have EG — F? < 0, so at any point p € x(U) C M there are two lightlike
directions in T, M. These are the solutions of 1,(v) = 0.

The second fundamental form of the surface M at the point p is the quadratic
form II, : T,M — R given by I ,(v) = (Ap(v), v), with A, = —dE(p). For
v =ax, + bx, € T,M, we have I,,(v) = la® + 2mab + nb*, where

[ =— <euaxll) = <€, xu”)
m = — (Eu,xv> = (e,xuv> = (e’ xvu) = - <evvxu>
n =-— (evv xv) - (e,xm,)

The shape operator A determines pairs of foliations on M ([10]). A line of
principal curvature is a curve on the surface whose tangent at all points is a
principal direction. These form a pair of foliation in some region of M, given
by the following binary differential equation

(Gm — Fn)dv* + (Gl — En)dvdu + (FI — Em)du* = 0.  (2.1)
The discriminant function of this equation is
8(u,v) = ((Gl — En)* — 4Gm — Fn)(Fl — Em)) (u,v).  (2.2)

When §(u, v) > 0, there are two distinct principal directions at p = x(u, v).
These coincide at points where §(u, v) = 0. There are no principal directions
at points where §(u, v) < 0. We labelled in [7, 10] the locus of points where
8(u, v) = 0 the Lightlike Principal Locus (L P L for short).

Proposition 2.1 ([7, 10]). (1) For a generic timelike surface M € Sl3, the
LPL is a curve which is smooth except at isolated points where it has Morse
singularities of type node. The singular points are where the shape operator is
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a multiple of the identity, and are labelled “timelike umbilic points”. The LPL
is also the set of points on M where the two principal directions coincide and
become lightlike.

(2) The LPL divides the surfaces into two regions. In one of them there are no
principal directions and in the other there are two distinct principal directions
at each point. In the latter case, the principal directions are orthogonal and
one is spacelike while the other is timelike.

We also have the concept of asymptotic directions. A direction v € T, M is
called asymptotic if 11,(v) = (Ap(v), v) = 0 ([10]). An asymptotic curve is a
curve on the surface whose tangent at all points is an asymptotic direction. The
equation of the asymptotic curves is

ndv* + 2mdudv + ldu* = 0. (2.3)

The discriminant of equation (2.3) is the locus of points where m? — nl
vanishes. This is the set of points where the Gauss-Kronecker curvature K =
det(A,) = (m* — nl)/(F? — EG) = 0 vanishes, and is labelled the (de Sitter)
parabolic set. The parabolic set of a generic surface, when not empty, is a
smooth curve. It meets the L PL at isolated points and the two curves are
tangential at their points of intersection ([10]). In the region K > 0 there are
two distinct asymptotic directions and there are no asymptotic directions in
the region K < 0. On the parabolic set K = 0 there is a unique asymptotic
direction. This direction is tangent to the parabolic set when it is lightlike and
this occurs at the point of tangency of the parabolic set with the L P L. These
points are the folded singularities of the asymptotic curves ([10]). On one side
of such points, the unique asymptotic direction is spacelike and on the other
side it is timelike ([10]). (On the L PL one of the asymptotic directions is
lightlike and coincides with the unique principal direction there. The generic
local topological configurations of the principal and asymptotic curves are
studied in [10].)

Lety:I - MC S? be a regular curve on a timelike surface M. We
can parametrise y by arc-length and assume that y(s) is unit speed,
that is, (y/(s), ¥'(s)) = £1. Let 1(s) = ¥/(s) and w(s) = y(s) A t(s) A e(s),
where e(s) = e(y(s)). The acceleration vector y”(s) is written, in the frame
{y(s), t(s), e(s), w(s)}, in the form

Y (8) = Fy(s) + kn($)e(s) + kg (s)w(s)

where «,(s) is the geodesic curvature of y on M at y(s). When the
curve y is not parametrised by arc length, we re-parametrise by arc-length
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I(s) = / [ly’()||dt and the formula for the curvature is
0

l ’ ’ !
() = e (1070 = 1Oy 0, wio)
A unit speed curve y is geodesic on M if and only if k, = 0. A point y(s)
is called a geodesic inflection if k4(s) = 0.

Definition 2.2. The flecnodal curve of a timelike surface in S ? is the locus of
geodesic inflections of the of the asymptotic curves.

3. The family of projections along geodesics in S}

We exhibit in this section the expressions for the family of projections along
geodesics in S} for n > 3 and deal in more details with the case n = 3 in the
following section. We start with projections along timelike geodesics.

Let HP(v,0)N S}, v € H"(—1), be (a flat) elliptic hyperquadric. Given a
point p € S}, there is a unique timelike geodesic in S} which intersects orthog-
onally the elliptic hyperquadric at some point g(v, p). We call the point g(v, p)
the orthogonal projection of p in the direction v to the elliptic hyperquadric
H P(v,0)N S”, and consider the fibre bundle

i Ay ={(v,q) € H'(=1) x ST | (v,q) =0} — S}

where 7}, is the canonical projection (see Appendix). By varying v, we obtain
a family of orthogonal projections along timelike geodesics to elliptic hyper-
quadrics parametrised by vectors in H"(—1).

Theorem 3.1. The family of orthogonal projections in S| along timelike
geodesics is given by

Pr: H'"(=1) x S — A4
(v, p)  +— (v,q(v, p)

where q(v, p) has the following expression

1
qv, p) = —=(p+ (v, p)v).
V14 (v, p)?

Proof. Let p € S{ and v € H"(—1). A timelike geodesic passing through p
is parametrised by

c(t) = cosh(?) p + sinh(t)w, 3.1
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for some w € H"(—1) tangent to the geodesic at c¢(0) = p and with (w, p) = 0.
At some ty, we have c(fg) = g(v, p) and ¢'(fy) = sinh(to) p + cosh(fp)w = v.
Thus, (c'(ty), p) = (v, p), which gives sinh(1p) = (v, p). Therefore, cosh(ty) =

V' 1+ (v, p)%. From this we get
1

W=————=0—{v.p)p).
1+ (v, p)

Substituting in (3.1) for t = £y yields g(v, p) = (p + (v, p) v) /v 1 + (v, p)z.
Il

We consider next projections along spacelike geodesics. Let H P(v, 0) N §}
be a hyperbolic hyperquadric, so v € 7. Given a point p € S} — {fv}, there is
a unique spacelike geodesic in ST which intersects orthogonally H P(v, 0) N S}
at two points g* (v, p). The points p = Fv are excluded as all the space-
like geodesics orthogonal to H P(v,0) N S} pass through these two points.
Therefore, their projection is not well defined. We call the points g (v, p) the
orthogonal projection of p in the direction v to the hyperbolic hyperquadric
HP(v,0)N ST. We consider the fibre bundle

syt As = {(v, q) € S} x ST

(v.q) =0} — S}

with 75, the canonical projection to the second component (see Appendix).
By varying v, we obtain a family of orthogonal projections along spacelike
geodesics to hyperbolic hyperquadrics parametrised by vectors in S7.

Theorem 3.2. The family of orthogonal projections in S| along spacelike
geodesics is given by
Ps: St x ST —{(v, xv),v e S} — As
(v, p) = (v, ¢ (v, p)
where q* (v, p) has the following expression
1

G, p) = F———m=(p — (0. P) V).
1 - (Uv P)

Proof. Let (v, p) € § x S7. A spacelike geodesic passing through p is
parametrised by
c(t) = cos(t)p + sin(t)w, 3.2)

for some w € S} tangent to the geodesic at ¢(0) = p and with (w, p) =0.
At some 1y, we have c(t)) = g(v, p) and ¢'(ty) = — sin(ty) p + cos(fo)w = v.
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So (c'(ty), p) = (v, p), which gives sin(fy) = — (v, p). Therefore, cos(ty) =
+/1 — (v, p)>. Wehave (v, p)* = lifand onlyif p = 4v and this is excluded.
Hence,

w==x

1
—— (v — (v, p) ).
Vv 1 - (U» P>2

By substituting in (3.2) for r = #; we get

g=, p)=E(p — (v, p)v) /y/1 = (v, p)*.

The hyperbolic hyperquadric H P(v, 0) N S has two connected components,
gt (v, p) lies on one component and g~ (v, p) on the other. O

We consider now projections along lightlike geodesics, which are lines in
S parallel to lightlike vectors. An orthogonal space to a lightlike geodesic con-
tains the geodesic, so we cannot define projections along lightlike geodesics
to orthogonal spaces (which are cylinders). We shall fix instead a space trans-
verse to all lightlike geodesics in S] and project to this space. We denote
by {ep, ..., e,} the canonical basis of R']'H. Any lightlike geodesic intersects
transversally the elliptic de Sitter quadric $"~! = H P(eg, 0) N S, so we take
S"=1 as the space to project to.

We fix a point in sn=1 say e; = (0, 1,0, ..., 0). A lightlike line through e,
is parametrised by e; + fv, t € R, where v € Sf’[l C LC*. This line lies is S}
if and only if (v, e;) = 0. Thus, the lightlike geodesics in S} that pass through
e can be parametrised by

S ={(1,0,v,...,v0) eR™ 10l + .. 4v2 =1} C §77' C LC*.

Any lightlike geodesic in ST can be obtained by rotating a lightlike geodesic
through e;. The rotation is in the form A = Id,, x B, where B is a rotation
in §"!' = HP(ep, 0) N St. Givenv € sz, the geodesics A(e;) +1tA(v), t €
R, obtained by varying B € SO(n — 1) foliate S7. We can now define the
projection in S} along lightlike geodesics as follows.

Given a point p € S and v € S 2, there exists a unique A = Id,, x B,
with B € SO(n — 1), such that A(p) belongs to the lightlike geodesic e; + fv.
Then A(p) = e; + {ey, p) v. We define the lightlike projection of p to §"~!
along the direction v as the point

q(v, p) = A" (e1) = A" (A(p) — (e, p) v) = p — (e, p) A" ().
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Definition 3.3. The family of projections along lightlike geodesics to the de
Sitter elliptic hyperquadric S"~! is defined by

P : S_”;z x S} — sn-1

(v, p) = qv,p)

where q(v, p) = p — (e, p) A"'(v), and A = Id,, x B, with B € SO(n — 1),
is the unique rotation taking p to a point on the lightlike geodesic e; + fv,
teR.

Given an embedded submanifold M in ST, the family of projections of M
along geodesics refer to the restriction of the families P, Ps and Py to M.
We still denote this restriction by Py, Ps and Pr respectively. We have the
following result where the term generic is defined in terms of transversality to
submanifolds of multi-jet spaces (see for example [3]).

Theorem 3.4. For a residual set of embeddings x : M — Sy, the families Py,
Ps and Pr are generic families of mappings.

Proof. The theorem follows from Montaldi’s result in [12] and the fact that
Prlg2yps Pslsyxm—(w.ves;xmy and Pr|pn-1)xpm are stable maps. O

4. Projections of timelike surfaces in S;

A projection along a geodesic is singular at p € M if and only if the geodesic is
tangent to M at p. Therefore, for spacelike surfaces (whose tangent spaces at all
points are spacelike) the projections along timelike and lightlike geodesics are
always local diffeomorphisms. The study of projections of spacelike surfaces
along spacelike geodesics is similar to that of projections of surfaces in H3(—1)
[9]. So we deal here with embedded timelike surfaces M in Sf. The projection
of M at py € M along a given geodesic can be represented locally by a map-
germ from the plane to the plane. These map-germs are extensively studied.
We refer to [ 15] for the list of the A-orbits with A,-codimension < 6, where A
denotes the Mather group of smooth changes of coordinates in the source and
target. In Table 15.1, we reproduce from [15] the list of local singularities of
A,-codimension < 3.

We study the local singularities of the projections along the three types of
geodesics and characterise them geometrically.
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Table 15.1. A,.-codimension < 3 local singularities of map-germs
R2,0 — R%,0([15]).

Name Normal form A.-codimension
Immersion (x,y) 0
Fold (x,y%) 0
Cusp (x,xy + ) 0

4 (k =2 lips/beaks; (x,y3 £ x*y), k=234 k—1

k = 3 goose)

5 (swallowtail) (x, xy +y% 1

6 (butterfly) (x, xy +y> £y 2

7 (x, xy +y°) 3
oy (k=2gulls)  (x,xy>+y*+y*) k=2,3 &k

12 (x, xy + 3% + y°) 3

16 (x, x%y + y* £y°) 3

4.1. Projections along timelike and spacelike geodesics

It follows from Theorem 3.4 that, for a generic embedding of a timelike surface
in Sf, only singularities of 4.-codimension < 3 can occur in the members
of the family of orthogonal projections of the surface along spacelike and
timelike geodesics (3 being the dimension of the parameter spaces S; and
H3(—1) respectively). We denote by P (resp. Pp)themap M — HP(v,0)N
S} given by PY(p) = o Ps(v, p) (resp. PA(p) = 7 o Pr(v, p)), where 7 is
the projection to the second component. The following result follows from
Theorem 3.4.

Proposition4.1. Fora residual set of embeddingsx : M — S3, the projections
P (resp. P}) in the family Ps (resp. Pr) have local singularities A-equivalent
to one in Table 1. Moreover, these singularities are versally unfolded by the
family Ps (resp. Pr).

We seek to derive geometric information on M from the local singularities
of the projections. We deal with the members of the family P; and make an
observation about those of Ps.

Given v € H3(—1) and p € S?, we denote by v* the parallel transport of
v to p along a geodesic orthogonal to H P(v,0) N Sl3. From the proof of
Theorem 3.1 we have v* = (v — (v, p) p) /v 1 + (v, p)z. ‘We observe that the
map H*(—1) — T,S; N H*(—1) given by v — v*/||v*|| is a submersion, and
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the pre-image of a vector w is the curve
Cy,(t) = cosh(t)w + sinh(¢)p, t € R.

(There is a pencil of hyperplanes defining the same elliptic quadric in S;.) We
have the following result where the names of the singularities of f’}J are those
in Table 15.1.

Theorem 4.2. Let M be an embedded timelike surface in Sf andv € H3(—1).

(1) The projection Py is singular at a point p € M if and only if v* € T,M.

(2) The singularity of Py at p is of type cusp or worse if and only if v* is a
timelike asymptotic direction at p.

(3) The singularity of Py at p is of Type 5 (i.e., swallowtail) if and only if
v* is a timelike asymptotic direction and p is on the flecnodal curve. The
singularity is of Type 6 if and only if v* is tangent to the flecnodal curve
at p. At these tangency points, there are generically up to 8 directions on
the curve C,- C H3(—1) where the singularity becomes of Type 7.

(4) The singularities of P} at p is of type 4, k = 2,3, 4, if and only if p is
a parabolic point but not a folded singular point of the asymptotic curves
and v* is the unique timelike asymptotic direction there. There are up to
12 directions on the curve C,- where the singularity becomes of type 4.
There are isolated points on the parabolic set where the singularity of the
projection along these special directions becomes of Type 44.

(5) Atfolded singularity of the asymptotic curves there are up to 12 directions
on the curve C, where the singularity is of Type 16. Away from these
directions the singularity is generically of Type 11s, and for up to 38
directions on C: it becomes of Type 114. The singularities of Type 12 do
not occur in general.

Proof.  As our study is local in nature, we can make some assumptions about
the position of the of surface patch and the choice of the geodesic. We shall
assume that the surface patch is at some point py and that this point is taken
by a geodesic C; to e; = (0, 1,0,0) € HP(ey, 0) N S13. We also suppose that
eo = (1, 0,0, 0) is tangent to C; at ;. The geodesic C; can then be parametrised
by

c1(t) = cosh(t)e; + sinh(t)eg, t € R.
We take, without loss of generality, the point on the surface to be py =
(1, \/5, 0, 0). The tangent to C; at py is parallel to w = (\/5, 1, 0, 0). Then the

vectors v € H3(=1) satisfying w = v*/||v*|| are in the form v = (v, vy, 0, 0)
with —v3 + v7 = —1.
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The surface patch at py can be taken in Monge form

¢(xﬂy):(l+x7\/l+(1+x)2_fz(x7y)_y25yaf(xsy))

where f is a smooth function in some neighbourhood U of the origin in R?,
(x,y) € U and f(0,0) = 0. (There is nothing special about the above setting,
the results are local in nature and are valid for any v € H3(—1) and at any point
Po €M)

The projection to the elliptic quadric H P(v, 0) N Sf = HP(ey,0)NS 13 in
the direction v (with v as above) is then given by

1
Pr(x,y) = q(v, ¢(x, y)) = = (@(x, y) + (v, ¢(x, y)) v)
1+ (v, ¢(x, y))

(see Theorem 3.1). As we are interested in the .4-singularities of the projection,
we can simplify the expression of P; by projecting further to the tangent space
of the elliptic quadric H P(eyp, 0) N Sf at e;. This tangent space is generated
by (0, 0, 1, 0) and (0, 0, 0, 1) and we take the projection to this space to be the
restriction of the canonical projection 7 : R* — R2, with 7 (xg, X1, X2, X3) =
(x2, x3). Therefore, the modified projection P;° = 7 o P is a map-germ from
the plane to the plane given by

~ 1
Pr(x,y) = Mx—))w(y’ S 9),

withA(x, y, v) = (1 + (—vo(1 + x) + viv/1T+ (1 +x)2 = f2(x, y) — y)H)'2.
The map-germ P} is singular at the origin if and only if f,(0,0) = 0, if and
only if v* = w € T,,M.

We can make successive changes of coordinates in the sources and target
and write the appropriate k-jet of P}J in the form (y, g(x, y)). We can then
obtain the conditions on the coefficients of the Taylor expansion of f for P}
to have a given singularity at the origin. The calculations are carried out using
Maple. For example, the 2-jet of P is A-equivalent to (y, axx? + a1 xy). We
have a fold singularity if and only if ayy # 0. The condition a;p = 0 means that
¢.(0,0) = V2w is an asymptotic direction at pg. The remaining calculations
are done similarly but are too lengthy to reproduce here. ]

For projections along a spacelike geodesic, we choose the geodesic C,
given by c,(¢) = cos(t)e; + sin(t)e; and project to the hyperbolic quadric
HP(e,0)N 513. We take the point py = (0, «/5/2, 0, \/5/2) on the surface
(and on C,) and project the surface patch around p along geodesics parallel to
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C,. We take the surface in Monge form

2
2 2
px,y) = (f(x,y), |14 f2x,y) - <%_ +x) -y y,%_+x)

with f(0,0) = £,(0, 0) = 0. The modified projection is then a map-germ from
the plane to the plane and is given by

- 1
Pg'(x,y) = - (f(x, ¥)5 9.
/(4 +x) 97— L)

We can obtain the conditions for ﬁ; ' to have a given singularity at the origin
from the coefficients of the Taylor expansion of f and interpret these geometri-
cally. The results are similar to those in Theorem 4.2. One needs to take v € S;
and replace timelike asymptotic direction by spacelike asymptotic direction in
the statement of Theorem 4.2. The numbers of directions in the statements also
need changing. In statement (3) we have up to 4 directions on C,+ giving sin-
gularities of Type 7; in statement (4), there are up to 2 directions on C,+ giving
singularities of Type 43; in statement (5), there up to 16 directions on C,+ where
the singularity becomes of Type 117. There are generically no singularities of
type 12 or 16.

4.2. Projections along lightlike geodesics

We shall give an explicit expression for the projection P, (Definition 3.3)
in 513~ Consider the sphere S? = {(0, vy, v, v3) : vf + v% + v% = 1} (we shall
drop the first coordinate of points in $?). Let

cosf —sinf 0 cos¢p 0 —sing
Ty =| sinf cos6é O, Ty= 0 1 0
0 0 1 sing 0 cos¢

and their composite

cosfcos¢p —sinf —cosOsing
To,p) =TopoTy = | sinfcos¢p cosf —sinfsing
sin ¢ 0 cos ¢

Any point on §% — (0, 0, 1) is the image of the point ¢; = (1,0, 0) by a
rotation 7' (6, ¢), for some (8, ¢) € [0, 27 ]x] — %, %[. (One can consider other
rotations to cover the points (0, 0, £1).)

We consider in S} the rotation A =1Id,, x T(s,4). Let v e St =
{(1,0,v2,v3) : v3 +v3 = 1} C LC*. A point p = (po, p1, p2, p3) is projected
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to ¢(v, p) € S* along the lightlike geodesic determined by v (see Definition
3.3). The point g(v, p) is the image of e; by a rotation A for some (9, ¢). The
point p is on the line g(v, p) 4+ tA(v), and we have p = q(v, p) + poA(v), that
is,

Do 0 1
p1 | | cosfcose —vy sinf — v3cosf sin¢
p2 | | sinfcose POl v, cos6 — vy sin@ sin

P3 sin ¢ V3 COS ¢

We suppose that g(v, p) # (0, 0, £1), this implies that p? + p? # 0. We can

then solve the above system for 6 and ¢ and get
pop2va+piy/1—pi+piv3

Pop3vs+y/ 1= p3+piv3

cos ¢ = cosf =
14 p2? pi+p3
. ps — povsy/1 — p3 + pjvi —pop1va+pay/ 1—p3+pivi
sin¢g = 5 sinf = >
1+ pyv3 Pi+p;

To analyse the singularities of P}, we take v = (1, 0, 0, 1), the point py =
e; + v so that g(po, v) = e;. Then, a local parametrisation of the surface can
be taken in the form

d(x, y) = (1 +x,8(x,y), v, f(x,y))

with (x, y) is in some neighbourhood of the origin in R?, f(0,0) =1,
£:(0,0) =1 and g(x,y) = /1 + (1 +x)> — y2 — f2(x, y). We consider the
modified projection I5£ by projecting further to the tangent space of T, S =
{(0,0, x2, x3) : x2, x3 € R}, which we identify with R2. Then, the resulting
map-germ from the plane to the plane is given by the last two components of
q(v, p), that is (sin 8 cos ¢, sin ¢), with sinf, cos ¢, sin ¢ as above. That is,

50 (yg(x,y)((l +x)f(x,y)+gx,y) flx,y)— +x)g(x,y))
L A+d+x0)x,y) 1+ (1+x)? '

We take the 4-jet of f in the form j*f(x,y) =14 x +any+ axx*+
anxy +any® + Yo_gaux Ty 4+ Y anxtlyl

The surface patch parametrised by ¢ is timelike if and only if a;; # 0. A
short calculation shows that the 4-jet of the projection is A-equivalent to the
map-germ given by

1
(y, axx*+ ayxy + azx’+ az x*y — (50121 +ajax — 032) xy? + falx, y)) ,
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with

i i
fa(x, y) = (aso + 3a3)) x* + anx’y — (5af,a20 + ar1(asy + az1) + azoan
i i
+ 3a3, — agn) xX*y* + (5a43 — azaxn — an(axn + an)) xy°.

We have a fold singularity if and only if ayg # 0; a cusp singularity if and only
if ayo = 0 and ay1a39 # 0; a lips/beaks singularity if and only if ayg = ax; =0
and a30(3(af + 2ayay1 — 2azp)azy + 2a§1) # 0; a swallowtail singularity if and
only if ayp = azp = 0, and aso ;ﬁ 0.

To interpret these conditions geometrically we consider the L P L, given by
4(x, y) = 01in expression (2.2) in section 2. We calculate the coefficients of the
first and second fundamental forms and find that the point pg is on the L P L if
and only if

ano (a20 — 2a a1 + 4612061?1 + 4af1a20 — 461?16121 + 461%16122) =0.
The asymptotic directions at p, are given by
azzdyz + ardxdy + azodx2 =0.

In particular, the singularity of P/ is worse than fold (axy = 0) if and only
if po € LPL and v = ¢,(0, 0) is a lightlike asymptotic direction. (Then v is
also the double principal direction at py, see section 2.) The other asymptotic
direction is not lightlike unless the L P L is singular.

When a,y = 0, we assume that 2a;;a2, — a; — 2a%1a21 # 0, otherwise the
point py is a timelike umbilic point so the LPL is singular there. At such
points both asymptotic directions are lightlike and the projection P, along
these directions has a cusp singularity.

Suppose that ayp = 0. Then the 1-jet of the equation of the L P L is given by

(2anaxn — 2af,ax1 — ax) (—3anazx — (—a3, +anaz) y) .

As the surface is timelike, a;; # 0. Therefore, the singularity of the pro-
jection is of type swallowtail at py or worse (i.e., azp = 0) if and only if the
lightlike direction v is tangent to the L P L. (This occur at precisely the folded
singularities of the configuration of the principal curves [10].)

The point py is on the parabolic set if and only if a%, — 4arpary; = 0. There-
fore, we have a lips/beaks singularity (axg = a,; = 0) at the point of tangency
of the L P L with the parabolic set. We have thus the following result.

Theorem 4.3. The projection P} can have generically the local codimension
< 1 singularities in Table 1. The singularity of P} at py € M is of type
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(1) fold if and only if v is not a lightlike asymptotic direction at py,

(2) cusp if and only if v is a lightlike asymptotic direction at py and is trans-
verse to the LPL;

(3) swallowtail if and only if v is lightlike asymptotic direction at py and is
tangent to the LPL;

(4) lips/beaks if and only if v is a lightlike asymptotic direction at poy and pg
is the point of tangency of the LPL with the parabolic curve.

5. Duality

We prove in this section duality result similar to those in [8, 9], and to those
in [16] for central projections of surfaces in RP? and in [2] for orthogonal
projections of surfaces in R?.

Let M be an embedded timelike surface in S;. We shall use the duality
concepts in [4, 5, 6], see §6 for details. We denote by A5 the ruled surface
in§ 13 swept out by the geodesics in S ? passing through a parabolic point of M
and with tangent direction there its unique asymptotic direction. We assume
that the unique asymptotic direction is not lightlike, so the point is not on the
LPL.

Let p(¢),t € I = (—a, a),a > 0, be alocal parametrisation of the parabolic
set of M and u(r) be the unique unit asymptotic direction at p(¢). Recall that
if po = p(to) is on the L P L, u(t) is spacelike on one side of py and timelike
on the other side ([10] and section 2). The surface A5*" has two connected
components given by

AT = {cos(s)p(t) + sin()u(r), (s.1) € I x J, (u(t), u(t)) = 1}
A 7" = {eosh(s)p(1) + sinh(s)u(), (s, 1) € T x J, (u(@), u(t) = —1)

with J = (—b, b), for some b > 0. We also denote by A;||A; the ruled surface
swept out by the spacelike or timelike geodesics in 513 that are tangent to M at
two points where the normals to M at such points are parallel (i.e., the projection
Ps or Py has a multi-local singularity of type double tangent fold). The surface
A1]]A; has also two component determined by the type of bi-tangent geodesics.
We have the following result, whose proof is similar to that of Theorem 3.8
in [9].

Theorem 5.1. Let M* be the As-dual of a timelike surface M embedded in 513-

(1) The As-dual of the surface AY" is the cuspidaledge of M*.
(2) The As-dual of the surface A1||A| is the self-intersection line of M*.
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Proof. (1) We deal with the A; ~P4" component (the calculations are similar

for the component A """ and are omitted) and parametrise it as above by
v(s,t) = cos(s)p(t) + sin(s)u(t). The normal to the surface Agfpar is along

YA Vs Ay =cos ($)p(t) Ault) A p'(t) + sin* () p(t) A u(t) Au'(t).

At a generic point p on the parabolic set, the asymptotic direction is trans-
verse to the parabolic set, so p(t) A u(t) A p'(t) is along e(p(t)). One can
prove, following the same arguments in the proof of Lemma 3.11 in [8],
that p(t) A u(t) A u'(t) is also along e(p(z)). Therefore, y A y; A y, is along
e(p(1)), and it follows from this that the normal to the ruled surface Ai TP s
constant along the rulings and is given by the normal vector e(p(¢)) to M at
p(t). This means that Agf” “" is a de Sitter developable surface (i.e., K = 0 on
A37P"). Therefore, the As-dual of A3 """ is {e(p), p a parabolic point}. This
is precisely the singular set (i.e., the cuspidaledge) of M*, the As-dual surface
of M.

(2) Suppose a multi-local singularity (double tangent fold) occurs at two
points p; and p, on M. The surface A;||A; is then a ruled surface generated
by spacelike geodesics along a curve C; on M through p;, or a curve C, on M
through p,. The normals to the surface at points on C; and C; that are on the
same ruling of A;||A; are parallel. Let g(¢) be a local parametrisation of the
curve C; and u(¢) be the unit tangent direction to the ruling in A;||A; through
q(t). A parametrisation of A|||A; is given by

w(s, t) = cos(s)q(t) + sin(s)u(t).

The normal to this surface is along cos3(s)V;(¢) + sin’(s) Va(¢) with V;(¢) =
q(t) Au(t) A q'(t) and Vo () = q(t) A u(t) A u'(t). These normals are parallel
at two points on any ruling, one point being on the curve C; and the other on
C,. Therefore, Vi(¢) and V,(¢) are parallel, so the normal to the surface A;||A;
is constant along the rulings of this surface. As these are along the normal to
the surface at g(¢), it follows that the As-dual of A{||A; is {e(p), p € C1} =
{e(p), p € C,}. This is precisely the self-intersection line of M*, the As-dual
surface of M. O

We consider now some components of the bifurcation sets of the families of
projections Pg and Pr.

Theorem 5.2. Let M* be the As-dual of a timelike surface M embedded in S 13
Then,

(1) The local stratum Bif(Ps, lips/beaks) of the bifurcation set of Ps, which
consists of vectors v € 513 for which the projection P§ has a lips/beaks
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singularity, is a ruled surface. The As-dual of Bif (Ps, lips/beaks) is the
cuspidaledge of M*.

(2) The multi-local stratum Bif (Ps, DT F) of the bifurcation set of Ps, which
consists of vectors v € Sl3 for which the projection Pg has a multi-local
singularity of type double tangent fold, is a ruled surface. The As-dual of
this ruled surface is the self-intersection line of M*.

(3) The local stratum Bif (Pr, lips/beaks) of the bifurcation set of Pr, which
consists of vectors v € H3(—1) for which the projection P} has a lips/beaks
singularity, is a ruled surface. The Ay-dual of Bif(Pr, lips/beaks) is the
cuspidaledge of M*.

(4) The multi-local stratum Bi f (Pr, DT F) of the bifurcation set of Pr, which
consists of vectors v € H3(—1) for which the projection P} has a multi-
local singularity of type double tangent fold, is a ruled surface. The As-dual
of this ruled surface is the self-intersection line of M*.

Proof.  'We prove (1) as the proof of (2) is similar. It follows from Theorem
4.2(5) that the lips/beaks stratum Bif(Ps,lips/beaks) of the family Ps is
given by the setof v € § ? such that v* is an asymptotic direction at a parabolic
point p, where v* denotes the parallel transport of v to p. Thus, v* = u(t)
when v € Bif(Ps,lips/beaks), where u(t) is the unique asymptotic direction
at p(t).

We have then

1
u(®) =v* = —— (v — (v, p(®)) p(1))
1 — (v, p(®))

v=1/1—= (v, p(t))*u(t) + (v, p(t)) p(t).

If we set sin(s) = (v, p(t)) we get

and hence

Bif( Pp, lips/beaks) = {cos(s)u(t) + sin(s)p(t),t € I, s € R},

which shows that Bif( Pp, lips/beaks) is a ruled surface. For the duality
result, following Remark 2, we need to find the unit normal vector to
Bif( Ps, lips/beaks). Following the same argument in the proof of Theorem
5.1, we find that the normal vector is constant along the rulings of the surface
Bif( Ps, lips/beaks) and is along e(t), and the result follows. ]

Remark 1. It is shown in [16] that other strata of the bifurcation set of the
family of central projections of a surface in R P3 are also self-dual. For instance,
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the strata As, A? and A; x A, are all self-dual. These results do not hold
in our context. If we define the A; set as the surface formed by geodesics
through points on the flecnodal curve and with tangent at these points along
the associated asymptotic direction, then this surface is not in general a ruled
surface. This means that the dual of the As-set is not the flecnodal curve on the
As-dual surface of M. The situation is similar for the other strata.

6. Appendix

We require some properties of contact manifolds and Legendrian submanifolds
for the duality results in this paper (for more details see for example [1]). Let
N be a (2n + 1)-dimensional smooth manifold and K be a field of tangent
hyperplanes on N. Such a field is locally defined by a 1-form «. The tangent
hyperplane field K is said to be non-degenerate if ¢ A (d)" # 0 atany point on
N. The pair (N, K) is a contact manifold if K is a non-degenerate hyperplane
field. In this case K is called a contact structure and « a contact form.

A submanifold i : L C N of a contact manifold (N, K) is said to be Leg-
endrian if dim L = n and di (T L) C Ki(x) at any x € L. A smooth fibre
bundle 7 : E — M is called a Legendrian fibration if its total space E is
furnished with a contact structure and the fibres of 7 are Legendrian submani-
folds.Letw : E — M be aLegendrian fibration. For a Legendrian submanifold
i:LCE,moi:L — M iscalled a Legendrian map. The image of the Leg-
endrian map 7 o i is called a wavefront set of i and is denoted by W (7).

The duality concepts we use in this paper is one of those introduced in
[4, 5, 6], where five Legendrian double fibrations are considered on subsets of
the product of two of the pseudo spheres H"(—1), ST and LC*. We recall here
only those that are needed in this paper:

(D@ H"(=1)x 8] DA ={(v,w)| (v, w) =0},
(b) ATE Al —> H"(—l), T2 . A] — S",
(c) O = {dv, w)|Ay, 012 = (v, dw)|A;.
(5) (@ ST x 8§ D As={(, w)| (v, w) =0},
(b) 5] - AS —> S;l, 5 ° A5 — ST’,
(©) 51 = {dv, w)|As, 652 = (v, dw)|As.

Here, ;1 (v, w) = v and m;5(v, w) = w fori = 1, 5, {dv, w) = —wedvy +
> widv; and (v, dw) = —vodwo + Y_+_; vidw;. The 1-forms 6;; and 6,5,
i = 1,5, define the same tangent hyperplane field over A; which is denoted
by K;.
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Theorem 6.1. ([4, 5, 6]) The pairs (A;, K;), i = 1,5, are contact manifolds
and ;1 and 1y are Legendrian fibrations.

Remark.

(1) Given a Legendrian submanifold i : L — A;, i = 1,5, Theorem 6.1
states that m;1(i(L)) is dual to m;»(i(L)) and vice-versa. We shall call this
duality A;-duality.

(2) If 11 (i(L)) is smooth at a point 7711 (i (u)), then m>(i(x)) is the normal
vector to the hypersurface my(i(L)) C H{(—1) at m1;(i(«)). Conversely, if
m12(i(L)) is smooth at a point m1,(i(u)), then m;;(i(«)) is the normal vector
to the hypersurface mi2(i(L)) C S{. The same properties hold for the As-
duality.
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Spacelike submanifolds of codimension at most
two in de Sitter space

M. KASEDOU

Abstract

The aim of this paper is to provide a description of the main geo-
metrical properties of spacelike submanifolds of codimension at
most two in de Sitter space, that have been studied by the author
with full details in other papers, as an application of the theory
of Legendrian singularities. We analyze the geometrical meaning
of the singularities of lightcone Gauss images, lightcone Gauss
maps and lightlike hypersurfaces of generic spacelike surfaces in
de Sitter 3-space and de Sitter 4-space.

1. Introduction

In this paper we consider de Sitter space, which is a Lorentzian space form
with positive curvature defined by a pseudo n-sphere in Minkowski space. The
spacelike curves in de Sitter 3-space are investigated in [5] and the lightlike
surface of the spacelike curves are constructed from the Frenet-Serret type
formula. In [9] the differential geometry of the timelike surfaces in de Sitter
space are discussed, and the singularities of de Sitter Gauss images of timelike
surfaces in de Sitter 3-space are classified. The principal, asymptotic and char-
acteristic curves associated to the de Sitter Gauss maps are investigated in [10],
and the contact of timelike surfaces with geodesic loci are investigated in [11].
In [12] we investigated the lightcone Gauss image of spacelike hypersurface
in de Sitter space, which is the analogous tool in [6]. The singularities of the
Gauss images correspond to the parabolic sets of spacelike hypersurfaces. In
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the case of spacelike submanifold of codimension two, the normal direction of
spacelike submanifold cannot be chosen uniquely. However, we can determine
the lightcone normal frames. In [13] we investigated the singularities of Gauss
maps and lightlike hypersurfaces by using analogous tools to those applied in
[7, 8] to the study of spacelike submanifolds in Minkowski space. The singu-
larities of lightlike hypersurfaces have a relation with the principal curvatures
of spacelike submanifolds.

This paper is organized as follows. In §2 we introduce the notion of the light-
cone Gauss images of spacelike hypersurfaces. We define the Gauss-Kronecker
curvature with respect to the lightcone Gauss image. In §3 we introduce a fam-
ily of functions that is called the lightcone height function. The singular set
of the lightcone Gauss image is the lightcone parabolic set of the spacelike
hypersurface and this can be interpreted as the discriminant set of the fam-
ily of height functions. We give a proof of Proposition 3.3. In §4 we discuss
the contact between hypersurfaces and de Sitter hyperhorospheres. We apply
the theory of Legendrian singularities to study the lightcone Gauss images of
generic hypersurfaces. In §5 we give the classification of the singularities of
lightcone Gauss images of generic spacelike surfaces in de Sitter 3-space. In
this case we have two singular types of lightcone Gauss images, which are
the cuspidal edge and the swallowtail. In §6 we introduce the notion of the
lightcone Gauss maps, the normalized lightcone Gauss-Kronecker curvatures
and principal curvatures of spacelike submanifold of codimension two. In §7
we introduce the notion of the lightlike hypersurfaces and a family of functions
that is called the Lorentzian distance squared functions. In §8 we apply the Leg-
endrian singularity theory for the study of lightcone Gauss images of generic
spacelike submanifolds. In §9 we classify the singular types of lightcone Gauss
maps and lightlike surfaces.

2. Lightcone Gauss images of spacelike hypersurfaces

In this section we discuss the differential geometry of spacelike hypersur-
faces in de Sitter space and introduce the notion of the lightcone Gauss
image by using analogous tools to those of [6]. Let n > 0 be an inte-
ger and R"™! = {x = (x0, ..., X,) | x; € R} be an (n + 1)-dimensional vec-
tor space. For any vector x and y, the pseudo scalar product is defined by
(X,y) = —xoyo + Y1y Xiyi- We call (R"*!, (,)) a Minkowski (n + 1)-space
and write R} instead of (R"*!, (,)). We say that a vector x € R™" \ {0} is
spacelike, lightlike or timelike if (x,x) > 0, (x,x) =0 or (x,x) < 0 respec-
tively. The norm of the vector x is defined by ||x|| = +/|(x, x)]. For a vector
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Ve ]R']'H \ {0} and a real number c, a hyperplane with pseudo normal Vv is
defined by HP(v,¢) = {x € R’l’“ | (x,v) = c}. We call HP(v, c¢) a spacelike
hyperplane, timelike hyperplane or lightlike hyperplane if v is timelike, space-
like or lightlike respectively. We define hyperbolic n-space and de Sitter n-space
by

Hi(-D={xeR™ | (x,x) = —1,x > 1},
St ={xeR™ | (x,x)=1}.

For any x;, X5, ..., X, € R’f“, we can define a vector X; A X, A ... AX, with
the property (X,X; A...AX,) =det(X, Xy, ...,X,), so that X; A...AX, is
pseudo-orthogonal to any x; (for i =1,...,n). Let A € R’I’H, we define a
set LC; = {x € IR’IHI | (x — A, x — A) = 0}, which is called a closed lightcone
with vertex A. We denote LC} = {X = (xp, ..., x,) € LCy | xo > 0 (x9 < 0)}
and call it the future (resp. past) lightcone at the origin.

We now study the extrinsic differential geometry of spacelike hypersurfaces
in $7.LetX : U —> S} be an embedding, where U C R"~! is an open subset.
We say X is a spacelike hypersurface in S if every non zero vector generated
by {Xu,.(u)}l'.‘:_l1 is always spacelike, where u = (u1, ..., u,_1) is an element of
U and X, is a partial derivative of X with respect to u;. We denote M = X(U)
and identify M with U through the embedding X. Since (X, X) = 1, we have
(X, X) =0 (fori =1,...,n—1). It follows that a hyperplane spanned by
{X,X,,,...,X,,_,}is spacelike. We define a vector

Xu) A Xy, )AL AX,, (1)
[1X(u) A Xy, ) Ao AX, @]

e(u) =

Then we have (e,X,,) =(e,X) =0 and (e,e)=—1fori=1,...,n— 1.
Therefore we have X(u) £ e(u) € LC}. We define a map L*: U — LC% by

L) = X(u) £ e(u),

which is called the lightcone Gauss image of X.

We now consider a hypersurface defined by H P(v, c) N S7. We say that
HP(v,c)N S is an elliptic hyperquadric or hyperbolic hyperquadric if
HP(v, ¢) is spacelike or timelike. We say that H P(v, 1) N S} is a de Sitter
hyperhorosphere if HP(v, 1) is lightlike. We have the following proposition
analogous to ([6] Proposition 2.2).

Proposition 2.1 ([12]). Let X : U — S} be a spacelike hypersurface in
St. The lightcone Gauss image L* is constant if and only if the spacelike
hypersurface M = X(U) is a part of a de Sitter hyperhorosphere.
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We now define the lightcone Gauss-Kronecker curvature and the lightcone
mean curvature of the hypersurface M = X(U). Under the identification of U
and M, we can identify the derivative dX(u) with the identity mapping idr, » on
the tangent space T, M for any p = X(u). This means that dL*(u) = idr,» +
de(u). For any p = X(uo) € M and v € T,M, we can show Dye, D,L* e
T,M, where D, denotes the covariant derivative with respect to the tangent
vector v. So that de(u) is a linear transformation on the tangent space 7, M.

We call a linear transformation S = —dIL*(u) : T,M —> T,M the lightcone
shape operator of M = X(U) of at p = X(u), and denote the eigenvalue of Sj
by .

P

The lightcone Gauss-Kronecker curvature of M = X(U) at p = X(u) is
defined to be Kf(u) = det S;[. We say that a point u € U or p = X(u) is an
umbilic point if S[f = /Zlfidrp m- The spacelike hypersurface M is called totally
umbilic if all points on M are umbilic. Let p = X(#) € M be an umbilic point,
we say that a point p is a lightcone flat point (briefly an L*-flat point) if Eljf =0.
The following proposition is analogous to ([6], Proposition 2.3).

Proposition 2.2 ([12]). Suppose that M = X(U) is totally umbilic. Then E;f

are constant k*. Under this condition, we have the following classification.

(i) If0 < |g* + 1| < 1, then M is a part of a hyperbolic hyperquadric.
(i) If1 < |k* + 1|, then M is a part of an elliptic hyperquadric.
(iii) Ifk* =0, then M is a part of a de Sitter hyperhorosphere.

Since X, (for i =1,...,n — 1) are spacelike vectors, we have the Rie-
mannian metric (the first fundamental form) ds’> = 27;;1 gijdu;du; on
M = X(U), where g;;(u) = (X, (), X,;(u)) for any u € U. We also define
a positive (or negative) lightcone second fundamental form by ﬁ?j[.(u) =
(—Lff‘_ (u), X, (u)) for any u € U. We have the following Weingarten formula
which is analogous to ([6], Proposition 2.4).

n—1
L == ("X,
j=1

where ((A*)!) = (AE)(g") and (¢") = (g;)~'. Therefore we have an
explicit expression for the lightcone Gauss-Kronecker curvature K Et =
det(i_zfj)/ det(g,p) in terms of the Riemannian metric and the lightcone sec-
ond fundamental invariant. We say that p = X(u) is a positive (or neg-
ative) lightcone parabolic point (briefly an L*-parabolic point) of X if
K (u) = 0.
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3. Lightcone height functions

In this section we introduce families of functions on a spacelike hypersurface
in de Sitter space, which are useful for the study of singularities of lightcone
Gauss maps. Let X : U — S be a spacelike hypersurface in S}. We define a
family of functions H : U x LC* — R by

Hu,v) = (Xu),v) — 1.

We call H a lightcone height function on X:U —> S§. We denote the
Hessian matrix of the lightcone height function hvi0 (u) = H(u, vp) at ug by
Hess (h;-t))(uo). We have the following lemma analogous to ([6], Propositions
3.1,3.2).

Proposition 3.1 ([12]). Let X : U — S| be a hypersurface in S}, then
Hw,v)=0 and 0H(u,v)/ou; =0 (i =1,...,n—1) if and only if v=
L*(u). Under this condition, we have:

(i) p = X(up) is an L*-parabolic point if and only if det Hess (hvio)(uo) =0.
(i) p = X(uo) is an L*-flat point if and only if rank Hess (hﬂf))(uo) =0.

We now interpret the lightcone Gauss image of a spacelike hypersurface
in S as a wave front set in the theory of Legendrian singularities. Let
% PT(LC%) —> LCZ be the projective cotangent bundles with canonical
contact structures. Consider the tangent bundles t*: TP T*(LC}) —
PT*(LCY) and the differential maps dn* : TPT(LC}) —
T(LC}) of m*. For any X € TPT*(LCY), there exists an element
a € T*(LC}) such that 7#*(X) = [a]. For an element V € T.(LC}), the
property «(V) = 0 does not depend on the choice of representative of the class
[]. Thus, we can define the canonical contact structure on PT*(LCY) by
K ={X € TPT*(LCY) | t5(X)(dm*(X)) = 0}.

On the other hand, we consider a point v = (vg, vy, ..., v,) € LC}, then we

have the relation vy = =£,/v{ + - - - + v2. So we adopt the coordinate system
(v1, ..., v,)of the manifold LC} . Then we have the trivialization PT*(LC}) =
LCY x PR*! and call ((vg,...,v,),[& :...:&]) homogeneous coordi-
nates of PT*(LC}), where [&; : ... : §,] are the homogeneous coordinates of
the dual projective space PR"~!. Itis easy to show that X, € KZ if and only if
S wi& =0, where @ = (v, [€]) and dwE(X,) = Y ", nid/dv; € T.LCE.
An immersion i : L — PT*(LCY) is said to be a Legendrian immersion
if dimL =n—1 and di,(T,L) C K;¢) for any g € L. The map woi is
also called the Legendrian map and the image W(i) = im(x o i), the wave
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front of i. Moreover, i (or the image of i) is called the Legendrian lift
of W(i).

Let F: (R"™! x R¥, (up, vo)) — (R, 0) be a function germ. We say that
F is a Morse family of hypersurfaces if the map germ A*F : (R"™!' x
R¥, (ug, vo)) — (R", 0) defined by A*F = (F,dF/duy,...,dF /du,_,) is
non singular. In this case, we have a smooth (k — 1)-dimensional smooth sub-
manifold, T,.(F) = {(u, v) € R"! x R¥, (ug, vo)) | A*F(u, v) = 0}, and the
Legendrian immersion germ Lp : (Z.(F), (1o, Vo)) —> PT*R* defined by
Lru,v)=(v,[0F/0vi(u,v):...:3dF/dvi(u, v)]). Then we have the follow-
ing fundamental theorem of Arnold and Zakalyukin [1, 19].

Proposition 3.2. All Legendrian submanifold germs in PT*R¥ are constructed
by the above method.

We call F a generating family of L£p(X.(F)). Therefore the wave front
is W(Lp) ={veR|IueR"! suchthat F(u,v) = dF/du(u,v) =--- =
oF /0u,_i(u,v) = 0}. We call it the discriminant set of F. We now give a
proof of the following proposition.

Proposition 3.3. The lightcone height function H : U x LC* — R is a
Morse family.

Proof. We denote X(u) = (xo(u), ..., x,(u)) and X, () = (xo,,, (1) ...,
Xpu;()). For any v = (vg,...,v,) € LCY, we have vy # 0. Without loss

of generality, we assume that vy = v% +---4+v2 >0, so that we have
H(u,v) = —1 — xo(u)y/v + - +v2 + > }_, xx(u)vi. We have to prove that

the mapping A*H : U x LC% —> R" is non-singular on (A* H)~!(0). There-
fore it is sufficient to show that the Jacobian matrix of A*H

vj
—X0,u; + Xju;
Vo j=lien

i=1,..n—1

JA*H(u,v) =

is regular on X,(H). We denote vectors a,b; (i=1,...,n) by a=
{(X0s X0,uys « -+ s X, )andb; ="(x;, Xy, ..., Xju, )for j =1,..., n.Then
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the determinant of JA*H is

det JA*H = det (—aﬂ +by,..., —ad 15,1)
Vo Vo
= det(By. ... By) — L det@. by, ... By) — - --
Vo
Uy - _
——det(by,...,b,_1,a)
Vo
= <<@ o ”-”) X)) A Xy ) A /\Xunl(u)>
Vo Vo

Lo
= — (L7 (u), e(u)).
vo
Since v = L*(u), so that we have det P(u, v) = F1/vy # 0. This completes
the proof. O

The Legendrian immersion germs L* : (ZE(H), (uo, LE(uo))) —
PT*(LC%) are obtained by L*(u,v)=(v,[0H/dvi(u,v):...:
oH /dv,(u, v)]) where Zf(H) are singular sets of H

YEH) = {(u,v) e U x LCL | v=L*u))}.

Therefore we have the Legendrian immersion germs £ whose wave front sets
are the lightcone Gauss image germs L*.

4. Generic properties and de Sitter hyperhorospheres

In this section we review the theory of contact due to Montaldi [15] to study
the contact between spacelike hypersurfaces and de Sitter hyperhorospheres.
Let X; and Y; (for i = 1, 2) be submanifolds of R" with dim X; = dim X,
and dim Y; = dim Y,. We say that the contact of X; and Y; at y; is the same
type as the contact of X, and Y, at y, if there is a diffeomorphism germ
® : (R", y;) —> (R", y;) such that ®(X;) = X, and ®(Y;) = Y>. In this case
we write K(X1, Y1;y1) = K(X3, Y2; y»). Function germs g;, g, : (R*, a;) —
R,0) (i =1,2) are K-equivalent if there are a diffeomorphism germ & :
R", a;) — (R", ay) and a function germ A : (R", a;) —> R with A(a;) # 0
such that f; = A - (g2 o ®). In [15] Montaldi has shown the following theorem.

Theorem 4.1 (Montaldi [15]). Let X; and Y; (fori = 1, 2) be submanifolds of
R" withdim X| = dim X, anddim Y; = dim Y;. Let g; : (X1, x1) — (R", y;)
be immersion germs and f; : (R", y;) — (R”, 0) be submersion germs with
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(Y, yi) = (f70), yi). Then K (X1, Y15 y1) = K(Xa2, Y23 y2) if and only if fi o
g1 and f> o g, are K-equivalent.

We apply the above theorem to our case. Let vy € LC*, we define
By, : ST — R by by, (w) = (w, vo) — 1. Then we have a de Sitter hyperhoro-
sphere [)V‘OI(O) = HP(vp, +1)N S}, and write HS(vy, +1) = HP(vy,+1)N
St. For any ug e U, we consider the lightlike vector voT = L*(uy).
Then we have (hvﬁ o X)(ug) = H(ug, L¥(1o)) = 0 and (Ghvg o X)(ug)/du; =
(X4, (o), L*(ug)) =0 for i =1,...,n — 1. This means that the de Sitter
hyperhorosphere is tangent to the spacelike hypersurface M at py = X(up).
In this case, we call HS (fo, +1) the tangent de Sitter hyperhorosphere of M at
po (or up), which we write HS*(X, ug). Let v; and v, be lightlike vectors. We
say that de Sitter hyperhorospheres H S(vy, +1) and H S(vz, +1) are parallel
if v1 and v, are linearly independent. Then we have the following proposition
which is analogous to ([6] Lemma 6.2).

Proposition 4.2 ([12]). Let X: U — S} be a hypersurface. Consider
two points uy, uy € U. Then L) = L*(uy) if and only if HS*X, u)) =
HSi(X, Mz).

We now review some notions of Legendrian singularity theory. We say
that Legendrian immersion germs i; : (Uj,u;) — (PT*R", p;) (j =1,2)
are Legendrian equivalent if there exists a contact diffeomorphism germ H :
(PT*R", p1) — (PT*R", p,) suchthat H preserves fibers of w and H(U;) =
U,. A Legendrian immersion germ at a point is said to be Legendrian stable
if for every map with the given germ there are a neighborhood in the space
of Legendrian immersions (in the Whitney C*-topology) and a neighborhood
of the original point such that each Legendrian map belonging to the first
neighborhood has in the second neighborhood a point at which its germ is
Legendrian equivalent to the original germ.

Proposition 4.3 (Zakalyukin [20]). Let i, iy be Legendrian immersion germs
such that regular sets of w o iy and 7 o iy are respectively dense. Then iy, ir
are Legendrian equivalent if and only if corresponding wave front sets W (i)
and W (i) are diffeomorphic as set germs.

Let F; : (R" x R¥, (a;, b;)) —> (R, 0) (i = 1, 2)be k-parameter unfoldings
of function germs f;. We say F; and F, are P-K-equivalent if there exists a
diffeomorphism germ @ : (R” x R¥, (a;, b1)) — (R" x R¥, (ay, by)) of the
form ®(u, x) = (¢1(u, x), P2(x)) for (u, x) € R* x R* and a function germ
A (R" x R*, (a1, b1)) —> R such that A(ay, by) # 0and Fi(u, x) = Au, x) -
(F> o ®)(u, x).
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Theorem 4.4 (Arnold, Zakalyukin [1, 19]). Let F, G : (R x R",0) —
(R, 0) be Morse families and denote their Legendrian immersion by L, Lg.
Then

(i) Lr and L¢ are Legendrian equivalent if and only if F and G are P-K-
equivalent.
(ii) L is Legendrian stable if and only if F is K-versal deformation.

Let I[,fE : (U, u;) —> (LC%,vif) (for i = 1,2) be de Sitter Gauss image
germs of hypersurface germs X; : (U, u;) —> (S}, p;i). We say Lf and ]in are
A-equivalent if and only if there exist diffeomorphism germs ¢ : (U, u;) —
(U,uz)and @ : (LC%, Vi) —> (LCL, vy) such that ® o LT =L o ¢.

We denote  h;y::(U,u;)) — (R,0) by  h; )= Hi(u, viF).
Then we  have  h; () = (hyz) o Xi(u). By  Theorem 4.1,
K(Xy(U), HS*Xy, u1); p1) = K(Xo(U), HS*(Xz, u2); p2) if and only
if by = and hy .+ are K-equivalent. We denote Q*(X, ug) the local ring of
the function germ hys : (U, up) — R by 0F(X,ug) = Coo(U)/ (v, )iz
where Voi = L*(uo) and C(U) is the local ring of function germs
at uo with the unique maximal ideal 9. By the above argu-
ments, we have the following theorem which is analogous to ([6]
Theorem 6.3).

Theorem 4.5 ([12]). Let X; : (U, u;) —> (S7, pi) (fori = 1, 2) be spacelike
hypersurface germs such that the corresponding Legendrian immersion germs
are Legendrian stable. Then the following conditions are equivalent:

(1) Lightcone Gauss image germs }Lli and IL;E are A-equivalent.

(i1) Legendrian immersion germs L and L, are Legendrian equivalent.
(iii) Lightcone height function germs Hy and H, are P-K-equivalent.
(v) hyy+ and hy v+ are K-equivalent.

V) KX (U), HSE(X1, u1); p1) = K(Xo(U), HS*(Xy, u2); p2)

v) OF(Xi, u1) and QF(Xy, us) are isomorphic as R-algebras.

We consider the space of spacelike embeddings Sp-Emb(U, S7) with the
Whitney C*°-topology. The assumption of Theorem 4.5 is a generic property
if n < 6 (see [0] §7).

Theorem 4.6. Ifn < 6, there exists an open dense subset O C Sp-Emb(U, S})
such that for any X € O, corresponding Legendrian immersion germ L is
Legendrian stable.

In general we have the following proposition.
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Proposition 4.7 ([12]). Let X; : (U, u;) —> (S}, pi) (fori = 1,2) be hyper-
surface germs such that their L= -parabolic sets have no interior points as sub-
spaces of U. If the lightcone Gauss image germs LT and in are A-equivalent,
then

K(X,(U), HS*(Xy, u1); p1) = K(Xa(U), HS* (X3, u2); pa)-

In this case, (X;l(HS(}Lii(u,'), +1), u;) (i = 1,2) are diffeomorphic as set
germs.

For a hypersurface germ X, we call (X' (H S(IL*(uy), +1)), uo) the tangent
de Sitter hyperhorospherical indicatrix germ of X. By Proposition 4.7, the
diffeomorphism type of the tangent de Sitter horospherical indicatrix germ is
an invariant under the .A-equivalence among lightcone Gauss image germs.

5. Spacelike surfaces in de Sitter 3-space

In this section we consider n = 3. Inthiscase,wecall X : U — Sl3 aspacelike
surface and HS(vy, +1) a de Sitter horosphere. We say that a map germ
L : (R?, a) — (R?, b) is the cuspidal edge if it is A-equivalent to the germ
(uq, u%, u%) and that L is the swallowtail if it is A-equivalent to the germ (3u‘1‘ +
u%uz, 4u? + 2u uy, uy). By Theorem 4.6 and the classification of function
germs [1], we have the following theorem.

Theorem 5.1 ([12]). There exists an open dense subset O C Sp-Emb(U, S f)
such that for any X € O, the L*-parabolic set (K;7)~'(0) is a regular curve. Let
XeO, V(j)[ = L*(ug) and hvot : (U, ug) —> R be the lightcone height function
germ at ug. Then we have the following.

(i) The point uy is an L*-parabolic point of X if and only if
H—comnki(X, ug) = 1 (that is, ug is not an Li-ﬂat point). In this case,
hvé has the Ay-type singularity for k = 2, 3.

(i) If hyz has the Aa-type singularity, then L has the cuspidal edge at
uo. The tangent de Sitter horospherical indicatrix germ is diffeomorphic
to the curve given by {(uy, uy) | u% - ug = 0}. We call the set germ an
ordinary cusp.

(iii) If hys has the Ajs-type singularity, then ™ has the swallowtail at ug. The
tangent de Sitter horospherical indicatrix germ is a point or diffeomorphic
to {(uy, uy) | u% — M‘Z‘ = 0}. We call the set germ a tacnode. In this case,



Spacelike manifolds of codimension at most two in de Sitter space 221

for any open neighborhood U of the point u, there exists two non L*-
parabolic points uy, uy € U’ such that the tangent de Sitter horospheres
HS*(X;,u;) (i = 1,2) are equal.

6. Spacelike submanifolds of codimension 2

In this section we discuss the differential geometry of spacelike submanifolds of
codimension two in de Sitter space which is analogous to [8]. LetX : U — SY
be an embedding from an open set U C R"~2. We say that X is spacelike if
every non zero vector generated by {X,, (u)};’;l2 is always spacelike, where
u € U. We identify M = X(U) with U through the embedding X and call
M a spacelike submanifold of codimension two in S7. Since (X, X) =1, we
have (X,,,X) =0 (fori =1,...,n — 1). In this case, for any p = X(u), the
pseudo-normal space N, M is a timelike plane. We can choose a future directed
unit normal section n” (u) € N, M satisfying (n” (u), X(u)) = 0. Therefore we
can construct a spacelike unit normal section nS(x) € N »M by

ns(u) _ n’ (u) A Xy @) Ao AXy, )
ST @) A Xy ) A A X, @]

We remark that n” () = n5(u) are lightlike. We call (n” (u), n(u)) a future
directed normal frame along M = X(U). The system {X(u), n” (i), n5(u),
Xy, (), ..., X, ,(u)} is a basis of TPR'I’+1. We have the following lemma
which is analogous to Lemma 3.1 in [8].

Lemma 6.1 ([13]). Given two future directed unit timelike normal sections
n’ (u), 2’ (u) € N,M, the corresponding lightlike normal sections n’ (u) +
n3(w), i’ (u) £ 05(u) are parallel.

Under the identification of M and U through X, we have the linear map-
ping d,(n” £ n%) provided by the derivative of the lightlike normal sections.
We consider orthonormal projection 7' : T,R}*!" — T,,M and call the linear
transformation

Sy’ n%) = —7'od,m" £n)

an (n”, n%)-shape operator of M = X(U) at p = X(u). The eigenvalues of
S (n", n®) denoted by (kK=" , nS)(p)}i=? are called the lightcone principal
curvatures with respect to (n”, n%) at p. Then the lightcone Gauss-Kronecker
curvature with respect to (n’,n®) at p is defined by K;(n”,n%)(p) =
det S3(n", n®).
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Since X,,(u) (i =1,...,n—2) are spacelike vectors, we have a Rie-
mannian metric (or the first fundamental form) on M defined by ds*> =
27121 gijdu;du;, where g;;j(u) = (XL,,.,X,,J.) for any u € U. We also have
a lightcone second fundamental form (or the lightcone second fundamen-
tal invariant) with respect to the normal vector field (n”, nS) defined by
hﬁ(u) = —((" £n%),,,X,,) forany u € U. We have the following lightcone
Weingarten formula which is analogous to Proposition 3.2 in [8].

7' om’ £n%), =— Zh{i(nT, %)X,

where (h/*(n”, n%)); = (k" n%)), (g ™"

For a lightlike vector v = (vy,v1,...,v,) we define V=
(1, vi/vg, ..., vy/v9). By Lemma 6.1, the normalized lightcone normal

directions n7(u) £ nS(u) are independent on the choice of the lightcone
normal directions n” (), n®(«). Therefore we define the lightcone Gauss map
L*:U — ST of M as

T ) = n7 () = nS(u).

The lightcone Gauss map is analogous in this case to the one defined in [8]
for codimension two submanifolds in Minkowski space. This induces a linear
mapping dL* M — TI,IR"+1 under the identification of U and M, where
p = X(u). We have the following normalized lightcone Weingarten formula:

n-2
~ 1 1
n’oLj’,— — (= oLi Z_i j[](n n®)X,
EO j=1 ZO
where L*®u) = (Zi(u) .. (u)) We call a linear transformation Si

—n! od]Li M —T, M the normalized lightcone shape operator of
M at p. The eigenvalues {k; (p)}f’zl2 of S[jf are called normalized light-
cone principal curvatures. By the above arguments, we have Eii(p) =
(1 /E(f(u))/(ii(nT, n%)(p). The normalized lightcone Gauss-Kronecker curva-
ture of M is defined to be K Et (u) = det g;t and we have the following relation
between the normalized lightcone Gauss-Kronecker curvature and the lightcone
Gauss-Kronecker curvature

K = K", n®)w)/ (€Ew) ™.

We say that a point u € U or p = X(u) is a lightlike umbilic point if 3% =
?;f( p)idr, . Spacelike submanifold M is called rotally lightlike umbilic if all
points on M are lightlike umbilic. We also say that p is a lightlike parabolic
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point (briefly Zi-parabolic) if K Lft(u) = 0. Moreover, p is called a lightlike
flat point if S;[ = Or,u. The spacelike submanifold M in S} is called fotally
lightlike flat if every point in M is lightlike flat.

7. Lightlike hypersurfaces and contact with lightcones

In this section we define the Lorentzian distance squared function in order
to study the singularities of lightlike hypersurfaces. We use the theory of
contacts between submanifolds due to Montaldi [ 15]. We define a hypersurface
LH} U xR —> S!'by

LHE@, 1) = X(u) + uLF ).

We call LH ,ﬁ a lightlike hypersurface along M. This notion, introduced by
Izumiya and Fusho [5] for the case of spacelike curves for surfaces in 3-
dimensional de Sitter space, is analogous to the one studied in [7] for surfaces in
Minkowski four space. We introduce the notion of Lorentzian distance squared
functions on spacelike submanifold of codimension two, which is useful for the
study of singularities of lightlike hypersurfaces. We define a family of functions
G : U x 8 — R on a spacelike submanifold M by

G(u, A) = (X(u) — A, X(u) — A),

where p = X(u). We call G a Lorentzian distance squared function on the
spacelike submanifold M. For any fixed A € S}, we write g,,(u) = G(u, Ag)
and have following proposition.

Proposition 7.1 ([13]). Let G : U x 8§ —> R be the Lorentzian distance
squared function on M. Suppose that po = X(uo) # ro and have the following:

(1) gxr(uo) = 982, (uo)/0u; =0 (i=1,...,n—=2) if and only if Iy =
LH;‘;(uo, o) for some gy € R\ {0}.

(1) gx,(uo) = 0gx,(u0)/0u; =0(i =1,...,n —2)and det Hess (g,,)(uo) =
0 if and only if Ao = LHAif,(uo, o) for some o € R\ {0} and —1/ g is
one of the non-zero normalized lightcone principal curvatures '/Fii (po)-

(iii) G is a Morse family of hypersurfaces around (ug, ho) € A*G~1(0).

Therefore Legendrian immersion germs Lg 1 (24(G), (ug, Lo)) —
PT*(S7}) are defined by

LE@.2) = (0, [0G/920, 2) t ... - 3G /ank(u, A) « ... dG/9A (u, 1))
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where A = (A%, ..., A") is a local coordinate around Aq € St. and X,.(G) =
(A*G)H0) = {(u, A) e U x StIA= LH;;(u, ), m € R}. The Lorentzian
distance squared function G is a generating family of the Legendrian immersion
Eé whose wave front set is the image of L H ;‘;

We now apply the theory of contacts between spacelike submanifolds. We
call LCy, N S} ade Sitter lightcone. The following proposition is generalization
of Proposition 4.1 in [7].

Proposition 7.2 ([13]). Let Ao € S7 and M be a spacelike submanifold of
codimension two without umbilic points satisfying IE #0.Then M C LCy, N
ST if and only if Lo is an isolated singular value of the lightlike hypersurface
LH;; and LHy;(U x R) C LCy, N S}

We consider the contact of spacelike submanifolds of codimension two
with lightcones due to Montaldi’s result [15]. The function G : S x §f — R
defined by G(x, A) = (x — A, x — A). For a given A, € S}, we denote g, (x) =
G(x, Ag), then we have~g;01(0) = LC), N S}. For any uy € U, we take the
point )% = X(ug) + wolL*(up), the lightcone LC;, N ST is tangent to M at
Po = X(up). In this case, we call each LCy, N S a tangent lightcone of M at
po- From the previous arguments in §4, we have following theorem.

Theorem 7.3 ([13]). LetX; : (U, u;) — (ST, pi) (fori = 1,2) be spacelike
submanifold germs such that the corresponding Legendrian immersion germs
are Legendrian stable. Then the following conditions are equivalent:

i) Lightlike hypersurface germs an are A-equivalent.

(i) Lightlike hyp germs LHy; | and LHy; , are A-equival

ii) Legendrian immersion germs an are Legendrian equivalent.

(ii) Legendrian i j Eél dﬁéz Legendri ival

(iii) Lorentzian distance squared function germs G, and G, are P-K-
equivalent.

(@iv) gi\l and g;fxz are K-equivalent.

V) KXy(U), LC,, N 815 p1) = KXa(U), LC,, N St po)

From the arguments in [6], if n < 6, there exists an open subset O C
Sp-Emb(U, ST) such that for any x € O, the corresponding Legendrian immer-
sion germ L is Legendrian stable.

8. Lightcone Gauss maps and lightcone height functions

In this section, we define the lightcone height function whose wave front set is
the image of the lightcone Gauss map, and describe contacts of submanifolds
with lightlike cylinders by applying Montaldi’s theory. We define a lightcone
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height function H : U x S'™' — R by H(u, v) = (X(u), v). For vy € S,
we write A, (u) = H(u, vo) and have following proposition.

Proposition 8.1 ([13]). Let H be the lightcone height function of a spacelike
submanifold X, then we have the following:

(1) H(uo, vo) = Hy,(uo,v0) =0 (i=1,...,n—=2) if and only if vy =
L (up).
(1) H(uo, vo) = Hy,(uo,v0) =0 (i=1,...,n—2) and detHess(hy,)
(uo) = 0 if and only if vy = Ei(uo) and fgt(uo) =0.
(iii) H is a Morse family of hypersurfaces around (u, v) € A*H~'(0).

By the above proposition, the discriminant set of the lightcone height func-
tion is given by Dy = {v € Sf__l |v= Hji(u), u € U}, which is the image of
the lightcone Gauss map of M. The singular set of the lightcone Gauss map is
the normalized lightcone parabolic set of M.

The Legendrian immersion germs Ef, 1 (Z4(H), (g, v9)) — PT*(SI’[1
are defined by L£5(u,v)=(v,[0H/dvi:...: 0H/dv.: ... 9H/dv,])
wherev = (1, vy, ..., v,) € $"*'and T,(H) = {(u, v) € U | v = L*(u)}. The
lightcone height function H is the generating family of the Legendrian immer-
sion germs Ei whose wave front set are the lightcone Gauss maps L*.

We apply the theory of Montaldi again to describe contacts of submanifolds
with lightlike cylinders. For any v € Sfl, we define a lightlike cylinder along
v by HP(v,0) N §]. Itis an (n — 1)-dimensional submanifold in S} which is
isomorphic to $"~2 x R, where S"~2 is an (n — 2)-sphere. We observe that its
tangent space at each point has lightlike directions.

Proposition 8.2 ([13]). Let L* bea lightcone Gauss map of X. Then L*isa
constant map if and only if M is a part of lightlike cylinder H P(v, 0) N S} for
some v € S,

We consider the function H : ST x Sj’__l —> R defined by H(x,v)=
(x,v). Given v € Sj’r_l, we denote b, (x) = H(x, vp), so that we have
b;ol(O) = H P(vy,0)N S}. For any ug € U and v(jf = Ei(uo), the lightcone
cylinder HP(v(j)[, 0) N S} is tangent to M at pg = X(ug). In this case, we call
H P(v(jf, 0) N S} a tangent lightlike cylinder of M at po. From the previous

arguments in §4, we have following theorem.

Theorem 8.3 ([13]). X; : (U,u;) — (87, pi) (i = 1,2) be spacelike sub-
manifold germs and v; = ]L?E(ui). If the corresponding Legendrian immersion
germs are Legendrian stable. Then the following conditions are equivalent:



226 M. Kasedou

(i) Lightcone Gauss map germs f]:f and thi are A-equivalent.

(ii) Legendrian immersion germs Lil and Lfm are Legendrian equivalent.
(iii) Lightcone height function germs Hy and H, are P-K-equivalent.

@iv) hfvl and h;vz are K-equivalent.

V) KXy(U), HP(vi, 00N SY; p1) = KXa(U), HP(v2,0) N SY; p2)
We call (Xi_l(HP(vl.i, 0) N 8Y), u;) a tangent lightlike cylindrical indicatrix
germ of M; at p;.

9. Classification in de Sitter 4-space

In this section we consider the case of n =4 and classify singularities of
lightlike hypersurfaces and lightcone Gauss maps. We now define /C-invariants
of spacelike surfaces in de Sitter 4-space. For open subset U C R? and spacelike
submanifold X : U — Sf, we define the KC-codimension (or Tyurina number)
of the function germs £+, g+ and corank of h,+, g;+ by

H-ord™(X, ug) = dim C;/ (hyz (o), dhz (uo)/du;)cie
H-corank®™ (X, ug) = 2 — rank Hess (hvoi(uo)),
G-ord*(X, uo) = dim Cg2 /(g2 (o), 88,z o)/ dui)cze»
G-corank® (X, uo) = 2 — rank Hess (81 (o)),
where v(jf = ]I:i(uo) and A = X(uo) + tg]Ei(uo).

Theorem 9.1 ([13]). Let Sp-Emb(U, S7) be the set of spacelike submanifolds.
We have open dense subset O C Sp-Emb(U, S1) such that for X € O and )L(jf =
LH;;(M(), 1), Ag is a singular value ofLHAj; if and only ifG-coranki(X, uy) =
1or2.

() IfG-corank®(X, ug) = 1 then there are distinct normalized lightcone prin-
cipal curvatures K, 5 such that ¥ # 0 and ty = —1/&;". In this case
we have G-ord™(X, ug) = k (k = 2, 3 or 4) and the lightlike hypersurface
LH Aj; has Ay type singularity:

(A2) f(ur, uz, uz) = (3ui, 2u3, uy, up)
(As) f(ur, uz, uz) = (4M? + 2uyus, 3bt‘1t + btzu%, Uy, MS)
(Ag) fur, uz, uz) = (514? + 3ugud + 2uyus, 4u3 4 2uu’ + usul, us, u3).

Gi) If G-corank®™(X, ug) = 2 then ug is a non-flat umbilic point and ty =
—1 /K. In this case we have G-ord*(X, ug) = 4 and LH}; has D or Dy
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As As Ay DF D,
KK+ KK

Figure 16.1. The list of tangent lightcone indicatrix germs

type singularity:
(D) f(ur, uz, uz) = (203 + u3) + uyuzus, 3ui + upus, 3u3 + uyus, us)
(D) fur, g, uz) = (2(u] — uyu3) + (uf + u3)us, uj — 3uj

—2u Uz, Uiy — U3, u3).

The corresponding tangent lightcone indicatrix germ is listed in Figure 16.1

Theorem 9.2 ([13]). There exists an open dense subset O' C Sp-Emb(U, S})
such that for any X € O, ug € U is an L*-parabolic point if and only if
H-corank*(X, ug) = 1. That is, M has non flat point and K[l(O) is a regular

curve.

@) IfH-ordi(X, ug) = 2, then L* has the cuspidal edge point at uy, and the
tangent lightlike cylindrical indicatrix germ is an ordinary cusp.

(i) IfH—ordi(X, ug) = 3, then L* has the swallowtail point at uy, and the
tangent lightlike cylindrical indicatrix germ is a tacnode or a point.
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The geometry of Hopf and saddle-node
bifurcations for waves of Hodgkin-Huxley type

ISABEL S. LABOURIAU AND PAULO R.F. PINTO

Abstract

We study a class of ordinary differential equations extending the
Hodgkin-Huxley equations for the nerve impulse under a travelling
wave condition. We obtain a geometrical description of the sub-
set in parameter space were the equilibria lose stability. This may
happen in two ways: first, the linearisation around the equilibrium
may have a pair of purely imaginary eigenvalues with multiplicity
J . This happens for parameters in the set N;, the possible sites for
Hopf bifurcation, where a branch of periodic solutions is created.
Second, a real eigenvalue may change sign at the site for a possi-
ble saddle-node bifurcation. This happens at parameter values in
the sets K; where there is a zero eigenvalue of multiplicity /. We
show that the sets N; and K; are singular ruled submanifolds of
the parameter space R”*+3 with rulings contained in codimension
1 affine subspaces. The subset of regular points in N; has codimen-
sion2j — 1 in RM*3 and its rulings have codimension 2j + 1. The
subset of regular points in K; has codimension / in RY*3 with rul-
ings of codimension / 4+ 1. We illustrate the result with a numerical
plot of the surface N, for the Hodgkin-Huxley equations simplified
to have M = 2.
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1. Introduction — equations of Hodgkin-Huxley type

The Hodgkin-Huxley model [2] describes the variation of the difference x € R
of the electrical potential across a nerve cell membrane, as a function of the
distance s € R along an axon and of the time ¢ € R, for an electrical stimulus
of intensity / € R. Changes in the voltage x are due to the active transport of
ions across the membrane through N ionic channels whose dynamics is con-
trolled by M independent gates that open with probabilities y;, i = 1,..., M.
Equations of Hodgkin-Huxley type generalise the original Hodgkin-Huxley
equations that have N = 2 channels controlled by M = 3 gates. The general
model, first studied with Ruas [4], is a reaction-diffusion equation:

0x 9%x N
Cma = aﬁ -1 - C()()C — V()) — chuj(y)(x — V/)
(HH) =l
i .
o1 = (ix) —y)ux), i=1,....M
where y = (y1, ..., Yu), the constant C,, > 0 is the membrane capacity and

a > 0ishalf the axon radius divided by the electrical resistance of the axoplasm.
The voltage x is the only dependent variable that may be observed directly in
experiments.

In many experimental settings the observed response to stimulation is a
voltage pulse that propagates along the axon with constant speed. Experimental
observations range from quiescent behaviour (equilibria) to different types of
periodic response to stimulation. Our aim is to describe parts of parameter
space where solutions corresponding to these different types of behaviour may
be found, by locating the parameter values where these solutions bifurcate from
equilibria.

In this article we impose a travelling wave condition on (HH) and study the
boundary of stability of its equilibria under very general assumptions, suitable
for applications to different types of excitable tissue. The geometrical structure
is similar to that of the case a = 0 called clamped equations (section 1.2 below)
discussed in [3, 4].

Hodgkin and Huxley originally imposed a travelling wave condition on
(HH) before integrating it numerically and used a shooting method to find the
propagation speed [2]. They also integrated the clamped equations in order
to compare it to experimental data. Later, the clamped equations have been
mostly used: they describe what was initially the most common experimental
setting and they avoid having to handle the propagation speed as an additional
parameter. The present work allows a comparison of the two approaches.
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We describe the geometry of the set of parameters where there is a change
in the stability of equilibria of (HH) under a travelling wave condition. This
happens when there is a change of sign on the real part of an eigenvalue of
the linearisation around the equilibrium. If the eigenvalue is real, then gener-
ically the number of equilibrium points changes at a fold point. For complex
eigenvalues generically there is a Hopf bifurcation, where a periodic solution is
created. Parameter values where the linearisation has multiple complex eigen-
values could lead to periodic solutions having two or more frequencies, that
may correspond to some of the complicated periodic behaviour observed in
experiments. Thus, the analysis of constant solutions yields some information
on the dynamics that is relevant for applications, since it helps to characterise
specific models and parameter ranges where periodic solutions of different
types exist.

1.1. Overview

In the remainder of this section we state explicitly our assumptions on (HH),
rewrite it under a travelling wave condition (HHW) and describe its equilibria.
The parameter dependence of the linearisation around equilibria and of the
coefficients of its characteristic polynomial are described in section 2 where
we introduce new parameters to simplify the expressions. In section 3 we
describe the exchange of stability set, for a general monic polynomial of fixed
degree, in terms of its coefficients, extending the description of [3]. The main
result appears in section 4: a description of the geometry of the exchange of
stability set for (HHW). In section 5 we illustrate the result with an example of
an equation with one channel and two gates, obtained as a simplification of the
original Hodgkin-Huxley model.

We use the techniques for handling multiparameter nonlinear equations first
developed in [4] and similar to [1].

1.2. General properties

(1) Theexpressions y;(x) and t; (x) are fitted to experimental data, with 7; (x) >
O and y;(x) € [0, 1]. It follows that if y; (¢, s) € [0, 1] then y;(z, s) € [0, 1]
fort > 1y,

(2) In the original Hodgkin-Huxley model the terms c;u;(y)(x — V;) are
called the ionic channels, where the functions u;(y) are monomials and
c¢j > 0, V; are constant. In some cases the form ¢; (u ;(y) — f;(x))(x — V;)
is used instead, where the f;(x) are fitted to experimental data. The term
co(x — V) is called the leakage channel.
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1.3. Ordinary differential equations

There are two standard ways of obtaining an ordinary differential equation
(ODE) from (HH). The first consists in taking a = 0 and reduces (HH) to
ODEs in R x [0, 1], called the clamped equations of Hodgkin-Huxley type.
The bifurcation of its equilibria was studied in [4] and the boundary of stability
in [3].

Another way of obtaining an ODE from (HH) is to consider a solution
x(t, s) that is a wave propagating with constant speed. In this case, we may
write x(z, §) = X(f), yi(¢, s) = Y;(f) with = 0t + o5 and the wave propagates
forward if fo < 0. For £ = d& /df we have

92 . 9 . Ay .
ox R ox —6X oYi = 0Y;
ds? at at
and the first equation in (HH) takes the form:
N
—CpbX =ac’X — 1 — co(X — V) — chuj(y)(x V).
j=1
Rewriting in lower case we get:
X =—z
(HHW) yi = (yi(x) = y) t(x)/6, i=1....M

ac?; = C0z — I — co(x — Vi) — Zyzl cjuj(y)x —V;)

which defines an ODE in R¥*2 when o # 0. For o = 0 (HHW) is equivalent
to the clamped equations, after a time rescaling. To simplify the notation, from
now on we write 7; (x) for 7;(x)/0, bearing in mind that # may be negative.

1.4. Equilibria

We are interested in studying (HHW) for different values of the stimulus
intensity 7, treating I as a special bifurcation parameter. Equilibria of (HHW)
satisfy x = —z = 0 and y; = y;. Thus ao’z = 0 if and only if

N
I'=nx,c,V)=—colx — Vo) = Y _cju;(y())x = V;) (L1
j=1
where y(x) = (y1(x), ..., yu(x)), ¢ = (co, ..., cn), V. = (Vo, ..., V).
Equilibria may thus be parametrised by x and we may use the value of x at
equilibrium as a new bifurcation parameter 1. The intensity / may be computed
from the expression n(u, ¢, V) = I depending on the 2N + 2 parameters ¢
and V.
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1.5. Bifurcation

A geometrical description of the subset in parameter space where the number
of multiple solutions of (1.1) changes locally is given in [4] in the context
of the clamped equations. This description may be applied to equilibria of
(HHW) without any changes. It follows that for an equation with N channels
and for generic ion dynamics (i.e. for generic functions v; (i) = u ;j(y (1)),
equilibria of (HHW) have multiplicity at most 2N + 2 and that there are always
equilibria of multiplicity 2N + 1. Moreover, if for a fixed value of parameters
n(u, c, V) — I has a zero of order k < 2N + 2 at u = o then, for any / <k,
there are parameter values arbitrarily close to the initial one where n — I has
a zero of order / at a point u near . In particular, it follows that there are
nearby parameter values where the equation (1.1) has k simple zeros near pi.

2. Linearisation

We are concerned with the way an equilibrium may lose stability when we vary
the parameters in (HHW). This happens at parameter values where the lineari-
sation around the equilibrium has an eigenvalue whose real part changes sign.
We are interested in the geometry of these parameter sets. Whether the equi-
librium is initially stable depends on the functions y;(x), 7;(x) and u ;(y) used
in a specific model, but the geometry of the bifurcation set may be described
for generic functions.

For o # 0, the linearisation of (HHW) around the equilibrium (u, y (1)) is

0 0 0 —1
]/1/7,'1 —T 0 0
I = . . ’
yuty 0 ... —Ty 0
Ry Ry ... Ry —Ryu
where
N
1 C,0
Ro= — | —¢c, — . R —_m7
0=—5 |- ];c,u,w(m) Mh = ——
and

N
1 ou; .
R; = _ E cja—;(y(u))(u—vj) i=1,..., M.
j=1 ’

ac?
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We consider new parameters R = (Rg, Ry, ..., Ry, Ry41) given by the
expressions above. The characteristic polynomial of L is given by

M
Pr(X) = det(L — XI) = (=DY X (Ry41 + X)l_[(fi(u) + X) + r(X)

i=1

vin —u—-X ... 0
where r(X) = det
)/1{4‘L’M 0 cee Ty — X
Ry R, Ry

Writing
M+1
PL(X) = (=1 (XM” +2 “iX')
i=0

and defining the symmetric functions so(t) = 1 and

sp(t) = Z Tiy v Tiys n=1,...,.M,

I<ij<--<ip<M

the coefficients oy and «; are given by

M 35y (T)
ag = Rosm(t) + Z Riy/mi gi_ ;
i=1 !
M
, Osy—1(7)
a1 = Rosu—1(t) + Y Riy,] Ti% + Ry115m(2),
i=1 !
forl <j<M
dspy—j(7)

M
aj = Rosy—j(t) + Z Riy/t;

i=1

— + Ryism—j1(0) + sm—j12(7),

and

oy = Roso(T) + Ryy151(7) + 52(1),

apy+1 = Ry150(t) + 51(7).
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The expression @ = (g, a1, ..., 0y,1) can be written in the form o’ =

D+ E - RT, where DT = (0,0, sy, Sp—1, ..., 51), and
. Asp(z) , Osy(T)
sm(T) 1284 Yutm 0
Ty 0ty
su_1(t) i dsy—1(7) . dsy-1(7) $31(7)
M-1 Y1 1—811 M M—BTM M
E = : : :
. 3s1(7) ,  0si1(7)
s1(7) T 3 W T™ 3n $52(1)
so(T) 0 0 s1(T)
0 0 0 so(T)

Lemma 2.1. The determinant of E satisfies

M
det(E) = + (]_[ yi’ri>
i=1

Proof. Developing the determinant along the last row of £ and again along
the last row of the minor we obtain

l—[ (ti — 7).

I<i<j<M

M

det(E) = =£s0(1)? ]_[y]frj det(E")
j=1

where
dsyu (1) dsu (1)
a‘L’l 3‘L'M
dsy—1(7) dsy—1(7)
E/ = 81’1 aTM
9s1() 9s1(7)
Ty o ATy

Note that det E’ is ahomogeneous polynomial of degree W on the variables

7; and that it is divisible by all the terms (t; — 7;),i # j. Therefore, by Lemma
1 of [3],det(E) = &+ H1§i<j§M(Ti — 1;), completing the proof. O

3. The exchange of stability set

The loss of stability of an equilibrium point happens where the linearisation
around the equilibrium has an eigenvalue whose real part changes sign. For
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complex eigenvalues this may happen at parameter values where the linearisa-
tion has a pair of purely imaginary eigenvalues. These points are the possible
sites for Hopf bifurcations, where a branch of periodic solutions is created. The
other possibility is that a real eigenvalue changes sign at the site for a possible
saddle-node bifurcation.

We address the general problem of describing the set of coefficients where a
real polynomial P(X) has purely imaginary roots in a form suitable for applica-
tion to our problem. When P (X) is the characteristic polynomial of a Jacobian
matrix these roots indicate a change in stability. Consider the polynomial P,(X)
of degree n > 2 with real coefficients

P X)=ao+ a1 X+ -+, X".

We want to study the exchange of stability set ¥y of parameters a € R"*!
such that P,(i~/B) = 0 for some B > 0. There is a natural decomposition
Yo = A; U S| where the subset

A= {ot eR"™ :3B>0: Pa(i\/E)=0],

corresponds to possible Hopf bifurcations and S; is the subspace «y = 0, that
corresponds to possible saddle-node bifurcations. Denoting the integer part of
x by [x], we define the singular set A;, 1 < j < [n/2] as the set of parameters
o where P,(X) has roots X = i~/B, B > 0 of multiplicity at least j. Using the
symbol | for polynomial divisibility we have

Aj={a e R : 3B >0:(X2+B)j|Pa(X)}-

A ruled submanifold of R! with codimension j rulings is a submanifold of R
that is also a parametrised family of affine subspaces of codimension j. A cone
C C R'is a set invariant under scalar multiplication. The cone C is regular if
C — {0} is a smooth manifold, otherwise C is a singular cone. If every point
of the cone lies in a vector subspace of R/ of codimension j, contained in the
cone, then we say that the cone has rulings of codimension j.

The next result extends Proposition 2 in [3].

Proposition 3.1. The exchange of stability set ¥ for a polynomial of degree
n > 2 is the union of the hyperplane {0g = 0} = S; C R™! and the singular
cone Ay of codimension 1 in R"*! that has rulings of codimension 2. Each
Aj, 1 < j<I[n/2]is a singular cone of codimension 2j — 1 with rulings of
codimension 2j and, for j < [n/2] singularities lying in A ;4. The cone Ay,
is regular. The closure A_, of A; meets the hyperplane S| at the subspace
Sy; =f{ag ==y =0} andis givenby A; = S»; U A;.



Geometry of Hodgkin-Huxley waves 237

Proof. The projection 7 : R* x R™*! — R"*!| given by 7(B,«a) = «a,
maps each set

Aj={(B,a) e R x R"™' 1 (X% 4+ B)/ |P,(X))

into w(A ;) = A;. These sets may be rewritten in a more convenient way if we
divide R"*! into ny = [%] even coordinates and np = [%] odd coordinates
using the maps g : R**! — R"*! and ¢¢ : R**! — R"*! given by

ap = qe(a) = (ag, —02,04,...,(=1)"Eay,,)

o = qo(a) = (a1, —0o3,05,...,(=1)"02,+1).
Then P,(i~/B) = P,,(B) +iv/BP,,(B) and P,(i~/B) = 0 with B > 0 if and
only if P,,(B) = Py,(B) = 0: in order to decide the divisibility of P, (X) by
powers of X2 — B it is sufficient to study the common positive real roots B of
P, (X) and P,,(X).

We claim that

Ay ={(B,a) e R" xR"" : r{5(B) - ap =0 =1r°(B) - o}
and that
A= {(B,a) € Ajo1:r(B) - ag =0=r;’0(3)-a0},
for 1 < j < [n/2], where
dr;”(B)
dB

Using P,,(B) = r{*(B) - ag and Py, (B) = r{°(B) - ap we obtain the expres-

sion for Ay. For A;, j > 1, note that P,(B) is divisible by (X — B)/ if and
J

r(B)=(1,B,B* ..., B") and ri (B) =

d’ P
only if P,(B) € A;_; and dB;/ =0, fory = ag, ap.

Let f; : R" x R"™™ — R%, 1 < j < n/2 be the maps

fi(B,a) = (r{*(B) - ag, r°(B) - @)

fi(B,@) = (fj-1(B, ), r{*(B) - ag,r}°(B) - ao)

Since a—fj has maximum rank 2 j, using the implicit function theorem it follows
o

that the A ; are smooth codimension 2j submanifolds of R"+2.

From the expressions for A; it follows that, for fixed B, the set f ;1(0)
is an affine subspace of R* x R"*! of codimension 2j + 1, having the form
{B} x V1, where V is a 2 j-dimensional subspace of R"™!. Thus the sets A ;
are smooth ruled manifolds, with rulings of codimension 2j 4 1 contained in
hyperplanes B=constant.
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of:
The projection 7 is singular at the points in A ; where a—J; = 0. Since
fi+1(B,a) = (fi(B, ), rit(B)-ap, ¢ (B) - ®o)
of;
= (fl(B,a), a—é(B,oo)

it follows that singular points of 7| A ; lie on A4y for 1 < j < [4] and that 7
is regular on A[n/z].

Each one of the rulings of A ; is projected into a vector subspace of codi-
mension 2 j orthogonal to the subspaces V discussed above. U

For the study of the characteristic polynomial of a matrix we are interested
in polynomials P,(X) with «, = (—1)". Let $ c R" and H;,1<j<|[n/2],
be given by

S ={eeR":3B>0: Py_nivB)=0}
H;={a eR":3B > 0:(X* + B)/| P11 (X)}.

Then, 3 and H; are the transverse intersection of % and A, respectively,
with the hyperplane «,, = (—1)".

Corollary 3.2. The sets Hi C R", 1 < j < [n/2] are singular ruled subman-
ifolds of codimension 2j — 1 with rulings of codimension 2 j. All the singular-
ities of H; lie in H;, and FJ = H; US,;. The set Hy is regular: a curve
for n even and a ruled surface for n odd. In particular & = S; U H, is a ruled

manifold of codimension 1, with rulings of codimension 2. Its singularities lie
in Hz U Sz.

4. The exchange of stability set in (HHW)

The description of the set of parameters 1, R where the linearisation of (HHW)
has either pure imaginary or zero eigenvalues can now be completed. For
j=1,...,[M/2] +1,let N; be given by

N;={(n. R) e Rx RM*2:3B > 0: (X* + B)/ | PL(X)}
and let

K;={(u,R) e Rx RM"?: X/|P (X)}
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then
$={(u,R) eRxR"*?2:3B>0: P.(ivV/B)=0} = N, UK.

Theorem 4.1. For a residual set of functions t;(n) > 0 and for all func-
tions y;(u) such that y!(n) # 0, where i =1,..., M, the sets N;, where
j=1,...,[M/21+ 1, and K;, where l = 1,..., M + 1, are singular ruled
submanifolds of R x RM*2 with rulings contained in the codimension 1
affine subspaces where p is constant. Singular points of N; occur both for
(1, R) € Njy1 and for isolated values of u = ., where t;(j1,) = T () for
some i # k. Similarly, singular points of K; occur both for (u, R) € Ky, and
for isolated values of i = (.. Moreover, F] = N; UKy;.

The subset of regular points in N; has codimension 2j — 1 in R x RM+2
and its rulings have codimension 2j + 1.

The subset of regular points in K; has codimension | in R x RM+2 with
rulings of codimension | + 1. The sets K| and K, are singular cones and
K42 is the union of a set of isolated lines and a curve whose singular points
lie on those lines.

Proof. From Lemma 2.1 it follows that the set 7 = {r e RM : det(E) = 0}
is the union of M hyperplanes in R¥. By a direct application of Thom’s
transversality theorem, the set of functions 7;(it) whose 0O-jet is transverse
to T is residual in C*°(R, R). Since T has codimension one, transversality
to T means that det(E) = O only at isolated values u, of w. Therefore, for
generic functions 7;() > 0 and for all functions y;(n), i =1, ..., M, such
that y/(u) # 0, the map R — E - RT is invertible, except at isolated values
1y of w such that 7; () = (W), i # k. Moreover, the subset of points in 7'
where more than two t; have the same value has codimension one in 7', and
therefore transversality to 7' means the set of functions may be refined to ensure
that 7 () does not meet this subset. Thus, E has corank at most 1 for all values
of w. From now on, we suppose the 7;(w) are in this residual set.

The parameters (4, R) are mapped into the coefficients of the characteristic
polynomial of L by F(u, R) = E(u) - RT + D(u) with N; = F“(Hj). For
most values of p the affine map F, : RY*> — RM*2 F (R) = F(u, R) is
invertible, the rulings of N; are the preimage by F), of the rulings of H; and
the result follows from Corollary 3.2.

In order to complete the description of the N; it remains to see that at the
isolated values p, of u where det E(u,) = 0 the preimage of the rulings still
has the correct dimension. At these values of w the image of F),, is an affine
hyperplane in R¥*+2, We claim that the residual set of functions (1) may be
refined in such a way that the image of F,, meets all the rulings of H; in general
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Figure 17.1. The situation on the left, where the rulings of A; are contained in
the image of F),,, may be avoided by a small perturbation of the 7;(j1) (right) that
tilts it away from the rulings.

position, and their inverse image by F are rulings of N; of codimension 2, as
for other values of 1.

To see this we look again at the proof of Proposition 3.1 to obtain 2;j
vectors le (B) and vIO(B) e RM+3 that generate the subspace orthogonal to the
rulings of A; = m(A;) given by vf(B) =(1,0,—B,0, B2,0,...), UIO(B) =
0,1,0,-B,0, B2,0,.. .) with vEH(B) and vﬁrl(B) their I derivatives. The
cone swept by these subspaces as B varies has codimension at least one in
RM+3 for j <[M/2]+ 1.

The claim will be proved if we show that the image of F),, meets all the
rulings of H; in general position. Let v(u,) # 0 be a vector in the kernel of
(E(1,))7, so that the image of F,,, is orthogonal to v(u,) (Figure 17.1).

Since H; = A; N{ay4 = (—DM+2}, it is sufficient to show that v(u, )" is
transverse to the rulings of A; inside {ap42 = (—=1)M+2}_ or equivalently, that
(v(i4), 0) does not meet the cone swept by le(B) and UIO(B) as B varies. The
residual set of functions t(u) may be refined to satisfy this condition. Therefore
we may assume that the rulings of A; are transverse to the image of F,, and
that the codimension of the intersection of the image of F,, with the rulings of
A is one plus the codimension of the rulings of A;.

Intersecting the rulings of H; with v(u,)* increases their codimension by
one, by transversality to {ay12 = (—1)M*2}. Therefore the codimension of the
preimage of H; N v(p,)t by F,, is still 2j as we had claimed.

Finally, we note that K; = F ~1(S)). Refining the residual set again, the
proofs for K; are entirely analogous (and simpler) to those for H;. The only
point that remains is to check that both K; and K, are cones, which follows
from the fact that the first two coordinates of D(u) are zero, so each F " 1S)
is a vector subspace for [l = 1, 2.

The remaining assertions follow directly from Corollary 3.2. O
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Figure 17.2. Left: rulings of H; are not in general position with respect to the
image of F,, (white plane); on the right they are, after a small perturbation of the

7 ().

Note that if det E(u) # O then for j = [M /2] + 1 and for M even N; is
a regular surface. For M odd Npy/op41 is a regular ruled 3-manifold, with
one-dimensional rulings.

5. Example: single channel Hodgkin-Huxley equations

For the original Hodgkin-Huxley equations there are two channels, correspond-
ing to Na and K ions. The first equation in (HH) is:
ox 0%x

n— =ad— — cNam3h(x — Vo) — cKn4(x — Vk) —colx — Vp) — 1.
ot as2

As a simple example, we discuss the case when only the Na channel is present,
so N =1, M =2 and we assume cx = 0. In our notation, y; =m, y, = h
and u1(y1, y2) = yiy2 = una(m, h) = m*h. In the Hodgkin and Huxley 1952
article [2] the functions y; and 7; are fitted to experimental data and are given
in the form

a;(x)

@)+ B0 Tj(x) = o (x) + Bj(x)

yi(x) =

for j = m, h , where

o (x) = @ (v +25)/10) By(x) = de?/18
ap(x) = 0.07e¢%/?0 Bu(x) = (1 + e(v+30)/10)—1

x/(e*—1) ifxz#£0

with  ¢(x) = { | ifx =0

Notice that o (x) + B;(x) # O for all x and j.
The functions y;(x) of Hodgkin and Huxley [2] were chosen to be almost
constant outside an interval. They are monotonic, asymptotically 1 or O at +-c0.
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Figure 17.3. Graph of I = n(x, Vy,) for single-channel HHW, other parameters
with original Hodgkin-Huxley values: ¢y, = 120, ¢o = 0.3 and V,, = 10.6.

Their derivatives tend to zero very fast as x tends to 00 and the same is true
a fortiori of derivatives of u(y(x)). We restrict our study to values of x where
results may be significant both from a physiological and from a numerical point
of view.

Figure 17.3 shows equilibria for the original Hodgkin Huxley with parameter
values cy, = 120, ¢p = 0.3 and V) = 10.6. Recall that equilibria of (HHW)
are given by I = n(x, V) where n was defined in (1.1). Note the two fold
points for each Vy,.

For M = 2 the parameters R lie in RY*? = R*. We have

H, ={R =(B?0,2B,0) : B >0}

and K, is the origin of R*, corresponding to B =0 in H,. The generic-
ity conditions in Theorem 4.1 hold here, since by Lemma 2.1 det E(u) =
Y{v3tita(ta — 1) # 0, see Figure 17.4. Numerical plots of the surface Ny C R’
and its boundary K, are shown in Figure 17.5 as a B-parametrised family of
curves projected into the three-dimensional subspace (Ry, R, R3) of R* . Each
curve is parametrised by p as FI;‘(Bz, 0, 2B, 0) for a fixed value of B. with
B > Ofor N, and B = Ofor K4. A numerical plot of the projection of K4 into the
three-dimensional subspace (i, Ry, R») is shown in Figure 17.6, where it may
be seen that for almost all values of u the variables R and R, have a constant
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_50 . . . . .
-200 -150 -100 -50 0 50 i

Figure 17.4. Graph of In(det E(u)) for single-channel HHW.

80
5 60
40

20
R1 -10 0 RO
Figure 17.5. Projection of N, and K4 into the space (Ro, Ri, R3) for single-
channel HHW. Leftmost curve is K4 corresponding to B = 0. Each one of the
other curves corresponds to a fixed value of B > 0. All curves parametrised by p,
the equilibrium value of x.
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100

-100

-200

-1000 -
R1 300 equilibrium

Figure 17.6. Projection of the curve K4 = {(u, R) : F,(R) = 0} into the space
(u, Ry, Ry) for single-channel HHW.

relation and moreover that R, is very small. For the clamped equation both N,
and K, are empty.

Since N, has codimension 1 in R, its projection into R-space covers an
open region in R*. This region is bounded by the projection of N, U K4 U K,
plus points in the projection of Ny where d F (i1, R)/du is orthogonal to both
vE and v?. For each R within this region there is a value of the equilibrium
with a Hopf bifurcation.
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Global classifications and graphs
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Abstract

We review some of the problems where the graphs have been
applied to the study of the global classification of stable maps.

AMS Classification: 57R45, 57M15, 57R65
Key words: Stable maps; foliations; graphs; global classification

1. Introduction

Let M and N be manifolds, M compactand f : M — N.Assume that f defines
an extra structure on any neighborhood of a point p € M. The point p is said to
be regular with respect to the extra structure if there exists a neighborhood U, of
p such that for any ¢ € U there exists also a neighborhood Uy, so that the extra
structure is equivalent on the two neighborhoods. The study of the structure on
U, leads to a local problem. The study of the decomposition of M in maximal
subsets with an homogeneous structure leads to a global problem. One way to
achieve the global problem is to associate a graph to this decomposition.

This method has been applied to the study of the global classification of
flows and maps. The approach in each case goes as follows: Once the local and
multi-local behaviour of the critical set has been described, the relevant global
topological information is codified in a graph, possibly with labels in either the
vertices, the edges, or both. The typical questions then are:

1. Determine all the (labelled) abstract graphs that can be associated to some
of the objects under study (Realization Problem).

2000 Mathematics Subject Classification 00000.
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2. Is the graph a complete invariant for the given problem? In the negative
case: Which are all the topological classes associated to a given graph?
Determine further invariants in order to distinguish among them.

From a historical point of view, the first structures to be classified by graphs
were the stable ones. M. Peixoto [40] was the first to relate graphs and flows.
As a consequence he obtained a global classification for Morse-Smale flows in
the plane. Other well known applications of graphs are the Lyapunov graphs in
the study of non singular Morse-Smale flows on 3-manifolds, introduced by J.
Franks [17] and the graphs introduced by A. T. Fomenko [14] in the analysis
of Integrable Hamiltonian flows. In the case of stable maps, the graphs were
first introduced by A. S. Kronrod in order to describe the global behaviour of
smooth functions defined on the 2-sphere [27]. More recently, V. I. Arnold has
pushed forward the study of the graphs associated to Morse functions on closed
surfaces [4].

We review here some of the problems where this procedure has been used
paying a special attention to the description of the problem for stable maps
between surfaces that have been recently studied by the second and third
authors. Following Arnold’s ideas on counting the topological classes of Morse
functions with a fixed number of saddle points described in §3.1, we push
forward in §3.2 the first steps in the study of the determination of the number
of topological classes of stable maps from surfaces to the plane with prefixed
Vassiliev type invariants. We also describe, as an illustrative example of a
different viewpoint, how graphs can be used in the global study of foliations in
the plane.

2. Surfaces and graphs

2.1. Graphs of Morse functions

Given a Morse function f : M — IR, we associate to it the space whose points
are connected components of the level spaces of f. If M is a closed (com-
pact without boundary) manifold, this space is a finite 1-dimensional complex
known as the graph of f. We denote it by G.

The vertices of G are the critical points of f. These vertices may either
be extremal points (maxima and minima), or triple points (saddle points). We
consider the following order relation is imposed on the set of vertices of the
graph:

v < v & f(vr) < fvo).
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It is not difficult to see that a necessary condition for a graph to be attached
to a Morse function is that the neighbours of a vertex of valence 3 are neither
all below nor all above it. Graphs satisfying this condition are called regularly
ordered graphs. Clearly, these graphs are topological invariants of Morse func-
tions. For Morse functions on a surface of genus g, the graph has g independent
cycles. In the case of the 2-sphere, the graphs are trees and the following results
hold (see [4]):

1. The regularly ordered trees are topological invariants for Morse functions
on S2.

2. All regular orderings (on any tree) with n vertices can be realized as the
graphs of Morse functions with exactly »n critical points.

An interesting problem discussed by V. I. Arnol’d in [4] (see also [5]) is
the following: Count the number ¢(T') of regularly ordered trees with T triple
points (= number of diffeomorphism classes of Morse functions on S* having
2T + 2 critical points, including T saddle points).

The first values for ¢(T") were calculated by Arnol’d in [4]:

o(1)=2; 2)=19; ¢3)=428; @4) = 17746.
Moreover, he proved:

Theorem 2.1. There exist positive constants a and b such that for any T we
have the inequalities

aTT < o(T) < bT™".

L. I. Nicolaescu has studied with detail the asymptotic behaviour of the
function ¢ in [37], proving Arnold’s conjecture that the upper bound of ¢(7')
is close to the asymptotic value.

An important particular case is that of Morse polynomials in two vari-
ables (on S?). A Morse polynomial of degree m has at most (m — 1)? critical
points. For m = 4 we get that the number 7 of saddle points is at most 4.
According to Arnol’d ([5]), among the 17746 topologically different classes of
Morse functions on S? with at most 4 saddles, there are (at least) 1000 with a
polynomial representative of degree 4. It is then natural to pose the following
question: Which is the growth rate with respect to the growth of T in this
case? Some answers to this question can be found in [5]. One can also consider
the corresponding problem on the torus. In this case, the graph has one cycle.
Several interesting results concerning the growth rate of ¢(7) with respect to
the growth of T for periodic Morse functions and trigonometric polynomials
are also discussed by Arnol’d in [5] and [6].
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P =) 6 B
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(a) ) k(b)D @) \(C)P @

Figure 18.1. Graph and stable map to the plane from the: a) bi-torus, b) torus and
¢) Klein bottle.

J

Remark 1. Given a vector field, for instant a Hamiltonian field H, whose
first integral (i.e. Hamiltonian function) is a Morse function, the above graph
provides an invariant for H. In many cases this situation can be generalized,
explaining why similar tools may work as well in flows than in maps. See, for
instance, [12].

2.2. Graphs of stable maps between surfaces

Let M and N be orientable surfaces, where M is closed (compact without
boundary). By Whitney’s theorem ([18]), the singular set X f of any stable
smooth map f : M — N consists of curves of double points, possibly contain-
ing isolated cusp points. The branch set or apparent contour of f (i.e. the image
of the singular set of f) consists of a number of immersed curves in the surface
N (possibly with cusps) whose self-intersections are all transverse and disjoint
from the cusps (if any). The complement of X f is a disjoint union of open
orientable surfaces, separated by closed curves lying in X f. The topological
type of M — Xf is a topological invariant (A-invariant). We can encode the
information provided by this invariant in a weighted graph G. This is defined
as follows:

— Each path-component of M — Xf determines a vertex and each curve of
2 f an edge.

— A vertex v and an edge a are incident if and only if the curve represented by
a lies in the boundary of the region represented by v.

— We attach to each vertex v a weight given by the genus g(v) of the region of
M — X f represented by v.

It is not difficult to see that this graph is an A-invariant. Figure 18.1 illustrates
an example of stable map from the bi-torus to the plane with a unique singular
curve showing both its graph and its apparent contour.
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Figure 18.2. Example of negative and positive cusps.

The singular set of a stable map from an orientable surface M to S” separates
M into two collections of submanifolds M+ and M~ made of regions inducing
opposite orientations on their images by f. So we can conclude that the graph
of any stable map from an orientable surface to S? is bipartite. Moreover, we
observe that in the orientable case the cusp points may be positive and negative
as illustrated in Figure 18.2

J. R. Quine proved in [42] that given orientable surfaces M and N and a
stable map f : M — N, we have

X(M) =2x(M™) +(C" = C7) = deg(f)x(N),

where deg(f) is the degree of f, and C* and C~ are respectively the numbers
of positive and negative cusp points of f. For a stable map f : M — S? from
an orientable surface to S2, Quine’s formula can be re-written as

X(MY) = x(M™)+(C* — C7) = 2deg(f).

Moreover, we have that y(M*) = 2(V* — g* — m). Therefore we get the
following expression for the degree of f:

deg(f) =V =V )—(gt —g)—(CT—C),

where V't and V™ respectively represent the numbers of (vertices correspond-
ing to) positive and negative regions, and g™ and g~ the respective genus of
Mt and M.

Some of the basic questions arising in the study of the graphs are the
following:

(1) Determine necessary and sufficient conditions for a graph to be associated
to stable maps from closed orientable surfaces to S* (or to IR?).

(2) Which of these graphs can be attached to fold maps (i.e. stable maps
without cusps)?
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Figure 18.4. Stable map with two cusps on the torus.

(3) Which of these graphs can be attached to stable maps (or fold maps) with
a given degree d?

We have the following answer to the first question:

Realization of weighted graphs: Any weighted bipartite graph G may be
realized by a stable map of any degree. The domain M of this map must satisfy:

x(M) =2(x(G) — p),

where x (M) denotes the Euler characteristic of M and p is the sum of all the
weights of G.
The basic tools in the proof of this result are:

— The use of codimension one transitions that affect the graphs of the stable
maps, such as lips and beaks.

— Performing horizontal and vertical surgeries, whose effect on the graphs is
shown in Figure 18.3 (see [22]).

— Realization of a basic graph with a unique edge an weights zero and one on
the two vertices by a stable map with two cusps from the torus to the plane
as illustrated by Figure 18.4.
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Figure 18.6. Examples of fold maps and their graphs.

The strategy of the proof consists in

— Step 1: Prove that any tree with zero weights can be realized by a stable map
from S? to the plane (see [21]).

— Step 2: Given any graph with arbitrary weights in its vertices we can choose
a maximal subtree. By putting zero weights in all its vertices we can realize
it by means of a stable map from S? to the plane. Then add edges and
weights by means of vertical and horizontal surgeries respectively, in order
to recover the original graph (see [22]).

— Step 3: In order to obtain a stable map of any degree with target S> we can
perform horizontal surgeries with a basic stable graph of degree one from S?
to S? (See figure 18.5). This process alters the degree preserving the graph.

An important class of stable maps are the fold maps [1, 2, 43, 45]. Their
apparent contours are regular closed curves. Such curves may be seen as the
images of the boundary of immersed regions in IR* (or S?). We illustrate in
Figure 18.6 some fold maps from an orientable surface of genus 4 to the
2-sphere. Example a) shows a map of degree 0, whereas examples b) and c)
respectively correspond to maps of degree 2 and 1.

The following answer to the second and third questions above is based in
a constructive process through which a fold map can be obtained by conve-
niently assembling surfaces with prescribed immersions on their boundaries.
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The corresponding result for fold maps from S? to the plane has been proven
in [21] and for planar fold maps (i. e. with graphs of zero weights) in [22]. The
proof of the general case will be given in a forthcoming paper by D. Hacon, C.
Mendes de Jesus and M. C. Romero Fuster [23].

Realization of weighted graphs by fold maps: Any bipartite weighted graph
may be realized by a fold map from a surface into the sphere. The degree of
this map is given by

(VF=Vv)—(gt —g").

If we define a graph to be balanced provided (VT — V™) — (gt —g7) =0,
then we can state:

Corollary 2.2. A bipartite weighted graph may be realized by a fold map from
a surface to the plane if and only if it is balanced.

We remark that a general result due to Y. Eliashberg (Theorem B, [13])
implies that given any closed non necessarily connected curve C separating
a closed orientable surface M into two surfaces M+ and M~ with common
boundary C, there exists a fold map whose singular set is C if and only if
x(M™) = x(M™). Now, there is a 1 — 1 relation between topological classes
of curves in a surface M and weighted graphs satisfying the relation y (M) =
2(x(G) — p) (see [20]), moreover, it can be seen that the condition (M ™) =
x(M™) is equivalent to asking that the corresponding graph is bipartite and
balanced. It thus follows that the above Corollary could also be obtained as a
consequence of Eliashberg’s result. Nevertheless, we emphasize that whereas
Eliashberg’s techniques guarantee the existence of such a map, those presented
here furnish a method to construct it.

Once studied the realization problem of the graphs in this context, we can
analyze their role in the global classification of stable maps from surfaces to S>
or IR%. Given an orientable surface of genus g, suppose that f : M — S?isa
stable map of degree d. According to the above results we have that the graph
Gy of f has the following topological constraint:

where E and V are respectively the numbers of edges (i.e. the number of
singular curves of f) and vertices of G, and P its total weight. In the case that
f is a fold map, we must also have:

d=WVr—-v7)—(gt—g).

Following Arnold’s line on the statistics of functions on surfaces, some
natural questions that one can propose in the case of stable maps between
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Figure 18.7. Graphs of fold maps from S? to S? with £ < 5andd =0, 1, 2.
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surfaces are the following: Consider the numerical global invariants of stable
maps on closed orientable surfaces provided by: E = number of singular
curves; C = number of cusp points and D = number of double points in the
apparent contour. How many topological classes of stable maps of degree d
from an orientable surface M of genus g to S, with fixed values of E, C and
D can be found? How many classes of fold maps (C = 0)?

The strategy to study this problem consists in

1. Determine the number of bipartite weighted graphs with E edges satisfying
the above constraints (for g and d).

2. For each one of the bipartite weighted graphs satisfying the g-constraint,
determine all the possible apparent contours with prefixed values C and
D that can be associated to it. Where, for C = 0 we must also impose the
d-constraint.

3. Investigate all the possible topological classes of stable maps that may be
associated to each couple (Graph, Apparent contour).

Denote by ¢.(E) the number of bipartite weighted graphs with E edges
satisfying the g-constraint, and by and ¢, ;(E) the number of bipartite weighted
graphs satisfying the g- and d-constraints (i.e. corresponding to fold maps).
Then we have

wo(1) =1, 90(2) = 1, 9o(3) = 2, po(4) = 3, o(5) = 6, go(6) = 10.

Figure 18.7 displays all the graphs of fold maps with £ < 5andd =0, 1, 2
from the 2-sphere to the 2-sphere. From this we get,

@o,0(1) =1, 90,0(2) =0, 00,0(3) =1, ¢o,0(4) = 0, ¢o,0(5) = 2,
©0,100) =0,90,1(1) =0, 90,1(2) = 1, 99,1(3) = 0, @o,1(4) =2,
©0,2(1) =0,9022) =0, 902(3) =1, 9 2(4) =0, o 2(5) = 2.

On the other hand, Figures 18.8 and 18.9 show all the possible graphs of
fold maps respectively from the torus and the bi-torus to the 2-sphere. From
these, we can get the values of ¢, 4(E), g = 1,2, for E <5andd =0, 1, 2.
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Figure 18.9. Graphs of fold maps from the bi-torus to S?> with E <5 and
d=0,1,2.

Now, in order to investigate all the possible isotopy classes of apparent
contours C, with fixed values C and D, that can be associated to a given graph
with E edges we must first distinguish among the possible collections of E
curves that may be the apparent contour of some stable map. The following
result proven in ([22]) is a first step in this direction.

Proposition 2.3. Any branch curve of a fold map of the sphere to the plane
has odd winding number (or, equivalently, an even number of double points).
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Figure 18.10. Apparent contours of stable maps from the sphere to the plane.
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We must now determine all the isotopy types of closed curves that can
appear in a branch set. This problem was initially put by Haefliger [24] who
reduced it to the following: Given an immersion f of the boundary of a compact
surface M to the plane, under which conditions does f extend to an immersion
over M?

S. Blank solved the problem for the immersions of the disc by introducing
an algebraic algorithm which is nowadays known as Blank’s word ([9]). This
was extended by S. Troyer [46] to the disc with holes and by K. Bailey [7] to
the disc with handles. Subsequently, S. Troyer and G. Francis [16] used Blank’s
technique in order to determine when a closed curve with a finite number of
cusps and transverse self-intersections may be the singular set of some stable
maps from a closed surface to the plane, providing a classification of the stable
maps that can be associated to a given curve. A further generalization of these
works for non necessarily compact surfaces, with clearer and simpler methods,
was obtained by V. C. Zanetic ([52]).

We observe that Blank’s words can be geometrically interpreted in terms
of decompositions of oriented (non necessarily connected) curves as sums of
embedded circles with the same orientations in the sense of [33]. By applying
this to the possible combinations of the isotopy classes of closed plane curves
determined by Arnold in [3], we can determine all the possible isotopy classes
of apparent contours of fold maps from the sphere to the plane and by applying
convenient lips transitions we can introduce couples of cusps in these maps.
We include in Figure 18.10 those corresponding to stable maps with C = 0,
E <2and D < 4 from S? to IR

Finally, a further problem resides in the fact that the pair (graph, apparent
contour) is not enough to determine the class of a stable map, as shown by Mil-
nor’s example (illustrated in Figure 18.11). This example shows two different
immersions of the 2-disc in the plane that coincide in a neighborhood of the
boundary. If we define a mapping f : S — IR? by putting it equal to one of
these immersions on the lower hemisphere and to the other on the upper hemi-
sphere, we obtain a fold map from S? to IR. On the other hand, by choosing
the same immersion on both hemispheres we get a new fold map from S to
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Figure 18.11. Two non equivalent immersions of a disc in the plane with prefixed
boundary.

IR? (which is equivalent to the orthogonal projection of the unit 2-sphere in IR>
on the equatorial plane). These two maps although share both, their graph and
their apparent contour, are not topologically equivalent ([13]).

We thus need to add some extra information which is encoded in the Blank’s
word of the apparent contour:

Given a pair (graph, apparent contour) together with a bijection between
the edges of the graph and the curves in the apparent contour, the number v
of stable maps sharing this pair can be obtained in terms of all the possible
groupings of the Blank’s words attached to the (“ordered”) apparent contour.

It is not difficult to see that for E = 1 and D < 4, the Blank’s word of the
possible apparent contours (as shown in Figure 18.7) just admits one grouping.
Therefore, if we denote by ®,(E, D) the number of topological classes of fold
maps from a surface of genus g to the plane with exactly E singular curves and
D double fold points, we get:

Do(1,0) = 1; Po(1,2) =1; Po(1,4) = 6.

We finally observe that the number of groupings for each pair (G, Cy)
associated to a stable map f is a stable isotopy invariant of global type. So we
can ask: Is there a relation between the number of groupings and the Ohmoto-
Aicardi invariants for stable maps between orientable surfaces ([39])?

It is also possible to attach graphs to stable maps from a non-orientable
surface M to the plane (or the 2-sphere). Given a finite collection C of closed
curves in M, for a curve ¢ € C, we may have that either a) a neighborhood
of ¢ is an cylinder, or b) a neighborhood of ¢ is a Mobius Band, as shown in
Figure 18.12. Then we associate a weighted graph to (C, M) in the following
way: Each path-component of M \ C determines a vertex and each curve of C an
edge. A vertex u and an edge a are incident if and only if the curve represented
by a lies in the boundary of the region represented by u. We attach to each
vertex u; a weight (w{, 0) (resp. (0, w!')) provided the region, M; C M \ C,
represented by u;, is orientable with genus w; (resp. M; is non-orientable with
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C a

Figure 18.12. Neighborhood of a curve in the surface.

(1.2)

genus w}'). The edge a € G receives a asterisk, x, if the neighborhood of curve
represented by a is a Mobius Band.

Figure 18.12(c) gives an example of graph associated to a collection of
closed curves on the Klein bottle. The definition of graph associated to a stable
map follows analogously to the orientable case. A realization theorem for this
kind of graphs will be given in a forthcoming paper by the second and third
authors of this paper.

2.3. Particular case I: Stable Gauss maps on surfaces

We can view the Gauss map I' : M — S? of animmersed surface f : M — IR>
as the lagrangian map whose generating family is the Height functions family,

M) MxS*— R

(x,v) > (f),v) = fi(x).

It is well known that the stability of T corresponds to the structural stability of
ACf) [48].

Moreover, in the (2-dimensional) case, the stable Gauss maps are stable
as maps between surfaces [8]. The singular set £I" of the Gauss map is the
parabolic curve. For a generic closed surface in IR?, this is a closed curve with
finitely many components. We define the graph of I' as the dual graph of XTI’
(as in the general case of a stable map).

Figure 18.13 illustrates a generic embedding of the torus in IR* in which
the parabolic curve has two connected components. The corresponding graph
has two vertices of weight zero with a loop connecting them. By means of
convenient beaks transitions we can obtain the two lower embeddings with a
connected parabolic curve. Their corresponding Gauss maps have one-edge
graphs with weight 1 in one of their vertices that may correspond either to the
hyperbolic or to the elliptic one. The codimension one transitions of Gauss maps
have been described by J. W. Bruce and F. Tari [10]. The only ones of these that
affect the graphs are, as in the general case of stable maps, lips and beaks. By
means of these transitions we can introduce certain surgeries between Gauss
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Figure 18.13. Examples of parabolic curves on the warped torus and the corre-
sponding graphs.

maps that allow us to conveniently manipulate their corresponding graphs.
As a consequence we prove the following result, whose proof will appear in
a forthcoming paper by C. Mendes de Jesus, S. Moraes and M. C. Romero
Fuster [32].

Theorem 2.4. Any weighted bipartite graph G can be realized as the graph of
a stable Gauss map of a closed orientable surface M, with

x(M) =2 =2(B1(9) + w(9)),

where B1(G) is the number of independent cycles of G and w(G) is the total
weight of G.

2.4. Particular case II: Linking numbers of spacial
curves and graphs

Given closed curves, o, 8 : S ' JR3, their normalized secant map (or zodi-
acal map) is given by:
Sup:S'x S' — 52

(a(s) — B(1)
lla(s) — B

The “generic” singularities of this map have been studied by J.W. Bruce
who proved that for almost any pair of curves (a, B), the map Sy g is locally
stable.

This result has a global version. The singular set of S, 4 is the bitangency

curve consisting of pairs (s,) € S' x S' such that there is a plane in IR?
tangent to o at (s) and to 8 at B(¢). Define a function B, g : S' x S' - Rby

B(s, t) = det(B(t) — a(s), B'(1), &'(5)),

then the bitangency curve is the zero locus of B, g, and for generic («, f) it is
a closed regular curve (see [38] for the study of the particular case o = B).

(s, 1) —>
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Figure 18.14. Canonical regions.

Recall that the linking number L(«, 8) of the pair («, 8) coincides with
the degree of the map S, g. Therefore, we obtain the following expression
for the linking number of the curves « and g in terms of information relative
to the graph of their secant map.

L, p)=(VT =V )—(gt—g)—(C*=C).

2.5. Invariants of pairs of transverse foliations of the disc

The characterization of one dimensional foliations on the plane has been devel-
oped by W. Kaplan ([25], [26]), L. Markus ([31]) and X. Wang ([50]) among
others. Since any foliation without singularities on the plane is orientable, also
the results of [36] can be applied here. In this section we consider that the
foliation is defined on the disc D?.

We first recall some basic results. This description will give an idea of the
connections between the classification of maps and flows. In order to simplify
the characterization of transverse foliations we shall reformulate some of the
well known results.

Each leaf of a foliation divides the plane in two regions and two such leaves
determine a unique region. The set of regions limited by two leaves constitute
a base for a topology of D?. In the space of leaves we consider the quotient
topology. Let Sy be the set of leaves that are not closed with respect to this
topology. Any leaf that belongs to the closure of Sy is a separatrix. Let S be
the set of separatrices. A leaf of S — Sy is a limit separatrix. We will always
assume that S, as a subspace of the space of leaves, is a Hausdorff space. The
associated invariant will be a distinguished tree ([49]).

Any connected component of D? minus the set of separatrices is a canonical
region, O. In the Figure 18.14 we have schematized the five types of canonical
regions.
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Figure 18.15. Canonical regions and graphs.

For each canonical region O we associate a vertex, v (O). For two adjacent
canonical regions we have an edge incident to the corresponding vertex. In this
way we define a tree associated to the canonical regions.

To complete the description, we associate to v (O) another edge for each
open side of O and for each of this new edges we add another vertex on the
opposite side (point at infinity). If O is of type i), we give an orientation to
this edge so that the final point is v (O), otherwise we consider the inverse
orientation on the edge. Finally, we associate a vertex to each limit separatrix.

We can consider a representation of this tree on D2 v(0) is any interior
point of O. The edges between canonical regions cut the common separatrix at
a point which is equidistant to the intersection points of the separatrix with the
boundary of D2.

In many situations we do not have a unique foliation, but the union of n
distinct foliations. For instance, we obtain 2-foliations in the case of the implicit
differential equations corresponding to the curvature or asymptotic lines on a
smooth surface immersed in IR>. For these, just a local analysis of the generic
situations is known ([19]). Usually, these foliation have some intrinsic relation
and providing the topological invariants of each one of them separately is not
enough in order to describe the complete situation. This is the case, for instance,
of the foliations defined by a positive quadratic form. Consider the general case
of n = 2 where both foliations are assumed to be transverse. As in the case of
a unique foliation we define a canonical region as any component of the disc
minus the set of separatrices of each foliation. But here, the set of canonical
regions is described by a graph. Now, if there are no regions iii) and iv), we
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define the reduced 2-foliation as the foliation obtained from the initial one by
collapsing all the regions of type v) (Fig. 18.2) to a separatrix, we have that
in the reduced foliation all canonical regions have non empty intersection with
dD2. Then we have that a transverse pair of reduced foliations on the disk is
characterized by a distinguished topological IR-tree.

The case of a finite number of separatrices is more simple. We can consider
that the foliations are defined over the open unit disc. Any leaf cuts the boundary
of the disc in two points. These two points can be considered as a S° knot over
the disc. Then we obtain the following result whose proof will be given in a
forthcoming paper by R. Lopez and J. Martinez Alfaro:

Theorem 2.5. An invariant of a pair of transverse 2-foliations on the unit disc
with a finite number of separatrices is the link defined by the separatrices of
each foliation and a representative of each canonical region of each foliation.

We observe at this point that by taking a first integral of each foliation we
obtain a map from the disc to the plane. Again, the classification of this map
is relevant for the system of foliations. An interesting problem would consist
in studying the case in which this is a stable map. Now, similar techniques to
those applied to stable maps on compact surfaces without boundary would lead
to a new graph with valuable information on the system of foliations on the
disc (or on any other compact surface). This is an open problem.

3. 3-Manifolds and graphs

3.1. Stable maps from closed 3-manifolds to R*

The local singularities of a stable map f from a closed (compact without
boundary) orientable 3-manifold M to IR? are also well known: fold points
along surfaces, cusp points along curves and isolated swallowtail points. From
a multi-local viewpoint, we may also have curves of double folds, isolated
triple points and isolated crossings of a folds surface with a cusps curve in the
apparent contour. In order to obtain global information on these maps we can
also associate a graph to each one of them ([34]). The singular set of a stable
map f from an orientable compact connected 3-manifold without boundary
M to IR? is made of a finite collection of regular surfaces embedded in M.
These surfaces separate M into different 3-manifolds with boundary which
are embedded by f into IR?. Denote by b; = rk H;(M) the i-th Betti number
of M. It is clear that by = b3 = 1. Moreover, it is also a well known fact that
x (M) = 0, where x stands for the Euler characteristic. Since y (M) = Z?:o b;,
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it follows that b; = b,. Let U;’:] S; C M be a collection of disjoint embedded
oriented surfaces in a compact 3-manifold. We define the weighted graph G
associated to this collection of surfaces in M as follows: to each surface S; we
associate an edge and to each component M; of M — | Ji_, S; a vertex. We then
have that an edge is incident to a vertex if and only if the surface corresponding
to this edge lies in the boundary of the 3-manifold represented by the vertex.
The weights are attached as follows: given a vertex v; (corresponding to the
region M ;) we define its weight as ¢; := by(M;) — s; + 1, where s stands for
the number of connected components of the boundary of M;. Intuitively, c;
can be seen as the number of generators of Hy(M) which are not determined
by the boundary of M;. For instance, if M = S it can be seen, by using basic
homology techniques, that all the vertices must have zero weight. To each edge
we associate a weight given by the genus, g;, of the surface S; that it represents.
We will denote by u the number of edges (which is the number of surfaces S;) of
the graph and by V the number of its vertices. The well known decomposition
of 3 as two solid tori conveniently glued by their boundary leads to a graph
made of a unique edge with weight 1 and two vertices with zero weights. A
first result in the study of the graphs that can be attached to stable maps on
3-manifolds, proven in [34] by using standard topological techniques such as
tubular neighbourhoods and surgeries, is:

Theorem 3.1. Any graph with weights in its vertices and edges can be real-
ized as the graph of some collection of closed embedded surfaces in some
3-manifold.

We can now use the well known result on existence fold maps due to
Eliashberg (Theorem B, [13]), that for the case of an orientable 3-manifold M
that can be embedded in IR* (i.e. M is stably parallelizable) asserts that any
closed orientable (non necessarily connected) embedded surface S splitting M
into two (possibly disconnected) manifolds M . and M _ with common boundary
S can be the singular set of a fold map on M. Then by taking into account that
the 3-manifolds constructed in the above theorem are all stably parallelizable
we obtain:

Corollary 3.2. Any graph with weights in its vertices and edges can be realized
as the graph of a fold map from some 3-manifold to IR>.

Now, an important question, related to the global classification of stable
maps, consists in determining all the possible graphs attached to stable maps
on a given 3-manifold. In this sense, a first step is the following:
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Theorem 3.3 ([34]). The graph of a stable map from S* to IR® is a tree whose
vertices have zero weight. Moreover, any tree with ¢; =0,Vj =1,...,V is
realizable as the graph of a stable map f : S> — IR>.

We observe that a tree with zero weights in the vertices may also be the graph
of a stable map from a non simply connected 3-manifold to IR>. A construction
of this together with a more detailed study of the (topological) constraints on
graphs that can be attached to stable maps from a given 3-manifold to IR3 will
be described in a forthcoming paper by R. Oset and M.C. Romero Fuster.

3.2. Comments on stable maps from closed 3-manifolds to IR>

The stable maps from a closed 3-manifold M to the plane, in particular those
known as special generic maps, have been treated by several authors ([11], [44],
[28], [41], [35]). The Vassiliev invariants of these maps have been determined
by M. Yamamoto [51]). The singularities of these maps are fold points (along
curves) and isolated cusps. Their singular sets are disjoint unions of embedded
circles in M. In this case, there is not a natural way of attaching a graph to such
maps. Nevertheless, there is a well known tool that codifies the topological
information related to the behavior of the singular set in the 3-manifold:

A stablemap f : M — IR? induces a Stein factorization f = q - fo, where
g maps M to the quotient space W, formed by identifying points belonging
to the same connected component of the fiber of f. The space Wy is a two-
dimensional complex whose local behaviour is described in [28]. We can view
this complex as a generalization of the graph of a Morse function. In the case of
a special generic map (i.e. those whose only singularities are definite folds) the
complex Wy is a smooth compact surface whose boundary is diffeomorphic to
the singular set of the map. Moreover, the 3-manifold M can be recovered from
W as a circle bundle with the fibers collapsed to a point along the boundary of
W It is also shown in [28] that given any compact surface with boundary W,
it is possible to find a 3-manifold M and a special generic map f : M — IR?
such that Wy = W. This procedure can be also applied to stable maps from
m-manifolds to the plane, for m > 3.

Acknowledgements: Work partially supported by DGCYT and FEDER grant
no. MTM2009-08933.

References

1. Y. Ando, Existence theorems of fold maps. Japan J. Math. 30 (2004) 29-73.
2. Y. Ando, Fold-maps and the space of base point preserving maps of spheres. J.
Math. Kyoto Univ.41 (2002) 691-735.



10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

23.

Global classifications and graphs 265

V. I. Arnol’d, Plane curves, their invariants, perestroikas and classifications,
Advances in Soviet Math. 21 AMS, Providence RI, (1994) 33-91.

. V. I. Arnol’d, Smooth functions statistics. Funct. Anal. Other Math. 1(2) (2006)

125a-133.

. V. 1. Arnol’d, Topological classification of Morse functions and generalisations of

Hilbert’s 16-th problem. Math. Phys. Anal. Geom. 10(3) (2007) 227-236.

. V. I. Arnol’d, Statistics and classification of topologies of periodic functions and

trigonometric polynomials. Proc. Steklov Inst. Math. 2006, Dynamical Systems:
Modeling, Optimization, and Control, suppl. 1, S13-S23.

. K. D. Bailey, Extending closed plane curves to immersions of a disc with n handles.

Trans. AMS 206 (1975), 1-24.

. Th. Banchoff, T. Gaffney and C. McCrory, Cusps of Gauss mappings. Research

Notes in Mathematics, 55. Pitman (Advanced Publishing Program), Boston, Mass.-
London, 1982.

. S.J. Blank, Extending immersions of the circle. PhD Thesis, Brandeis University,

Waltham, Mass., 1967.

J. W. Bruce and F. Tari, Families of surfaces: height functions and projections to
planes. Math. Scand. 82(2) (1998) 165-185.

O. Burlet and G. de Rham, Sur certaines applications génériques d’une variété close
a 3 dimensions dans le plan. Enseignement Math. (2) 20 (1974) 275-292.

J. Casasayas, J. Martinez Alfaro and A. Nunes, Knots and Links in Integrable
Hamiltonian Systems. Knot Theory and its Ramifications 7(2) (1998), 123-153.

Y. Eliashberg, On singularities of folding type. Math. USSR-Izv. 4 (1970) 1119-
1134.

A. T. Fomenko, Integrability and Nonintegrability in Geometry and Mechanics,
Kluwer, 1988.

G. K. Francis, Assembling compact Riemann surfaces with given boundary curves
and branch points on the sphere. Illinois J. Math. 20(2) (1976), 198-217.

G. K. Francis and S.F. Troyer, Excellent maps with given folds and cusps. Houston
J. Math. 3(2) (1977) 165-194.

J. Franks, Nonsingular Smale flows on S>. Topology24 (1985) 265-282.

M. Golubitsky and V. Guillemin, Stable Mappings and Their Singularities, Springer
Verlag, Berlin, 1976.

C. Gutierrez, J. Sotomayor, Structurally stable configurations of lines of curvature,
Asterisque 98-99 (1982) 195-215.

D. Hacon, C. Mendes de Jesus and M. C. Romero Fuster, Topological invariants of
stable maps from a surface to the plane from a global viewpoint. Proceedings of
the 6th Workshop on Real and Complex Singularities. Lecture Notes in Pure and
Applied Mathematics, 232, Marcel and Dekker, (2003) 227-235.

D. Hacon, C. Mendes de Jesus and M. C. Romero Fuster, Fold maps from the sphere
to the plane. Experimental Maths 15 (2006) 491-497.

D. Hacon, C. Mendes de Jesus and M. C. Romero Fuster, Stable maps from surfaces
to the plane with prescribed branching data Topology and Its Appl. 154 (2007) 166—
175.

D. Hacon, C. Mendes de Jesus and M. C. Romero Fuster, Graphs of sta-
ble maps from closed orientable surfaces to the 2-sphere. Preprint available at
http://www.singularidadesvalencia.com/s.asp



266 J. Martinez-Alfaro, C. Mendes de Jesus & M. C. Romero-Fuster

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.
44.

45.
46.

A. Haefliger, Quelques remarques sur les applications differentables d’une surface
dans le plan. Ann. Inst. Fourier 10 (1960) 47-60.

W. Kaplan, Regular curve families filling the plane, I. Duke Math. J. 7 (1940)
154-185.

W. Kaplan, Regular curve families filling the plane, II. Duke Math. J. 8 (1941)
11-46.

A.S. Kronrod, On functions of two variables. Uspehi Matem Nauk (NS) 5 (1950)
24-134.

L. Kushner, H. Levine and P. Porto, Mapping three-manifolds into the plane. I. Bol.
Soc. Mat. Mexicana (2) 29 (1984) 11-33.

H. Levine, Stable maps: an introduction with low dimensional examples. Bol. Soc.
Bras. Mat. 7 (1976) 145-184.

I. P. Malta, N. C. Saldanha and C. Tomei, Geometria e Andlise Numérica de Func
coes do Plano no Plano. 19 Coléquio Brasileiro de Matemadtica, IMPA, 1993.

L. Markus, Global structure of ordinary differential equations in the plane. Trans.
Amer. Math. Soc. 76 (1954) 137-148.

C. Mendes de Jesus, S. M. Moraes and M. C. Romero Fuster, Stable Gauss maps
from a global viewpoint. Preprint available at http://www. singularidadesvalen-
cia.com/s.asp

C. Mendes de Jesus and M. C. Romero Fuster, Bridges, channels and Arnold’s
invariants for generic plane curves. Topology Appl. 125(3) (2002) 505-524.

C. Mendes de Jesus, R. Oset and M.C. Romero Fuster Global Topological Invariants
of Stable Maps from 3-Manifolds to IR3. To appear in Proc. Steklov Institute of
Mathematics 267 (2009).

W. Motta, P. Porto and O. Saeki, Stable maps of 3-manifolds into the plane and
their quotient spaces. Proc. London Math. Soc. 71 (1995) 158a-174.

D. Neumann and T. O’Brien, Global structure of Continuous flows on 2-Manifolds.
J. of Differential Equations 22 (1976) 89-110.

L. I. Nicolaescu, Morse functions statistics. Funct. Anal. Other Math. 1(1) (2006)
97a-103.

J.J. Nuiio and M. C. Romero Fuster, Global bitangency properties of generic closed
space curves. Math. Proc. Cambridge Philos. Soc. 112(3) (1992) 519-526.

T. Ohmoto and F. Aicardi, First order local invariants of apparent contours. Topology
45(1) (2006) 27-45.

M. M. Peixoto, On the classification of flows on 2-manifolds. Proc. Symp. Dynam-
ical Systems Academic Press (1973) 389-419.

P. Porto and Y. Furuya, On special generic maps from a closed manifold into the
plane. Topology Appl. 35(1) (1990) 41-52.

J. R. Quine, A global theorem for singularities of maps between oriented 2-
manifolds. Trans. AMS 236 (1978) 307-314.

0. Saeki, Fold maps on 4-manifolds. Comment. Math. Helv. 78 (2003) 627-647.
O. Saeki, Topology of special generic maps of manifolds into Euclidean spaces.
Topology Appl. 49 (1993) 265a-293.

K. Sakuma, On the topology of simple fold maps. Tokyo J. Math. 17 (1994) 21-31.
S. F. Troyer, Extending on boundary inmersion to the disc with n holes. PhD Thesis,
Northeastern University, Boston, 1973.



47.

48.

49.

50.

Global classifications and graphs 267

V. A. Vassiliev, Complements of discriminants of smooth maps: topology and appli-
cations, AMS, Providence, RI, 1992.

C. T. C. Wall, Geometric properties of generic differentiable manifolds. Geometry
and topology (Proc. III Latin Amer. School of Math., Inst. Mat. Pura Aplicada
CNPq, Rio de Janeiro, 1976), pp. 707-774. Lecture Notes in Math. 597, Springer,
Berlin, 1977.

X. Wang, On the C*-Algebras of foliations in the plane. Lecture Notes in Mathe-
matics 1257 Springer, Berlin, 1987.

X. Wang, The C*-algebras of Morse-Smale flows on two manifolds. Ergod. Th.
Dynam. Sys. 10(1990) 565-597.

51. M. Yamamoto, First order semi-local invariants of stable maps of 3-manifolds into
the plane. Proc. London Math. Soc 92 (2006) 471-504.

52. V. C. Zanetic, A extensdao em Codimensdo Dois de Imersdes e as Funcdes Difer-
enciaveis com Imagem do Conjunto Singular Especificada. Tese, IME-USP, Sao
Paulo, 1984.

J. Martinez Alfaro C. Mendes de Jesus

Dep. de Matematica Aplicada Dep. de Matematica

Facultat de Matematiques Univ. Federal de Vigosa

Universitat de Valéncia 36570-000 Vigosa-MG

46100 Burjassot (Valencia) Brazil

Spain email: cmendes @ufv.br

email: martinja@uv.es

M. C. Romero Fuster

Dep. Geometria i Topologia
Facultat de Matematiques
Universitat de Valéncia
46100 Burjassot (Valéncia)
Spain
carmen.romero@uv.es



19

Real analytic Milnor fibrations and a strong
Fojasiewicz inequality

DAVID B. MASSEY

Abstract

We give a strong version of a classic inequality of Lojasiewicz;
one which collapses to the usual inequality in the complex analytic
case. We show that this inequality for real analytic functions allows
us to construct a real Milnor fibration inside a ball.

1. Introduction

Suppose that ¢/ is an open neighborhood of the origin in C, and that f. :
(U, 0) — (C, 0) is a complex analytic function.

In the now-classic book [15], Milnor shows that one has what is now called
the Milnor fibration of f. (at 0). The Milnor fibration is the fundamental
device in the study of the topology of the hypersurface X defined by the
vanishing of f..

In fact, there are two Milnor fibrations associated with f.: one defined
on small spheres, and one defined inside small open balls. Both of these are
referred to as the Milnor fibration because the two fibrations are diffeomorphic.
We wish to be precise.

For € > 0, let S, (resp., Be, ‘B.) denote the sphere (resp., closed ball, open
ball) of radius €, centered at the origin. In the special case of balls in R? ~C,
we write I, in place of B, and D in place of B.. Finally, we write D? in place
of D, — {0}, and D in place of D, — {0}.

One version of the Milnor fibration (at the origin) is given by: there exists
€o > 0 such that, for all € such that 0 < € < ¢y, the map f./|f.|:Se — Se N

2000 Mathematics Subject Classification 14P15, 14B05, 58K05.
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Real analytic Milnor fibrations and a strong Lojasiewicz inequality 269

X — S! € C is a smooth, locally trivially fibration, whose diffeomorphism-
type is independent of the choice of € (see [15]).

The second, diffeomorphic version of the Milnor fibration is given by: there
exists g > 0 such that, for all € such that 0 < € < ¢, there exists a §o > 0 such
that, for all § such that 0 < § < 8y, the map f. : B, N f.~'(dDs) — D5 =
S' € C is a smooth, locally trivial fibration, whose diffeomorphism-type is
independent of the choice of € and (sufficiently small) § (see Theorem 5.11 of
[15] and [10]). The primary advantage to this second characterization of the
Milnor fibration is that it compactifies nicely to yield a locally trivial fibration
f. 1 BeN £.71(8D;) — 3Ds, which, up to homotopy, is equivalent to either of
the two previously-defined Milnor fibrations.

We shall not summarize the important properties of the Milnor fibration
here, but refer the reader to [15], [3], [17], and the Introduction to [13]. We
wish to emphasize that our discussion of the Milnor fibration above assumes
that f. is a complex analytic function.

Of course, acomplex analytic function yields a pair of real analytic functions,
coming from the real and imaginary parts of the complex function, and one can
ask the more general question: when does a pair of real analytic functions
possess one or both types of Milnor fibrations?

This topic of real analytic Milnor fibrations is complicated and interesting,
and gives rise to many questions. The reader may wish to consult the very nice
survey article [2] in this volume.

In Chapter 11 of [15], Milnor discusses, fairly briefly, some results in the
case of the real analytic function f = (g, h). He considers the very special case
where f has an isolated critical point at the origin, and shows that, while the
restriction of f still yields a fibration over a small circle inside the ball, f/| f|
does not necessarily yield the projection map of a fibration from S, — S, N X to
S see p- 99 of [15]. Can one relax the condition that f has an isolated critical
point and still obtain a locally trivial fibration f : B, N f~1(dDs) — 9D;? Are
there reasonable conditions that guarantee that f/|f|: S. —S.N X — S'isa
locally trivial fibration which is diffeomorphic to the fibration inside the ball?
Such questions have been investigated by a number of researchers; see [15],
[9], [16], [20], [19], and [4].

An obvious approach to answering the question about the existence of
real analytic Milnor fibrations is simply to try to isolate what properties of a
complex analytic function are used in proofs that Milnor fibrations exist. We
write “proofs” and not “the proof” here because we will not follow Milnor’s
proof, but rather follow Lé&’s proof in [10] of the existence of Milnor fibrations
inside the ball for complex analytic functions.
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L&’s proof consists almost solely of using the existence of a Thom (or ay,
or good) stratification. In [7], Hamm and L&, following a suggestion of Pham,
used the complex analytic Lojasiewicz inequality (see Corollary 1.2 below)
and a “trick” to show that Thom stratifications exist.

Our goal in this paper is very modest: we will give the “correct” general-
ization of the complex analytic Lojasiewicz inequality, and then show that if a
pair (or k-tuple) of real analytic functions satisfies this new strong Lojasiewicz
inequality, then the Milnor fibration inside a ball exists.

In the remainder of the introduction, we will summarize our primary defini-
tion and result.

Let U now denote an open subset of R”, and p denote a point in U/. Let g
and & be real analytic functions from ¢/ to R, and let f := (g, h) : U — R>.
Recall the classic inequality of Lojasiewicz [11] (see also [1]).

Theorem 1.1. There exists an open neighborhood VWV of p inU, and c, 6 € R
such thatc > 0,0 < 6 < 1, and, forallx € W,

lg(x) — g(p)” < c|Vg(x)

where Vg is the gradient vector.

Remark 1. The phrasing above is classical, and convenient in some arguments.
However, one can also fix the value of the constant ¢ above to be any ¢ > 0,
e.g., ¢ = 1. In other words, one may remove the reference to c¢ in the statement
Theorem 1.1 and simply use the inequality

lgx) — g(p)” < |Vgx)|.

The argument is easy, and simply requires one to pick a larger 0 (still less than
1). As we shall not use this “improved” statement, we leave the proof as an
exercise.

Theorem 1.1 implies a well-known complex analytic version of itself. One
can easily obtain this complex version by replacing g by the square of the
norm of the complex analytic function. However, we shall prove two not so
well-known more general corollaries, Corollary 3.1 and Corollary 3.2, which
yield the complex analytic statement.

If n is even, say n = 2m, then we may consider the complexified version of
f by defining f by

feO+iye, oo X Fiym) = 8(X1, Yy o ooy Xy Ym) F IR, Y1y ooy Xy Yim)-

From Corollary 3.2, we immediately obtain:
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Corollary 1.2. Suppose that f,, is complex analytic. Then, there exist an open
neighborhood W of p inU € C", and ¢,0 € R such that ¢ > 0,0 <6 < 1,
and, forall z € W,

1fo@ = £l < €|V £ (@),
where V f,, denotes the complex gradient.
Our generalization of this complex analytic L.ojasiewicz inequality is:

Definition 1.3. We say that f = (g, h) satisfies the strong Lojasiewicz
inequality at p or that f is L-analytic at p if and only if there exist an
open neighborhood W of p in U, and ¢, € R such that c > 0,0 < 6 < 1,
and, for all x € W,

[fC) = fP)I < ¢ min [aVg(x)+bVA)).

Main Result. Suppose that f(0) = 0, that f is not locally constant near the
origin, and that f is L-analytic at 0.

Then, for all 0 <8 < e <1, f:B.N f1(0Ds) — dD;s is a proper,
stratified submersion, and so f : B.N FY@Ds) - dDs and f : B.N
1 0Dys) — 0 are locally trivial fibrations.

Moreover, the diffeomorphism-type of f : Be N f~1(3Ds) — 9Dy is inde-
pendent of the appropriately small choices of € and §.

We have presented the main definition and result above in the case of real
analytic functions into R?; this was for simplicity of the discussion. In fact, in
Definition 3.3 and Corollary 5.6, we give our main definition and result when
the dimension of the codomain is arbitrary.

We thank T. Gaffney for pointing out the existence of nap-maps (see Defi-
nition 5.2) in all dimensions.

2. Singular values of matrices

In this section, we wish to recall some well-known linear algebra, and estab-
lish/recall some inequalities that we will need in later sections.

Let vy, ... Ux be vectors in R”. Let A denote the n x k matrix whose i-th
column is v;. Let M denote the k x k matrix A’A. Consider the function v
from the unit sphere centered at the origin in R¥ into the non-negative real
numbers given by v(tq, ..., ) := |t; U] + - - - + 1z Ux|. The critical values of v
are the singular values of A, and they are the square roots of the necessarily
non-negative eigenvalues of M. It is traditional to index the singular values
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in a decreasing manner, i.e., we let the singular values of A (which need not
be distinct) be denoted by o7, ..., oy, where o7 > --- > 0. We denote the
eigenvalues of M by A; := 0. The singular value oy is the norm of A. The
minimum singular value o} will be of particular interest throughout this paper.
Note that
@) oy = min |t1171 +"'+lkﬁk|.
11 ey )| =1

Also note that the trace of M, trM, is equal to |v;]|> + - - - + |Ux|?, which is
equal to Ay + -+ + Ay = 0f + - + 0. Hence, trM = O if and only if A = 0
if and only if oy = 0. It will be important for us later that the singular values of
A vary continuously with the entries of A. Also, as the non-zero eigenvalues of
A'A and AA' are the same, the non-zero singular values of A are equal to the
non-zero singular values of A’; in particular, o1(A) = o1(A"), i.e., the norm of
a matrix is equal to the norm of its transpose.

The following proposition contains the fundamental results on singular val-
ues that we shall need; these results are known, but we include brief proofs for
the convenience of the reader.

Proposition 2.1.

(i) ox =0 ifand only if vy, ..., Vg are linearly dependent;
(i) 10124+ [Ul* #0, then

1 01
—= < —= — <1
VET VBP0

and
(iil) k(det M)V* < |01|> + - - - 4+ |Uk|? with equality holding if and only if
U1, ..., U all have the same length and are pairwise orthogonal.

Proof. Ttem 1 is immediate from (}).
Assume that [01]2 4+ -+ |0e> £ 0. As |02+ -+ )P =02+ +
o7, the right-hand inequality in Item 2 is immediate. For all i, let
(o]

VI - R

ri ‘=

Then, r? 4 ---+r? =1 and r§ > --- > r2. It follows that r} > 1/k; this
proves the left-hand inequality in Item 2.

The inequality in Item 3 is nothing more than the fact that the geometric
mean of the eigenvalues of M is less than or equal to the arithmetic mean,
where we have again used that the trace of M is |v;]> + - - - 4 |U¢|>. In addition,
these two means are equal if and only if all of the eigenvalues of M are the
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same. This occurs if and only if all of singular values of A are the same, which
would mean that the function v(ty, ..., f;) := |tV + - - - + 14 Ug| is constant on
the unit sphere. The remainder of Item 3 follows easily. O

We need some results for dealing with compositions. Let 0;(C) denote the
i-th singular value of a matrix C, indexed in descending order. Let X;(C) :=
oiz(C), i.e., A;(C) is the i-th eigenvalue of C'C, where the eigenvalues are
indexed in descending order.

Let B be an m x n matrix.
Proposition 2.2.
ok(BA) = 0,(B)ok(A).
Hence,
[det(A'B'BA)]"" = 62(BA) = a2(B)o(A).

Proof. Let i be a unit vector in R¥, written as a k x 1 matrix. If A = 0, then
ox(A) = 0 and the first inequality is immediate. So, assume that Au # 0. Then,
Au
|Aul

|BAi| = ‘B ( )‘ - |Ai]- > 0,(B)or(A).

This proves the first inequality.
As [det(A’ B! BA)]I/ “is the geometric mean of the 0?(BA), the second set
of inequalities is immediate. O

Lemma 2.3. Suppose that P and Q are r X r real matrices, and that P is
diagonalizable (over the reals) and has no negative eigenvalues. Then,

A (P)tr(Q) < tr(P Q) < A (P)tr(Q).
Proof. Suppose that P = S~!'DS, where D is diagonal. Then, tr(PQ) =
tr(S!DSQ) = tr(DSQS™!). Let B = SOS~!. Hence, tr(B) = tr(Q), and
t(PQ)=t(DB)=Y (DB)i;=»_ Y Di;jBji=Y DiiBii.
i=1 i=1 j=1 i=1
As A, (P) < D;; < A(P), the conclusion follows. O

Proposition 2.4.

no(A"o2(B) < tr(A' B' BA) < no}(A)ol(B).
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Proof. Astr(A'B'BA) = tr(AA' B’ B), we may apply Lemma 2.3 with P =
AA" and Q = B'B, and conclude that
o2(A"[no(B)] < o (Ar(B'B) < tr(A'B'BA) < o2(A")te(B' B)
< of(A)[nof(B)l.
Now, use that o(A) = o1 (A"). O

Corollary 2.5. If BA # 0, then tr(A’ B' BA), al2(B), and alz(A) are not zero
and

k[dew(a'B'BA)]"" _ ko2(B)op(A)

w(A'B'BA)  — noX(B)oi(A)

Proof. Combine Proposition 2.4 with Proposition 2.2. O

3. L-maps and L-weights

As in the introduction, let I/ be an open subset of R". Let f = (g, h) be a C!
map from U to R? and let G := (g1, ..., gx) be a C! map from U to R¥. By the
critical locus of G, ¥ G, we mean the set of points where G is not a submersion
(this is reasonable since our main hypothesis in most results will imply that
n > k or that G is locally constant). A number of our results will apply only
with the stronger assumption that f and G are real analytic, but we shall state
that hypothesis explicitly as needed.

Throughout this section, we let A = A(x) denote the n x k matrix which
has the gradient vector of g;(x) as its i-th column (i.e., A is the transpose of
the derivative matrix [d,G] of (g1, ..., g)), and let M := A’ A. We will be
applying the results of Section 2 to A and M. Let 0;(x), ..., ox(x) denote the
singular values of A(x), indexed in decreasing order.

We have the following corollary to Theorem 1.1.

Corollary 3.1. Suppose that G is real analytic. Then, there exists an open
neighborhood W of p inU, and c, 6 € R such thatc > 0,0 < 0 < 1, and, for
allx e W,

1Gx) = G(PI” < eIV + -+ + Vgl

Proof.  For notational convenience, we shall prove the result for k = 2, using
f = (g, h), and we shall assume that f(p) = 0; the proof of the general case
proceeds in exactly the same manner.



Real analytic Milnor fibrations and a strong Lojasiewicz inequality 275

We will prove that there exist W, ¢, and 6 as in the statement such that
the inequality holds at all x € WV such that f(x) # 0. This clearly suffices to
prove the corollary. We will also assume that |Vg(p)|*> + |Vh(p)|> = 0 for,
otherwise, the result is trivial.

Apply Theorem 1.1 to the function from{ x U to R given by g2(x) + h*(w).
We conclude that there exists an open neighborhood W of pinl{,andc,0 € R
suchthatc > 0,0 < 0 < 1, and, for all (x, w) € W x W,

18°(0) + K2 w)|” < ¢[2g(x)(Vg(x), 0) + 2h(w)(0, Vh(w)|.
Restricting to the diagonal, we obtain that, for all x € W,

182() + K (0)|” < 20/ g2(x0)[Vg(x)2 + h2(x0)| VA(x)|>.

Applying the Cauchy-Schwarz inequality, we have, for all x € W,
182(x) + h*(0)|” < 2¢y/1(g2(x), K2(0)] - [(IV8 (), [VA()?)]
= 2c(g* () + 1) " (IVe @I + VA()I*)

1/4
For a, b, x > 0, (a* + b*)'/* is a decreasing function of x. Therefore, we
conclude that, for all x € W,
|(gC0), AP = 18°(x) + h* )
< 2¢(g20) + 12@) " (IVe@)? + VA1),
and so, for all x € W such that f(x) # 0,
[FEP™! < 2¢/1Vg@)12 + [Vh@)P.

This proves the result, except for the bounds on the exponent. As —1 <
260 — 1 < 1, we have only to eliminate the possibility that —1 <26 — 1 <
0. However, this is immediate, as we are assuming that f(p) =0 and
IVe(p)I? +Vh(p)I* = 0. O

The following corollary follows at once.

Corollary 3.2. Suppose that G is real analytic and, for all x € U,
Vgi(x), ..., Vgi(x) have the same magnitude.

Then, there exists an open neighborhood W of p in U, and c,6 € R such
thatc > 0,0 <6 < 1, and, forallx € W,

IG(x) — G(p)I” < c|Vgi(x)|.

We now give the fundamental definition of this paper. Our intention is to
isolate the properties of a complex analytic function that are used in proving
the existence of the Milnor fibration inside a ball.



276 D. B. Massey

Definition 3.3. We say that G satisfies the strong Lojasiewicz inequality at
p oris an £-map at p if and only if there exists an open neighborhood W of p
inU,and c,0 € Rsuchthatc > 0,0 <6 < 1, and, for all x € W,

GO =G sc-  min _[aVgi(0) + -+ aVan)] = copx).
Alye.ey ay)|=

If G satisfies the strong Lojasiewicz inequality at p and is real analytic in a
neighborhood of p, then we say that G is L-analytic at p.

We say that G is L-analytic if and only if G is L-analytic at each point
peUu.

Remark 2. Note that if Vg (x), ..., Vgi(x) are always pairwise orthogonal
and have the same length, then the inequality in Definition 3.3 collapses to

1G(x) — G(p)I” < c|Vei(x)

s

which, as we saw in Corollary 3.2, is automatically satisfied if G is real analytic.
In the case k = 2, and f = (g, h), one easily calculates the eigenvalues of
the matrix

|Vg|*  Vg-Vh
Vg-Vh |Vh|?

and finds that o;(x) is

J V()12 + [VA()I? — \/(IVg(X)I2 + [VA)I%)? = 4[| Vg ()P VAM@)I2 = (Vg(x) - VA(x))]
5 :

Definition 3.4. When G is such that Vg;(x), ..., Vgi(x) are always pairwise
orthogonal and have the same length, we say that G is a simple L-map.

Thus, G is a simple E-map if and only if M is a scalar multiple of the
identity, i.e., forall x e U, M(x) = |Vg1(x)|2lk.

Remark 3. Note that the pair of functions given by the real and imaginary
parts of a holomorphic or anti-holomorphic function yields a simple £.-analytic
map.
Definition 3.5. At each point x € U where d, G # 0 (i.e., where |Vg;(x)|* +
<o 4 | Vg (x)|? # 0), define
k (det M)'/* k (det M)'/*

trM V1) + -+ + [Vge(x)[>

If d, G is not identically zero, we define the L-weight of G, ,oiG“f, to be the
infimum of pg(x) over all x € U such that [Vg;(x)|> + - - - + |[Vge(x)|* # 0.

pc(x) ==
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If d, G is identically zero, so that G is locally constant, we set ,oglf equal
to 1.
We say that G has positive L-weight at x if and only if there exists an open

neighborhood WV of x such that G,,,, has positive L-weight.

Remark 4. If G is a submersion at x, then it is clear that G has positive
L-weight at x. However, the converse is not true; for instance, a simple £-map
has positive £.-weight (see below). Thus, in a sense, having positive L-weight
is a generalization of being a submersion.
Note that, if ,oiG“f > 0, we must have either n > k or that G is locally constant;
furthermore, it must necessarily be true that x € £ G implies that Vg(x) =
For a pair of functions f = (g, h), one easily calculates that

o (x) = 2VEOIIVAE) sin n(x)
! IVg()> + |Vh(x)[?

where 71(x) equals the angle between Vg(x) and VA(x).
One immediately concludes from Proposition 2.1:
Proposition 3.6. Suppose that d,G # 0. Then,

) 0=pcx) =L
(1) pc(x) =0ifand only if Vgi(x), ..., Vgi(x) are linearly dependent;
(i) pg(x) = lifand only if Vgi(x), ..., Vgi(x) all have the same length and
are pairwise orthogonal.

Thus, 0 < ,oiG“f <1, and ,og‘f = 1 if and only if G is a simple £.-map.

In the case where k = 2, there is a very precise relation between p ;(x) and
the strong E-inequality.

Proposition 3.7. There exist positive constants o and B such that, at all points
x € U such that d, f # 0,

2o(x) < pr(0)VIVE@)? + [VAX)]? < Boa(x).

Hence, f satisfies the strong Lojasiewicz inequality at p if and only if there
exists an open neighborhood W of p in U, and c,0 € R such that ¢ > 0,
0<86 < 1,and, forall x € W such that d, f # 0,

1£&) = £ < cprIVIVEE)? + [VAX)2,
and, for all x € W such thatd, f =0, f(x) = f(p).
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Proof. Assume thatd, f # 0. Then, the first set of inequalities is trivially true
if o2(x) = 0; so, assume 0, (x) # 0. We need to show that we can find o, 8 > 0
such that

o < PIOVIVEQE FIVR@E _
- 02(x) -

This follows immediately from Item 2 of Proposition 2.1 since

pr(0)VVg@)2+ VA 2,/02(x)o2(x)

o2(x) 00V Ve@)? + Vh()P
B 201 (x)
VIVEWR + VAR

Proposition 3.8. The following are equivalent:

@ pd" > 0;
(ii) there  exists b >0  such that, for all xel, b-
VIVGI®OP + -+ [Ve)P < oulx);
(iii) there exists b > O such that, forall x e U, b - o1(x) < oy (x).

Proof. Throughout this proof, when we take an infimum, we mean the infi-
mum over all x € U such that d, G # 0; this implies that o (x) # 0.
Note that Items 2 and 3 simply say that

ox(x)

0 < inf
VIVEI)Z+ -+ [Vge0)?

and
0 < inf &)
o1(x)
Now,
(x) = K (det M)/t _ k@t
P = Ve OR + -+ V@ Vg + - + Ve
. [ o1(x) o2 (x) T ‘
VIVa P+ + Vel VIVa P+ -+ IVa@PE |

and the factors are non-negative, at most 1, and are in decreasing order. This
immediately yields the equivalence of Items 1 and 2.
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The equivalence of Items 2 and 3 follows at once from
oy (x) _ oy (x)
VIVa@P +- Vel o200+ 4 0fr)
_ 0L()/01(x) '
V14 (020)/01(0)) + - + (0 (0) /o1 (X))’

0

Our primary interest in L-weights is due to the following:

Theorem 3.9. Suppose that G is real analytic and pi** > 0. Then, G is £-
analytic.

Proof. By Corollary 3.1, if x is near p and d,G = 0, then G(x) = G(p).
Thus, it suffices to verify that the strong L.ojasiewicz inequality holds near any
point at which d, G # 0. The desired inequality follows at once from Item 2 of
Proposition 3.8, combined with Corollary 3.1. O

Let H := (hy,...,h,) be a C' map from an open subset W of R” to U.
Forx € W, welet A = A(H (x)) be the matrix [dy)G]', and set B = B(x) :=
[d.H]'.Let C = C(x) denote the matrix [d,(G o H)]' = BA.

Theorem 3.10. Suppose that g € W, that H has positive £-weight at q, and
that G has positive £.-weight at H(q). Then, G o H has positive £-weight at q.

Proof. Atapoint x € VW where C # 0, Corollary 2.5 tells us that

ko2(B(x))o2(A(H(x)))
no(B(x))oX(A(H(x)))’

IOGOH(‘x) >

By Item 3 of Proposition 3.8, there exists an open neighborhood W’ of ¢ on
which the infimum by of ¢,,(B)/o(B) is positive, and an open neighborhood
U’ of H(g) on which the infimum bg of 0;(A)/o1(A) is positive. Therefore,
the infimum of pg.p(x) over all x € W' N H~' () such that C(x) # 0 is at
least kb%,bZ /n. ]

Theorem 3.10 gives us an easy way of producing new non-simple t.-analytic
maps: take a map into R? consisting of the real and imaginary parts of a holo-
morphic or anti-holomorphic function, and then compose with a real analytic
change of coordinates on an open set in R?. Actually, we can give a much more
precise result when H is a simple £-map.

Proposition 3.11. Suppose that H is a simple £-map. Then, for all x € VW at
which di(G o H) # 0, pgon(x) = p(H(x)).
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Proof.  Suppose that d,(G o H) # 0. As H is a simple E-map, B'B = A I,
where A = |Vh (x)|?. Thus,

 k[detA'B'BA)]E k[ dea’ )]k [derara)]*
PGoit (¥) = tr(A'B'BA)  At(ATA)  tr(A'A)
= pG(H(x)).

O
We give two quick examples of how to produce interesting £.-analytic maps.

Example 3.12. As we mentioned above, if g and & are the real and imaginary
parts of a holomorphic or anti-holomorphic function, then f = (g, h) is a
simple L-analytic function.

One can also mix holomorphic and anti-holomorphic functions. Let z =
x +iyand w = u + iv, and consider the real and imaginary parts of zw?, ie.,
let g = x(u? — v?) 4+ 2yuv and h = 2xuv — y(u? — v?). It is trivial to verify
that (g, /) is simple L-analytic.

More generally, if (g1, &) and (g2, h,) are simple E-analytic, then the real
and imaginary parts of

(81(2) + ih1(2))(g2(W) + i ha(W))
will yield a new simple L-analytic function.

Example 3.13. Suppose that f = (g, &) is a simple L-analytic map.
Consider the linear map L of R? given by (u, v) > (au + bv, cu + dv).

. . I . |a b
Then, at every point, the matrix of the derivative of L is |: di|, and one
c

calculates that p; is constantly 2|ad — bc|/(a* + b> + ¢* 4+ d?). Thus, if ad —
bc # 0, then p; > 0 and, unless ab + cd = 0 and a®> + ¢ = b> + d°, we have
that p; < 1.

Therefore, if L is an isomorphism which is not an orthogonal transformation
composed with scalar multiplication, then Proposition 3.11 tells us that (ag +
bh, cg + dh) has positive L-weight less than one and, hence, is an L-analytic
map which is not simple and, therefore, cannot arise from a holomorphic or
anti-holomorphic complex function.

Relationship to Jacquemard’s Conditions

For the remainder of this section, we will restrict ourselves to considering a
real analytic map f = (g, k) into R?. In [9], Jacquemard investigates such f
satisfying three conditions. We will refer to these conditions as JO, J1 and J2;
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actually, our condition J2 will be the weaker condition given by Ruas, Seade,
and Verjovsky in [18].

Definition 3.14. The Jacquemard conditions are:

(J0) the origin is an isolated critical point of f;

(J1) there exist an open neighborhood W of 0 in ¢/ and a real number v > 0
such that, if x € W is such that Vg(x) # 0 and Vh(x) # 0, then

Vet  Vheo |,
Vel VA = T

(J2) the real integral closures of the Jacobian ideals of g and £, inside the ring
of real analytic germs at the origin, are equal.

The reader should note that we may discuss the Jacquemard conditions
holding independently; in particular, we will assume in some settings that J 1
and J?2 hold, without assuming J0.

The importance of the Jacquemard conditions stems from the following
theorem, which is essentially proved in [9], and improved using J2 in [18].

Theorem 3.15. If Jacquemard’s conditions hold, then f satisfies the strong
Milnor condition, i.e., there exists €y > 0 such that, for all € such that ) < € <
€o, the map f/|f| from S (the sphere of radius €, centered at the origin) to R?
is a smooth, locally trivial fibration.

We wish to see that, if we assume J 1, greatly weaken J2, and omit JO0, then
f has positive L-weight at 0 and, hence, is L-analytic at 0. It will then follow
from Corollary 5.6 that the Milnor fibration inside a ball, centered at 0, exists.
First, we need a lemma.

Lemma 3.16. Condition J2 implies that there exists an open neighborhood
W of the origin in U in which Vg and Vh are comparable in magnitude, i.e.,
such that there exist A, B > 0 such that, for allx € W,

AlVg()| = [Vh(x)| < B|Vg(x)|.

Proof. By Proposition 4.2 of [6], J2 is equivalent to: there exists a neigh-
borhood W of the origin in &/ and C;, C; > 0 such that, at all points in W,
for all i such that 1 <i <n, |dg/0x;| < Cymax; |0h/0x;| and [0h/dx;| <
C,max; |0g/0x;|. One quickly concludes that, at all points of W, |[Vg| <
/nCi|Vh| and |Vh| < 4/nC;|Vg|. The lemma follows. O

Proposition 3.17. Suppose there exists an open neighborhood VV of the origin
inU in which Vg and Vh are comparable in magnitude. Then, Condition J1 is
satisfied if and only if f has positive L-weight at 0.
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Proof.  First, note that, when Vg and VA are comparable in magnitude, then
one of them equals zero at a point x if and only if both of them equal zero at x.
Suppose that A, B > 0 are such that, for all x € W,

AlVg(x)| < [Vh(x)| < B|Vg(x)|.
Let n(x) equal the angle between Vg(x) and VA(x). Then,

Ve(r) V()
Vel IVA)

= |cos n(x)],

and it is trivial to conclude that Condition J1 holds if and only if there exists an
open neighborhood of the origin YW C W such that 0 < inf ¢y (sin n(x)).

Recall from Remark 4 that, at a point x where |Vg(x)|* + |Vh(x)|> # 0,

2|Vg(x)[|Vh(x)] sin n(x)
prx) = 3 5

[Vg(x)I* + [Vh(x)]
Now, A|Vg(x)| < |Vh(x)| < B|Vg(x)| implies that
2A - 2|V g(x)||Vh(x)| - 2B
I+ B2 = |Vg)? + VA2 ~ 1+ A%

The conclusion follows. O

Remark 5. In light of Lemma 3.16 and Proposition 3.17, we see that the
Jacquemard conditions are far stronger than what one needs to conclude that f
has positive L.-weight at the origin.

4. Milnor’s conditions (a) and (b)

In this section, we will discuss general conditions which allow us to conclude
that Milnor fibrations exist.

We continue with our notation from the previous section, except that we
now assume only that G is C*. For notational convenience, we restrict our
attention to the case where the point p is the origin and where G(0) = 0. We
also assume that G is not locally constant near 0. Let X := G~(0) = V(G).

LetA = ¥ G, so that 2 is the closed set of points in I/ at which the gradients
Vg1, Vg, ... Vg arelinearly dependent. Let  denote the function given by the
square of the distance from the origin, and let ‘B denote the closed set of points
in U at which the gradients Vr, Vg, Vg,, ... Vg, are linearly dependent. Of
course, A C B.

We wish to give names to the submersive conditions necessary to apply
Ehresmann’s Theorem [5] (in the case of manifolds with boundary).
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Definition 4.1. We say that the map G satisfies Milnor’s condition (a) at 0
(or that 0 is an isolated critical value of G near 0) if and only if 0 &€ 2 — X,
ie.,if ¥G C V(G) near 0.

We say that the map G satisfies Milnor’s condition (b) at 0 if and only if 0
is an isolated point of (or, is not in) X N ‘B — X.

If G satisfies Milnor’s condition (a) (respectively, (b)), then we say that
€ > 0 is a Milnor (a) (respectively, (b)) radius for G at 0 provided that
B.N (A —X) =0 (respectively, B N X N (B — X) C {0}). We say simply
that € > 0O is a Milnor radius for G at 0 if and only if € is both a Milnor (a)
and Milnor (b) radius for G at 0.

Remark 6. Using our notation from the introduction, if f,. is complex analytic,
then f = (g, h) satisfies Milnor’s conditions (a) and (b); in this case, Milnor’s
condition (a) is well-known and follows easily from a curve selection argument
or from Corollary 1.2, and Milnor’s condition (b) follows from the existence
of good (or ay) stratifications of V(f) (see [7] and [10], and below).

Lemma 4.2. Suppose that the map G satisfies Milnor’s condition (b) at 0
and that €y > 0 is a Milnor (b) radius for G at 0. Then, for all € such that
0 < € < €, there exists . > 0 such that the map

H:(Be,— BONG ' (Bs. —{0}) — (B, — {0}) x (€%, &5)

given by H(x) = (G(x), |x|?) is a proper submersion.
In particular, for all €' such that 0 < €' < €, there exists 8¢ > 0 such that

G:9Bo NG '(Bs, —{0}) > B;, — {0}
is a proper submersion.

Proof. That H is proper is easy. Let 7 : (B, — {0}) x (€2, €}) — (€2, €})
denote the projection. Suppose that C C (Bs, — {0}) x (€2, €7) is compact.
Then, 7(C) is compact, and H~'(C) is a closed subset of the compact set
{x € B, | |x|* € 7(C)}. Thus, H~!(C) is compact.

Now, a critical point of H is precisely a point in B N (B, — B:) N
G~ ((Bs. — {0}) x (€%, €})). Suppose that, for all §, > 0, such a point exists.
Then, we would have a sequence x; € (B — X)N (B, — Be) such that
G(x;) = 0. As the x; are in the compact set B¢, — B., by taking a subse-
quence if necessary, we may assume that x; — x € B, — B.. As G(x;) — 0,
x € X. Therefore, x € (B, — B.) N X N (B — X); a contradiction, since € is
a Milnor (b) radius. Hence, H is a submersion.

The last statement follows at once from this, since one need only pick an €
such that 0 < € < €’ and apply that H is a submersion. ]



284 D. B. Massey

Theorem 4.3. Suppose that G satisfies Milnor’s conditions (a) and (b) at 0,
and let €y be a Milnor radius for G at 0.
Then, for all € such that 0 < € < €, there exists 6. > 0 such that the map

G :B.NG (B, —{0}) — Bs. — {0}

is a proper, stratified submersion and, hence, a locally trivial fibration, in which
the local trivializations preserve the strata.
In addition, for all such (€, §¢) pairs, for all § such that0 < § < 8., the map

G:B.NG '(0B;) —> 9Bs

is a proper, stratified submersion and, hence, a locally trivial fibration, whose
diffeomorphism-type is independent of the choice of such € and §.

It follows that, for all such (€, §¢) pairs, for all § such that 0 < § < &, the
map

G:B.NG '(3Bs) > 3Bs

is a locally trivial fibration, whose diffeomorphism-type is independent of the
choice of such € and §.

Proof. Themap G : B N G~'(Bs, — {0}) — B;, — {0} is clearly proper.
Milnor’s condition (a) tells us that

G:B.NG'(Bs, —{0}) > Bs — {0},

is a submersion regardless of the choice of §. > 0.
The last line of Lemma 4.2 tells us that we may pick §¢ > O such that the
map

G:9B.NG'(Bs —{0)) — Bs. — {0}

is a submersion.
Therefore,

G:B.NG '(Bs, —{0}) > Bs — {0}

is a proper, stratified submersion, and so, by Ehresmann’s Theorem (with
boundary) [5] or Thom’s first isotopy lemma [ 14], this map is a locally trivial
fibration, in which the local trivializations preserve the strata.

It follows at once that for a fixed such ¢, for all § such that 0 < § < &, the
map

G:B.NG '(0Bs) > 0B;

is a proper, stratified submersion and, hence, a locally trivial fibration, whose
diffeomorphism-type is independent of the choice of such §.
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It remains for us to show that, if we pick 0 <€ <€’ < ¢y, then
there exists § > 0 such that § < min{d,, 8}, and such that the fibrations
G:B.NG '(0Bs) - 9Bs and G : B- N G~'(0Bs) — 9Bs have the same
diffeomorphism-type.

Let € be such that 0 < € < €, let §; > 0 be as in the first part of Lemma 4.2,
and let § > 0 be less than min{d,, 8., 8;}. Then, as the interval (€2, 63) is
contractible, Lemma 4.2 tells us immediately that G : B. N G~'(dBs) — 9 B;
and G : Bo N G™'(3B5) — 9B; have the same diffeomorphism-type. O

Remark 7. One might hope that, if n and k are even, then Milnor’s conditions
(a) and (b) are satisfied by maps G which come from complex analytic maps.
This is not the case.

Even in the nice case of a complex analytic isolated complete intersection
singularity, the set of critical values would not locally consist solely of the
origin, but would instead be a hypersurface in an open neighborhood of the
origin in C¥/2; see [12]. Thus, Milnor’s condition (a) does not hold.

This means that the types of Milnor fibrations that we obtain when we
assume Milnor’s conditions (a) and (b) are extremely special.

Definition 4.4. If G satisfies Milnor’s conditions (a) and (b) at 0, we refer to the
two fibrations over spheres (or their diffeomorphism classes) in Theorem 4.3,
G:B.NG ' (0Bs) > 0Bsand G : B. N G~'(0Bs) — 0Bs, as the compact
Milnor fibration of G at 0 inside a ball and the Milnor fibration of G at 0
(inside a ball), respectively.

Corollary 4.5. Suppose that G satisfies Milnor’s conditions (a) and (b) at 0,
and that k > 1. Then, G maps an open neighborhood of the origin onto an
open neighborhood of the origin.

Proof. Recall that G(0) = 0 and that G is not locally constant by assumption.
As k> 1, OB(;E — {0} is connected, and Theorem 4.3 implies that G : B, N
G~'(Bs,) — Bs, is surjective. O

Definition 4.6. Suppose that G satisfies Milnor’s conditions (a) and (b) at 0,
and that € is a Milnor radius for G at 0. If § > 0, then (¢, §) is a Milnor pair for
G at 0 if and only if there exists a § > & such that G : B, N G~'(Bj;) — Bj is
a stratified submersion (which is, of course, smooth and proper).

Remark 8. Whenever we write that (¢, §) is a Milnor pair for G at 0, we are
assuming that G satisfies Milnor’s conditions (a) and (b) at 0.
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5. The main theorem

Now that we have finished our general discussion of L-analytic functions and
Milnor’s conditions, we wish to investigate how they are related to each other.
The following proposition is trivial to conclude.

Proposition 5.1. If G is a C' E-map at p, then, near p, G € G~ (G(p)),
i.e., G satisfies Milnor’s condition (a) at p.

Our goal is to prove that if G is L-analytic at p, then G also satisfies Milnor’s
condition (b) at p, for then Theorem 4.3 will tell us that the Milnor fibrations
inside a ball exist.

For this purpose, we need a special type of auxiliary function.

Definition 5.2. Let )V be an open neighborhood of the origin in R¥. Let P be an
infinite subset of N (the admissible powers). A function M : P x W — R,
where M(p, y) is written as M,(y), is a normed analytic power map (a
nap-map) if and only if, for all p € P,

(i) M, is real analytic;

(i) forally e W, [My(y)| = |yl”;
(iii) the image of M, contains an open neighborhood of the origin; and
(iv) there exists a constant K, > O such that, if M, = (m, ..., my), then, for

ally e W,
o, max (Vi) + - V)| < KplyP
Toeees k)=

Remark 9. It is easy to show that Items 1 and 2 in the above definition (or
even replacing real analytic by C') imply that

, min [nVmi )+ -+ n V)| < plylP!
Toeees K=

< max |t1Vm1(y)+---+thmk()’)’-

T n)l=1

We will not use these inequalities.

Originally, we used multiplication in the reals, complex numbers, quater-
nions, and octonions to produce nap-maps from R to R when k = 1, 2, 4, or
8. T. Gaffney produced the easier nap-maps below for all k.

Proposition 5.3. For all k, there exists a nap-map from R¥ to R¥. In particular,
if P is the set of odd natural numbers, then, for all k, the function M : P x
R* — R* given by M(p, y) = M,(y) = |y|"~'y is a nap-map.
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Proof. Let P and M, be as in the statement of the proposition. Since p € P
is odd, Items 1, 2, and 3 in the definition of a nap-map are trivially satisfied.
We need to prove the inequality in Item 4 of Definition 5.2.
Let M, = (my, ..., my). One calculates that
% = [yI"7"8; + (p = DIyI" vy,
Vi

where §; ; is the Kronecker delta function. Thus, considering y as a column-
vector and denoting its transpose by y’, the transpose of the derivative matrix
of M, atyis

L:=ylP "I+ (p—DlylP3y'y.

Now, suppose that T is a column vector of unit length in R¥. Our goal is to
show that [LT| < Kp|y|"’_1 for some constant K ,. We find

ILT| = |IyI”~'T + (p — DIy|?>y'yT|
< |yIP'T|+|(p = DIyIP 3y yT| < IyIP" + (p = DIyI” 1,

where we use repeatedly in the last inequality that for matrices A and B, |AB| <

|AlIB]. Thus, max_ |nVmi(y)+ -+ 6Vm)| = L < plyl”™". O
1saaes k)=

We can now prove our main lemma.

Lemma 5.4. Suppose that G is L-analytic at 0, and G(0) = 0. Then, exists
an open neighborhood W of 0 in U and a Whitney stratification S of YW N X
such that, for all S € G, the pair VW — X, S) satisfies Thom’s ag condition,
ie, if pj—~ peS e, where pj e W— X, and ijG_lG(pj) converges
to some linear subspace T in the Grassmanian of (n — k)-dimensional linear
subspaces of R", then T,S C T.

Proof. This proof follows that of Theorem 1.2.1 of [7].

Let W, ¢, and 6 be as in Definition 3.3: W is an open neighborhood of 0 in
U,and c,0 € Raresuchthatc > 0,0 <6 < 1, and, forall x € W,

G’ < - min _[aiVei() + -+ aVgio)] = cox).
ap,..., l=

Let M be a nap-map on a neighborhood V of the origin in R* (which exist by
Proposition 5.3), and let P C N denote the set of admissible powers. Let w € P
be such that w > 1/(1 — ), so that the image of M, contains a neighborhood
of the origin. Let M, = (my, ..., my).

Consider the real analytic map G : W x V — R* given by

G(x,y) i=(g1(x) +mi(y), ..., gr(x) + me(y)).
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Let & be a Whitney stratification of V(a) such that V(G) x {0} is a union
of strata. Let G :={S | S x {0} € @}. We claim that WW and & satisfy the
conclusion of the lemma.

It will be convenient to deal with the conormal formulation of the ag con-
dition. Suppose that we have a sequence of points p; — p € S € &, where
pj € W — X, and a sequence a := (Ya, ...’ a;) € R* such that Ja\d,, g +
et J'akdp/. gk converges to a cotangent vector 7 (in the fiber of 7*W over p).
We wish to show that n(7,S) = 0.

If n = 0, there is nothing to show; so we assume that n % 0.

We may assume that, for all j, /a # 0. Also, as p; — p € V(G), we may
assume that, forall j, —G(p;) is in the image of M. Let/u := (Juy, ..., /uy) €
M;l(—G(pj)), sothatg; := (pj, a) € V(@). Since G(p) = 0 and a(qj) =0,
M, (Ju) — 0; by Item 2 in the definition of a nap-map, it follows that Ju = 0,
andsog; — (p,0) € S x {0} G.

By taking a subsequence, if necessary, and using that  # 0, we may assume
that the projective class

[aid,, (g1 +mp) + - +ardy, (g + my)]
converges to some [w], where o =bidx;+...b,dx, +s1dy;+---+
skdyy # 0. By Whitney’s condition (a), we have that (7, S x {0}) = 0.
Let us reformulate part of our discussion above using vectors, instead

of covectors. In terms of vectors, we are assuming that 'a;Vgi(p;) + - +
IV gi(p;) — w # 0, and that

a1 (Vei(p), Vi (w) + -+ + Ja(Var(py), Vmi(w) |
— [(b1, ..., by, 81, ...,50)] #O.

If we could show that the projective classes [w x {0}] and
[(by, ..., by, s1,...,s)] are equal, then we would be finished.
To show that [w x {0}] and [(by, ..., by, s1, ..., S;)] are equal, it clearly
suffices to show that
‘ijml(ju) 4+t -7akak(-7u)}
N

lia1Vgi(pj) + -+ +iaxVgi(p))| .

Dividing the numerator and denominator by |/a|, we see that we may assume
that |/a| = 1.
Using that G is an L-map at 0 and Item 4 in the definition of a nap-map, we
obtain that
farVm(w) + -+ + I Vm(w)| K Pu!

VaiVgi(pj) + -+ +iaVg(pp| ~— 1G(pplP
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Now, |[/u|™ = |M(‘w)| = |G(p;)|. Thus, |/u|" " = |G(p;)|"~V/", and we
would like to show that

|G(pI "D
IG(p)I°

However, this follows at once, since G(p;) — 0 and, by our choice of m,
(mr — 1)/ > 0. O

Remark 10. In Lemma 5.4, we assumed that G was real analytic and used
that a normed, analytic power map M, exists on R*. We assumed analyticity
for both maps so that V(a) would have a Whitney stratification. However, it is
enough to assume that G and M), are subanalytic. See [3].

The main theorem follows easily. Note that, when k = 1, Theorem 1.1
implies that, if G is real analytic, then G is L-analytic.

Theorem 5.5. Suppose that G is £-analytic at p. Then, Milnor’s conditions
(a) and (b) hold at p.

Proof. 'We assume, without loss of generality, that p = 0 and G(0) = 0.

Milnor’s condition (a) is immediate, as we stated in Proposition 5.1. Milnor’s
condition (b) follows from Lemma 5.4 by using precisely the argument of L&
in [10].

Let g > 0 be a Milnor (a) radius for G at 0 such that, for all € such that
0 < €' < €, the sphere S, transversely intersects all of the strata of the Whitney
ag stratification whose existence is guaranteed by Lemma 5.4. We claim that
€p is a Milnor (b) radius.

Suppose not. Then, there would be a sequence of points p; € B, — V(G)
such that G(p;) — 0 and T, (G~'G(p;)) C T, Se,, where €; denotes the dis-
tance of p; from the origin (we use Milnor’s condition (a) here to know that
G~'G(p;) is smooth). By taking a subsequence, we may assume that the p;
approach a point p € S N X and that 7, (G’1 G( pi)) approaches a limit 7. If
we let M denote the stratum of our ag stratification which contains p, then we
find that T,M € 7 and 7 C T,S.. As S, transversely intersects M, we have a
contradiction, which proves the desired result. O

Corollary 5.6. Suppose that G is £-analytic at p. Then, the Milnor fibrations
for G — G(p) inside a ball, centered at p, exist.

Proof.  As we saw in Section 4, this follows immediately from Milnor’s con-
ditions (a) and (b). O
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We include the following just to emphasize that £.-analytic have many prop-
erties that one associates with complex analytic functions.

Corollary 5.7. Suppose that G is an L-analytic function which is nowhere
locally constant, and that k > 2. Then, G is an open map.

Proof. This follows at once from Theorem 5.5 and Corollary 4.5. (]

6. Comments and questions

In many places throughout this paper, we assumed that G was real analytic.
However, as we mentioned in Remark 10, we do not actually need analyticity
to conclude Theorem 5.5, subanalyticity is enough. We can also ask:

Question 1. If we assume that G satisfies the strong Lojasiewicz inequality, do
we, in fact, need to assume that G is subanalytic in order to obtain the existence
of the Milnor fibration inside a ball?

We have many other basic questions.

Question 2. Are there real analytic maps which are £.-maps but do not have
positive L-weight?

We suspect that the answer to the above question is “yes”.
Given Theorem 3.10, it is natural to ask:

Question 3. Is the composition of two £.-maps an £-map? What if the maps
are L-analytic?

Considering Example 3.12, we are led to ask:

Question 4. If one takes two simple L.-maps, in disjoint variables, into R*
or R® and multiplies them using quaternionic or octonionic multiplication
(analogous to the complex situation in Example 3.12), does one obtain a new
simple £-map?

We feel certain that the answer to the above question is “yes”, but we have
not actually verified this.

It is not difficult to produce examples of real analytic f = (g, #) which
possess Milnor fibrations inside balls, and yet are not L-analytic. It is our hope
that the E-analytic condition is strong enough to allow one to conclude that
the Milnor fibration inside an open ball is equivalent to the Milnor fibration
on the sphere (the fibration analogous to f./|f.|: Sc — SeNX — S! C C,
which exists when f,. is complex analytic).
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As we discussed in the introduction, in the real analytic setting, f/| f| does
not necessarily yield the projection map of a fibration from S, — S, N X to S';
when this map is, in fact, a locally trivial fibration (for all sufficiently small €),
one says that f satisfies the strong Milnor condition at the origin (see VII.2
of [20]).

It is not terribly difficult to try to mimic Milnor’s proof that the Milnor
fibration inside the ball and the one on the sphere are diffeomorphic; one wants
to integrate an appropriate vector field. In the case where f = (g, h) is real
analytic and satisfies Milnor’s conditions (a) and (b), one finds that one needs
a further condition:

Definition 6.1. Let w := —hVg 4 gVh, and assume that f(0) = 0. We say
that f satisfies Milnor’s condition (c) at 0 if and only if there exists an open
neighborhood W of 0 in I/ such that, at all points x of YW — X, if x is a linear
combination of Vg and Vh, then

loX)*(x - VIfIFX) > (VI - ox)(x - ox)).

It is not too difficult to show that, if f is a simple L-analytic function,
there exists an open neighborhood W of 0 in U/ such that, at all points x of
W — X, x-V|f|*(x) > 0. It is also trivial that a simple L-analytic function
has V| f|*(x) - w(x) = 0. Milnor’s condition (a) implies that YV can be chosen
so that w(x) # 0 for x € W — X. Thus, we conclude that simple L-analytic
functions satisfy the strong Milnor condition.

However, the real question is:

Question 5. Do general L.-analytic maps into R? satisfy Milnor’s condition (c),
and so satisfy the strong Milnor condition? What about real analytic maps with
positive £.-weight? In light of Proposition 3.17, what about real analytic maps
with positive L-weight where Vg and V/ have comparable in magnitude?

Finally, having seen in this paper that E-analytic pairs of functions share
some important properties with complex analytic functions, one is led to ask a
very general question:

Question 6. Do E-analytic maps form an interesting class of functions to study
for reasons having nothing to do with Milnor fibrations?
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An estimate of the degree of £-determinacy
by the degree of A-determinacy
for curve germs

T. NISHIMURA

Abstract

We give an estimate of the degree of £-determinacy by the degree of
A-determinacy for both of C* curve germs and holomorphic curve
germs simultaneously. In the complex case, our result is an effective
version of Gaffney’s rigidity theorem on finite determinacy of curve
germs.

1. Introduction

Let K be R or C. Two map-germs f, g : (K", 0) — (K”,0) are said to be
A-equivalent if there exist germs of C* diffeomorphisms or biholomor-
phic map-germs 4 : (K", 0) — (K", 0) and H : (K?,0) — (K7, 0) such that
H o f = g o h, and L-equivalent if there exists a germ of C* diffeomorphism
or biholomorphic map-germ H : (K?, 0) — (K”, 0) such that H o f = g. For
a C* or holomorphic map-germ f : (K", 0) — (K7, 0), the r-jet of f at the ori-
gin (denoted by j” £(0)) is the Maclaurin series of f up to order r, and the least
order of non-zero terms of the Maclaurin series of f is called the multiplicity
of f.ForG = Aor L, aC* or holomorphic map-germ f : (K", 0) — (K7, 0)
is said to be r-G-determined if f is G-equivalent to any C* or holomorphic
map-germ g with j” f(0) = j"g(0) (the least such r is called the degree of
G-determinacy of f and is denoted by deg( f, G)); and finitely G-determined if
f is r-G-determined for some integer r.

In his celebrated thesis [5], Gaffney showed a rigidity theorem on finite
determinacy which states that any finitely .4-determined holomorphic map-
germ f : (C",0) — (C?, 0) is finitely £L-determined if p > 2n; and hence the
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problem to obtain effective versions of it, which has been posed by Wall (p.
512 of [7]), is an important problem. In this short note, as a partial answer to
this problem, we give an estimate of the degree of £-determinacy by the degree
of A-determinacy for both of C* curve germs and holomorphic curve germs
simultaneously.

Theorem 1.1. Let f : (K, 0) — (K”,0) (p > 2) be an r-A-determined map-
germ. Then, we have the following.

(i) The map-germ f is r-L-determined if the multiplicity of f is less than 3.
(ii) The map-germ f is (21’2 —6r + 3)-£-delermined if the multiplicity of f
is more than or equal to 3.

Note that our estimate depends only on r. This might be a somewhat sur-
prising fact since in general T L(f) is a proper subset of T A(f) for a finitely
A-determined curve germ f although TC(f) is always equal to T/C(f) for
a finitely K-determined curve germ f (for the definitions of TL(f), T A(f),
TC(f)and TK(f), see [7]).

On the other hand, note also that our estimate in the assertion 2 of Theorem
1.11s not the best possible in general since for instance we have that deg(f, £) =
deg(f, A) = 2i — 1 for the curve germ f(x) = (xi, xiHL o o xE=L o, ,O)
(3 <i < p). Even if we consider only finitely .A-determined curve germs f
such that deg(f, £) # deg(f, .A) our estimate is still not the best in general. For
instance, the curve germs g(x) = (x?*', x?*2, ... x*7) and g(x) = (x', x'*")
(i = 4) are examples under this restriction. For the curve germ g, we have
that deg(g, £) = 2p + 1, deg(g, A) = 2p and 2(2p)*> —6(2p) +3 > 2p + 1
since p > 2. For the curve germ g, we have that deg(g, £) = i(i — 1) — 1 and
deg(g, A) = i(i —2) — lsincei > 4. We see that 2deg(g, A)* — 6deg(g, A) +
3 > deg(g, £).

2. Proof of Theorem 1.1

In the following, we prove Theorem 1.1 in the case that K = R. By replacing
the Malgrange preparation theorem with the Weierstrass preparation theorem,
we have the proof of Theorem 1.1 in the case that K = C (for the Malgrange
preparation theorem and the Weierstrass preparation theorem, see [3]).

Before giving the proof, we prepare several notations and one elementary
lemma. Let &£, be the R-algebra of C* function-germs (R?, 0) — R with usual
operations, m’; be the ideal of &£, such that ¢ € m’; if and only if j*~1¢(0) = 0.
For a C* map-germ g : (R",0) — (R?,0) and an ideal Z of &,, we set
g*mb ={pog | eml}andlet g*m!T be the ideal of £, generated by prod-
ucts of elements of g*my and Z.
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Lemma 2.1. Let g : (R",0) — (RY,0) be a C*™ map-germand h : (R", 0) —
(R"*,0), H : (R?,0) — (R, 0) be germs of C* diffeomorphisms. Suppose that
the inclusion mk C g*mg holds. Then, the inclusion m%, C (H o g o h‘l)* mf;
holds.

[Proof of Lemma 2.1]. Let ¢ be an element of mﬁ Then, v o h is also an
element of mX. Thus, by the assumption, there exists an element ¢ € mf;
such that v o h = ¢ o g. Since H is a germ of C* diffeomorphism, we have
thatg o H™' € m. Therefore, we have thaty = (po H™ ') o (Hogoh™') €
(Hogoh_l)*mf;. U

Now, we start to prove Theorem 1.1. For the given f : (R, 0) — (R?,0),
by composing appropriate germs of C* diffeomorphisms h:(R,0)— (R,0)
and H!: R?,0) - (R?,0) to f, the map-germ f can be transformed to
f =H'o fo 7 which has the following form:

Fo) = (&, o), fp))
where § is the multiplicity of f and f;(x) = o(x¥)forj=2,..., p.

[Proof of the assertion I of Theorem 1.1]. In the case that § = 1, f is a germ
of immersion and thus 1-G-determined for G = A and L. Thus we assume that
& = 2 in the following. Since p > 2, there must exist an integer i > 2 such that
2i — 1 <rand fis (2i — 1)-A-determined but not (2i — 2)-.A-determined. We
see easily that

m%i C f*mi + f*mpm%i.

Thus, by the Malgrange preparation theorem we have that m%i C f *mi There-
fore, by Lemma 2.1 we have that

2 * 2
my C frmy,.

Let g be a C* map-germ such that j%~! £(0) = j*~!g(0). Then, as in [4],
since any component of g — f belongs to m%i, from the above inclusion we see
that there exists a germ of C* diffeomorphism H : (R?, 0) — (R?, 0) such
that g = f + (g — f) = H o f. Therefore, in the case that § = 2 we see that
any r-A-determined curve germ f:(R,0) — (R?,0) (p >2) is r-L-
determined. ]

[Proof of the assertion 2 of Theorem 1.1]. Let k be the integer such that
r<ké§<r+46—1andlet G:(R,0)— (R”,0) be the map-germ given by
G(x) = (xa, xk+ 0L, 0).



296 T. Nishimura

Lemma 2.2. The inclusion m(fs*l)k(S C G*mi holds.

[Proof of Lemma 2.2]. Since § and k& + 1 are relatively prime, by Sylvester’s
duality on the numerical semigroup generated by & and k& + 1 ([6], see also
[1], comment on 1999-8 of [2]) we see that for any integer N > (§ — 1)k§ there
exist non-negative integers £, £, such that N = £,8 + £,(k§ + 1). Since § > 3
we have that k6 + 1 < (6 — 1)k8, which implies that £; + ¢, > 2 for the above
£, £,. Therefore, we have that

5—1)ks 5—1)ks
m(1 s~ G*m?7 + G*m‘,,m(1 W

. . (6—1)ks
Thus, by using the Malgrange preparation theorem we have that m;

C
G*mlzj. O

Let F : (R, 0) — (R?, 0) be the map-germ given by
F(x) = (x°, fo00) + 20 f300, .., fp(0).

Lemma 2.3. For any germ of C* diffeomorphism h : (R, 0) — (R, 0), the
inclusion m(fs_l)k(S C (F oh, ﬂ*m%p holds.

[Proof of Lemma 2.3]. Since h is a germ of C* diffeomorphism, (&, id.r)* :
(F, F — G)* mgp — (Foh, F—G)* m%p is a linear isomorphism of vector
spaces, where id.g(x) = x. Consider the restriction of (4, id.g)* to the finite
dimensional vector subspace V = {yy € (F, F — G)* m%p |V € m(l‘s_])k’S isa
polynomial with degree less than (6§ — 1)ké + &}. Since & is a germ of C* dif-
feomorphism, the image of the restrictionis V;, = {t € (F o h, F — G)* m%l, |
Y em{TV0 jO-DRTy ) £ 0). Since G*m? C (F, F — G)*m3,. by
Lemma 2.2 we see that dimg V = §. Therefore, we see that dimg V), = § and
thus we have the following inclusion:

m{ ™ C(Foh, F—Gy*m3, +mP™ "%,

Since  (Foh, F—G)'my& =m} and  (Foh, F—G)'mj, C
(Foh,f )*m%p, by using the Malgrange preparation theorem again we
have the desired inclusion. 0

Lemma 2.4. The inclusion m(la_l)k‘S cf *m; holds.

[Proof of Lemma 2.4]. Since f is r-A-determined and j" f (0) = j" F(0) there
exist germs of C* diffeomorphisms % : (R,0) - (R, 0) and H : (R?,0) —
(R?,0) such that H o f = F oh. Let ¥ be an element of m(l‘s_l)k‘s. Then,
by Lemma 2.3, there must exist an element W € m%p such that ¢ =

Vo (Foh, f) =Vo(Ho 7, f) Thus, we have that m(ls_l)ka C f*mi

Therefore, by Lemma 2.1, we have that m(fs_l)k'S cf *mf, O
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Lemma 2.5. The inequality § <r — 1 holds.

[Proof of Lemma 2.5]. Suppose thaté > r. Then, since the map-germ fis r-A-
determined and f;(x) = o(xHforj=2,...,p, fmust be A-equivalent to the
constant map-germ 0, which yields a contradiction. Next, suppose that § = r.
Then, by the same reason as in the case that § > r, ]7 must be A-equivalent
to g(x) = (x°,0...,0), which implies that ¢ must be finitely .A-determined.
However, the assumption § > 2 implies that g cannot be finitely .4-determined
by Mather-Gaffney’s geometric characterization of finite determinacy ([5], see
also Theorem 2.1 of [7]). Thus, we have that § < r — 1. O

By now the proof of the assertion 2 of Theorem 1.1 is straightforward as
follows. By Lemma 2.5 and the inequality k6 < r 4+ § — 1, we have that

2 2(r=2)(r—1 S—1)(r+6—1 §—1)ks
m%r 6r+4=m1(r )r—1) m(1 Nr+d8—1) m(1 kS

C C

Hence, by lemma 4 and the same argument as in the proof of the assertion 1 of
Theorem 1.1, we see that f is (2r2 — 6r + 3)-£—determined. ]
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Regularity of the transverse intersection
of two regular stratifications

PATRICE ORRO AND DAVID TROTMAN

Abstract

We give a general theorem stating that transversely intersecting reg-
ular stratified sets have regularly stratified intersection (and union)
for a large class of regularity conditions. Such a result was previ-
ously known only for Whitney regular stratified sets and for weakly
Whitney stratified sets.

1. Introduction

It is often useful to know that the transverse intersection of two regularly
stratified sets is again regular. That the transverse intersection of two Whitney
regular stratified sets is again Whitney regular was apparently first published in
1976 by Chris Gibson [10] in the Liverpool notes on the topological stability
of smooth mappings. In their book “Stratified Morse Theory” [11], perhaps
following Teissier’s account for complex analytic varieties in his La Rabida
notes [19] where Teissier attributes the detailed proof given there to Denis
Chéniot, Mark Goresky and Robert MacPherson cite the 1972 Comptes Rendus
note by Chéniot [6] for a proof of this result, which is a mistake, as Chéniot
does not prove the Whitney regularity of intersections or even discuss it; he
is concerned with the frontier condition in the case of a complex variety, and
moreover only for intersections with a smooth complex submanifold. This
mistake in attribution has unfortunately been copied by many authors.

That the transverse intersection of two weakly Whitney regular stratified sets
is again weakly Whitney regular was proved by Karim Bekka in his thesis [1]
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and published in [3]. We recall that weak Whitney regularity is the simultaneous
validity of Whitney’s condition (@) and a metric condition (§) first introduced
by Bekka and Trotman in 1987 [2]. See [2], [3], [4] and papers of Ferrarotti
[9] and the books of Pflaum [16] and Schurmann [ 17] for further properties of
weakly Whitney regular stratifications.

For Kuo-Verdier regularity (condition (w)) we know of no reference other
than our joint work [15] in 2002: the property of invariance does not even seem
to have previously been stated except in the special case when one of the sets
is a smooth submanifold [21]. Here we state and prove a very general theorem,
previously used in our work on normal cone structure [15], which applies to
many regularity conditions at once.

Very recently (2009) Malgorzata Czapla [7] of the Jagellonian University
in Cracow proved a more general invariance property for certain pairs of (b)-
or (w)-regular stratified sets, assuming something less than transversality, as
preparation for a (b)- and (w)-regular definable triangulation theorem [8] for
definable sets, with a proof distinct from Shiota’s 2005 proof [18] of the exis-
tence of Whitney regular triangulations for semialgebraic sets, using techniques
which were developed by Guillaume Valette [20] to obtain a bilipschitz version
of Hardt’s local semialgebraic triviality theorem.

2. Regular stratifications

2.1. Notations

Let X and Y be two submanifolds of R" such that 0 € Y C X, and let 7 be
the local projection onto Y. Let <, > be the scalar product of R". Following
Hironaka [12] we write oy y(x) for the cosine of the angle between 7, X and
Tﬂ(x)Y .

axy(x) =max{<u,v>:uec NX—{0}, lull =1,v e TrnY, vl =1},
and write By y(x) for the cosine of the angle between xm(x) and 7, X:
Bx.y(x) = max{< u, (xw (xX))/llxw(xX)|| >: u € Ne X — {0}, [lul = 1}.
For v € R", we write n(v, B) for the distance between v and a plane B:
n(v, B) = sup{< v,n >:n € B, |n| = 1}.
Setd(A, B) = sup{n(v, B): v € A, ||v| =1},

llxllex,y (x)

Ry = @l
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and
d(T. X, T,Y)

Wartn o == oI

2.2. Definitions

A pair of strata (X, Y) is said to satisfy:
Whitney’s condition (a) at O if, for x in X,

lim O{xyy(x) = 0,
x—0
Whitney’s condition (b) at O if, for x in X,
liH}) ayy(x) = liH(l) Bx.y(x) =0,
Kuo’s condition (r) at O if, for x in X,
liH(l) Ry y(x) =0,
the Kuo-Verdier condition (w) at O if, forx in X and yin ¥,
Wx y(x, y) is bounded near 0,

the Bekka-Trotman condition (§) at O if, for x in X and y in Y, the angle
between the line xy and 7, X is bounded above near 0 by a positive constant
8 <m/2.

A stratification X of a (closed) set A in a manifold M is said to be E-regular
if at each point yy of each stratum Y there is a chart for M in which for each
stratum X of ¥ distinct from Y, the pair (X, Y) is E-regular at y,.

In [15] we introduced a condition (r°), of Kuo-Verdier type.

Definition 2.1. Let e € [0, 1]. We say that (X, Y) satisfies condition (r¢) at
0 € Y if for x € X the quantity R.(x) = Ixolfexr®) 5 hounded near 0.

llx7 o)l

This condition (r¢) is invariant by C? diffeomorphisms. It is exactly (w)
when e = 0, thus (w) implies (r¢) for all e € [0, 1]. But unlike (w), condition
(r°) when e > 0 does not imply condition (a) : one constructs easily a counter-
example consisting of a semi-algebraic surface in R* obtained by pinching the
half-plane {z > 0, x = 0}, with boundary the axis Oy = Y, in a cuspidal region
I' = {x?> + y?> < z”}, where p is an odd integer such that p > 2e¢, so thatin I’
there exist sequences tending to 0 for which condition (a) is not satisfied. The
reader is invited to check that this example is (r¢)-regular.
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2.3. The theorem

Theorem 2.2. The conditions (a), (b), (r), (w), (a + §) and (a 4+ r¢) for 0 <
e < 1 are invariant by transverse intersection of two stratifications of class
C?. This means that if (A, ) and (A’, ') are closed E-regular Cc? stratified
subsets of some manifold M whose strata have only transverse intersections,
then their intersection A N A is E-regularly stratifiedby X" = {X N X' : X €
3, X' € X'}, where E is one of the conditions (a), (b), (r), (w), (a + ), or
(a+r®for0<e<1l1.

Note. For conditions (a), (b), and (a + §), we can assume the stratifications
are merely of class C!.

Proof. Consider two transverse planes A and B.
For v € R"”, the distance of v to B is

n(v, B) = sup{< v,n >:n € B, ||n|| = 1}.
The distance of v to A N B is then
n(w, ANB) =sup{< v,n >:n e At + B+, |n| = 1}.

Decompose At + B as I + U + V where I = A* N B+, and U (resp. V)
is the orthogonal complement of 7 in A+ (resp. B1). Then

nw, ANB) =sup{< v, T n; >:n; € l,nyeU,ny eV, |Z | =1}

Let now X and X’ be transverse stratifications.

Suppose that ¥ and X’ each satisfies a regularity condition in a neighbour-
hood U of each point of the type d(T: S, T, T) < K5 7¢s,r(x, y) for some fixed
function ¢s r depending on the regularity condition, and a positive constant
K 7, where S and T are adjacent strata of one of the stratifications,x € U N S
andyeUNT.

Let X, Y be strata of ¥ and let X', Y’ be strata of ¥’ such that Y < X and
Y <X,andletxe XNX,andyeY NY.

Each case will be deduced from the proof that we now give for (a + r¢).

For (a + r¢) the associated function is

]
PerCe ) = i ol

where my denotes the local projection onto Y.

We use here that each stratum Y of X (resp. X’) is a differentiable sub-
manifold of class C?, so that the tubular projection 7y onto Y is well-
defined [13].
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Let U, be aneighbourhood of O such that ||wyny/ (x)|| < 2||wy(x)||ifx € Uy,
and U, a neighbourhood of 0 such that ||wyny (x)]| < 2|7y (x)|| if x € U (we
may replace 2 by a constant K > 1, but we use 2 to simplify notation).

Then, for x € Uy,

eyl 2°(yl
7y GO ™ Ny (Il

we obtain the inequality

Ox,y(x,y) < 2¢xnx vy (X, y)

whenx e XNUNUjandy e YNU NUj, because 0 < e < 1.
Similarly, whenx € X’ N U' NU,andy € Y NU' N U,,

Ox vy (x,y) < 2¢0xnx vy (X, ¥).

By what precedes for A =T, X and B =T, X/, if ve T,Y N T,Y’, and
[lv]| = 1, and setting

J={(n,ny,n3) el xU xV:|Zn| =1},
then
n(v, AN B) = sup{< v, Z?Zln,- >: (ny,ny,n3) € J}
(%) sup{(Zi_,| < v,mi > |) : (n1,n2,n3) € J}
< sup{(Z7, lIn; DK xydxy(x, y) + Insl| Kxydpxy (x, ¥) :

(n1,ny,n3) € J}

< sup{(Zi_, lIni|l) : (n1, n2, n3) € JIK (x, y),

IA

A

where K = 2max(Kxy, Kxy') and ¢(x, y) = dxnx vy (X, ¥).
As

121" = 12 + ol + s )2 4 2 cos(na, m3) sl lins | = 1,
and Z?=1 i 112 + 2allxa |l Ixs ]l = 1 is compact for ||a|| # 1, we have that
d(T,YNT,Y,ANB) =sup{n(v,ANB):veT,YNT,Y |v| =1}
Colx,y),

where € = sup{(S2, 1) : B2, i 12 + 2allwa | lxsll = 1. flall < 1 — e},
and € is given by the minimal angle of 7, X and T,» X’ on a neighbourhood
of y; € is nonzero by the (a)-regularity of (X, Y) and (X', Y’) at y and the
transversality of ¥ and Y’ at y. We need finally that (a) holds for ¥ N Y/,

IA
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using the inequality (). This can be left as an exercise for the reader, or see
[10] or [19]. The theorem follows because ¢(x, ¥) = ¢xnx'.yny (x, ¥). ]

10.

11.

12.

14.

15.

16.
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Pairs of foliations on surfaces

FARID TARI
Dedicated to the memory of Professor Carlos Gutierrez

Abstract

We survey in this paper results on a particular set of
Implicit Differential Equations (IDEs) on smooth surfaces, called
Binary/Quadratic Differential Equations (BDEs). These equations
define at most two solution curves at each point on the surface,
resulting in a pair of foliations in some region of the surface.
BDEs appear naturally in differential geometry and in control the-
ory. The examples we give here are all from differential geometry.
They include natural families of BDEs on surfaces. We review the
techniques used to obtain local models of BDEs (formal, analytic,
smooth and topological). We also discuss some invariants of BDEs
and present a framework for studying their bifurcations in generic
families.

1. Introduction

An implicit differential equation (IDE) is an equation of the form

dy
F(xsy’p):O9 pza

where F is a smooth (i.e., C*) or real analytic function in some domain in
R3.1If F(g9) = 0and F »(qo) # 0atqo = (xo, Yo, po) € R3 (when not indicated
otherwise, subscripts denote partial differentiation), equation (1.1) can be writ-
ten locally in a neighbourhood of g in the form p = g(x, y). It can then be
studied using the methods from the theory of ordinary differential equations.
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When F(qo) = F,(q0) = 0, there may be more then one solution curve of
equation (1.1) through points in a neighbourhood U of (xg, yp). We deal here
mainly with the case when F,,(go) # 0, so there are at most two solution curves
through each point in U. In this case, it follows from the division theorem that
equation (1.1) can be expressed in a quadratic form

a(x, y)dy2 + 2b(x, y)dxdy + c(x, y)d)c2 =0 (1.2)

where a, b, ¢ are smooth or analytic functions in some neighbourhood U of
(x0, ¥o) not vanishing simultaneously at any point in U. Equation (1.2) is called
a Binary Differential Equation (BDE) or Quadratic Differential Equation. The
functions a, b, ¢ are called the coefficients of the BDE.

It is also of interest to study BDEs at points where their coefficients vanish
at a given point. We shall label these Type 2 BDEs and reserve the label Type
1 BDE s for those with coefficients not vanishing simultaneously at any point.
There are some crucial differences between the two types of BDEs. For instance,
Type 1 BDEs may have finite codimension in the set of all IDEs and can be
deformed in this set. However, Type 2 BDEs are of infinite codimension in the
set of all IDEs and are deformed in the set of all BDEs. Other differences will
be highlighted in the paper.

The discriminant of a BDE is the set A = {(x,y) € U : (b®> —ac)(x,y) =
0}. A BDE determines a pair of transverse foliations or no foliations away from
the discriminant. Thus, all the important features of the equation occur on the
discriminant. The discriminant, together with the pair of foliations determined
by the BDE is called the configuration of the BDE. In all the figures in this
paper, we draw one foliation in a continuous line and the other in a dashed line.
The discriminant is drawn in thick black.

BDEs have a long history (see for example [25] and [62] for historical
notes). They appear in, and have application to, control theory, partial differen-
tial equations and differential geometry. The examples in this paper are from
differential geometry. For applications to control theory see [25, 51]. The paper
is organised as follows:

§2: lines of curvature, asymptotic and characteristic curves are classical
pairs of foliations on surfaces and are given by BDEs. We consider their
configurations on a surface endowed with a Riemannian or a Lorentzian metric.
We also discuss the case of surfaces endowed with a metric of mixed type.

§3: the examples in §2 provide a good motivation for seeking models of the
configurations of BDEs at points on the discriminant. We review the techniques
involved for finding such models and clarify the meaning of the word model
(up to formal, analytic, smooth or topological equivalence). We also give a
complete list of local singularities of topological codimension < 2.
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84: the discriminant of a BDE is a plane curve. However, the deformation of
its singularities cannot always be modelled by the K-deformations of a plane
curve singularity. We review some invariants associated to BDEs and review
Bruce’s symmetric matrices framework ([6]) for studying the singularities of
the discriminant.

§5: we review briefly a method for studying the bifurcations of a BDE in
generic families of BDEs.

§6: we highlight references where work on more general IDEs and homo-
geneous differential equations of a given degree is carried out. We also give a
list of existing local topological models of BDEs of codimension > 2.

An important aspect of BDE which is omitted here is the study of their
foliations near a limit cycle. This study is initiated in the pioneering work of
Sotomayor and Gutierrez [64] where they obtained a formula for the derivative
of the Poincaré return map at a limit cycle of the lines of principal curvature
on a smooth surface in R3. The behaviour of the asymptotic and characteristic
curves at a limit cycle is also studied in [32, 33].

2. Examples from differential geometry

Let S be a smooth surface. We start with the case when § is immersed in the
Euclidean space R® and denote by “.” the scalar product in R?. Let x : U C
R? — RR? be a local parametrisation of S, and let S?> denote the unit sphere in

R3. The Gauss map
N:x(U)CS— 8%,

assigns to each point p = x(u, v) the normal vector N(p) = (x, X x,/||x, X
xy|D(u, v)to S at p.

The shape operator A, = —d,N : T,§ — T,S (or the Weingarten map)
has the following properties: it is a self-adjoint operator, i.e., it is a linear
operator with A,(w).wy = wy.A,(w»), for any pair of vectors in 7,S5; it has
always two real eigenvalues 1, k, called the principal curvatures; it has two
orthogonal eigenvectors (when k| # k) called the principal directions. The
integral curves on S of the principal directions line fields are called the lines of
principal curvature. The points where k; = k, are referred to as umbilic points.
For generic immersions, the umbilic points are isolated points on S.

Let £ =x,.x,, F =x,.x,, G =x,.x, denote the coefficients of the first
fundamental form and / = N.x,,, m = N.x,, = N.x,,, n = N.x,, those of
the second fundamental form on S. Then, the equation of the lines of principal
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curvature is given by the BDE
(Gm — Fn)dv? + (Gl — En)dvdu + (FI — Em)dv> =0.  (2.1)

The discriminant of equation (2.1) is the set of umbilic points. Away from
such points the lines of curvature form a net of orthogonal curves. The coef-
ficients of equation (2.1) vanish at umbilic points, so we have a BDE of Type
2 there. There are generically three distinct topological configurations of the
lines of curvature at umbilic points (Figure 22.6, top three figures). The config-
urations were first drawn by Darboux and a rigorous proof was given in [7, 64].
The global behaviour of the lines of principal curvature on closed orientable
surfaces in R? was first studied in [64]. (For historical notes on the study of the
lines of curvature see [62].)

Two directions wy, w, € T, S are conjugate if A,(w;).w, = 0. An asymp-
totic direction is a self-conjugate direction, that is A,(w).w = 0. There are
two asymptotic directions at a hyperbolic point and none at an elliptic point
on the surface. The integral curves of the pair of asymptotic line fields are
called the asymptotic curves. The equation of the asymptotic curves is given by
the BDE

ndv* + 2mdvdu + ldu* = 0. (2.2)

The discriminant of equation (2.2) is the parabolic set of the surface. The
asymptotic curves form a family of cusps at a generic parabolic point. Their
configurations at a cusp of Gauss are given in [3, 4, 50] (Figure 22.2, last three
figures) and a more general approach for studying the singularities of their
equation at such points is given in [23, 24, 51, 70]. Generic global properties
of these foliations including the study of their limit cycles are given in [33].

At elliptic points there is a unique pair of conjugate directions for which the
included angle is extremal ([28]). These directions are called the characteristic
directions and their integral curves are called the characteristic curves. Charac-
teristic directions on surfaces in R? are studied in [28, 55, 60] and more recently
in [8, 15, 32, 58]. In [32] they are labelled harmonic mean curvature lines and
are defined as curves along which the normal curvature is K/H, where K is
the Gaussian curvature and H is the mean curvature of S. The equation of the
characteristic curve is given by the BDE

@m(Gm — Fn) — n(Gl — En))dv* 4+ 2(m(Gl + En) — 2FIn)dvdu

+ (Gl — En) = 2m(FIl — Em))du® = 0. 2:3)

It is shown in [15] that the BDEs of the asymptotic, characteristic and
principal curves are related. A BDE (1.2) can be viewed as a quadratic form
and represented at each point in U by the point (a(x, y) : 2b(x, y) : c(x, y)) in
the projective plane. Let I' denote the conic of degenerate quadratic forms. To a
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point in the projective plane is associated a unique polar line with respect to I,
and vice-versa. A triple of points is called a self-polar triangle if the polar line
of any point of the triple contains the remaining two points. It turns out that, at
non parabolic or umbilic points on M, the triple asymptotic, characteristic and
principal curves BDEs form a self-polar triangle ([15]). In particular, any two
of them determine the third one.

In [29] is constructed a natural 1-parameter family of BDE:s, called conjugate
curve congruence, that links the asymptotic curves BDE and the principal
curves BDE on a smooth surface in R3. In [15], it is constructed a natural
1-parameter family of BDEs, called reflected conjugate congruence, linking
the characteristic curves BDE and that of the principal curves.

Consider the projective space PT,M of all tangent directions through a
point p € M which is neither an umbilic nor a parabolic point. Conjugation
gives an involution on PT,M, v — v = C(v). There is another involution on
PT,M which is the reflection in either of the principal directions, v — R(v).

Definition 2.1 ([29]). 1.Let® : PTM — [—m/2, /2] be givenby O(p, v) =
o, where o denotes the oriented angle between a direction v and the correspond-
ing conjugate direction v = C(v). The conjugate curve congruence, for a fixed
@, is defined to be ®~!(@) and is denoted by C,.

2. ([15]) Let ®: PTM — [—m/2, /2] be given by ®(p, v) = «, where
o is the signed angle between v and R(v) = R o C(v). Then, the reflected
conjugate curve congruence, for a fixed «, is defined to be ®~!(a) and is
denoted by R,.

Proposition 2.2 ([29]). 1. The conjugate curve congruence C, of a
parametrised surface is given by the BDE

(sina(mG —nF) —ncosavEG — F2)dv?
+ (sina(IG — nE) —2mcosan/EG — FY)dvdu 2.4)
+ (sina(lF — mE) —lcosa~/EG — FY)du*> = 0.

2. ([15]) The reflected conjugate congruence R is given by the BDE

_ _ _ _ 2mF—IG—nE 2
((Zm(mG nF)—n(Gl — En))cosa + (nF mG)—(EG*FZ) sma)dv

+ <2(m(lG +nE)—2InF)cosa + (nE — lG)% sina) dvdu

+ ((l(lG —nE) —2m(F — mE))cosa

+ (mE — lF)% sina> du? = 0.
2.5)
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Remark 1. The concepts of asymptotic, principal and characteristic curves
and of conjugate and reflected curve congruences can be associated to any
self-adjoint operator on a Riemannian surface ([65]).

We turn now to the case of surfaces embedded in a non-Euclidean space.
We consider a smooth surface S endowed with a Lorentzian metric, that is, a
metric which is locally equivalent to A(u, v)(dv? — du?). We shall refer to such
surfaces as timelike surfaces. In view of Remark [, we consider a self-adjoint
operator A on §,s0 A : TS — TS is a smooth map, where TS is the tangent
bundle of § and its restriction A, : T, — T,S is a self-adjoint operator. An
example of this situation is provided by an immersed timelike surface in the de
Sitter space S; C R}, where R} denotes the Minkowski 4-space. Then, there is
anatural Gauss map E : § — S7 and its derivative is a self-adjoint operator on
S ([48]).

Because the metric on § is not positive definite, A, does not always have
real eigenvalues. When it does, we label them A-principal curvature and the
associated eigenvectors the A-principal directions. The A-lines of principal
curvature are given by the BDE (2.1), where E, F, G are the coefficients of
the first fundamental form on S and I, m, n are referred to as the coefficients of
the A-second fundamental form and are given by the same formulae as those
for surfaces in the Euclidean 3-space. The discriminant of the equation is now
a curve which is generically either empty or smooth except at isolated points
where it has a Morse singularity of type node. We label these singular points
timelike umbilic points as A, is a multiple of the identity at such points. The
configurations of the A-lines of curvature at timelike umbilic points are those
in Figure 22.6, second and third rows.

The concepts of A-asymptotic and A-characteristic directions and curves
can also be defined and their equations are given by the BDEs (2.2) and
(2.3) respectively ([49]). The local behaviour of these pairs of foliations
is distinct from that of their counterpart on a surface in the Euclidean
3-space.

Surfaces that have a mixed type metric give rise to interesting problems.
Suppose given a metric ds’ = a(u, v)dv? + 2b(u, v)dvdu + c(u, v)du® on a
smooth surface S, where the set ac — b> = 0 is a smooth curve on S. Suppose
the metric ds? is Riemannian in the region ac — b > 0, so it is equivalent to
A, v)(dv? + du?). It is Lorentzian in the region ac — b*> < 0, so it is equiva-
lent to A(u, v)(dv? — du?). Miernowski [52] considered the problem of finding
an analytic model of the metric at points on the curve ac — b*> = 0. The prob-
lem reduces to finding analytic models of BDEs of Type 1 at points on their
discriminant (see §3.1).
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Given an immersed surface S in the Minkowski space R?, the restriction
of the pseudo scalar product in R% to S gives a metric on S which can be of
mixed type. The asymptotic, characteristic and principal curves associated to
the Gauss map of S are well defined on the Riemannian and the Lorentzian
parts of S. Their extensions to the degenerate locus of the metric on § are
studied in [49].

3. Classification

We denote by w(x, y, dx, dy) = a(x, y)dy* + 2b(x, y)dydx + c(x, y)dx? the
quadratic form associated to the BDE (1.2) and also use w to refer to the equation
w = 0. The interest here is local, so we take a, b, ¢ to be germs of functions
R?, 0 — R. We consider the origin to be a point on the discriminant. For BDEs
of Type 1, we can rotate the coordinate axes in the plane, set p = dy/dx and
take p in a neighbourhood of zero. However, for BDEs of Type 2, we take
(dx :dy) e RP.

Definition 3.1. Two germs, at the origin, of BDEs w; and w, are respectively
smoothly, analytically or formally equivalent if there exist germs H = (hy, k) :
R2,0 — RZ, 0 of a smooth, analytic or formal diffeomorphism and r : R2,0 —
R of a smooth, analytic or formal function not vanishing at 0 such that

o =r.H*wy,

that is, wy(x, y, dx, dy) = r(x, y)wi(h1(x, y), ha(x, y), dhi(x, y), dha(x, y)).

Two germs of BDEs are topologically equivalent if there exists a germ of a
homeomorphism that takes the configuration of one to the configuration of the
other.

The aim is to produce representatives (models, preferably in simple forms)
of equivalence classes of the equivalence relations in Definition 3.1. A more
realistic task is to produce models of germs of low codimensions, which we
define as follows. We associate to a germ of a BDE w = (a, b, ¢) the jet-
extension map

®:RL0 >  JK2,3)
(e, ) = j*@. b, Oy
where J¥(2,3) denotes the vector space of polynomial maps of degree < k

from R? to R?, and j*(a, b, ¢)|«.y) is the k-jet of (a, b, ¢) at (x, y). (This is
simply the Taylor expansion of order k of (a, b, ¢) at (x, y).)
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Definition 3.2. A singularity of w is of codimension m if the conditions that
define it yield a semi-algebraic set V of codimension m + 2 in J*(2, 3), for any
k > ko.

3.1. Formal and analytic classifications

We can reduce, inductively on the k-jet spaces, the coefficients of a BDE to
simpler forms by making polynomial changes of coordinates in the plane and
multiply by invertible polynomial functions. If this process converges, i.e., the
composite of all the changes of coordinates (resp. multiplicative polynomials)
converges to an analytic diffeomorphism (resp. non zero analytic function), then
the obtained germ of a BDE is an analytic model. Otherwise we have a formal
model. The convergence problem is a complicated one, see for example [1] for
the case of vector fields. However, even if the process is not convergent (which
is the case in general), the reduction of the k-jet of a BDE to a simple form is
very valuable in practice. The local topological behaviour of the solutions and
the relevant invariants of a BDE do, in general, depend only on some initial
terms of the coefficients of the BDE. Taking these in simpler forms makes
the geometric interpretation of the conditions involved more apparent and the
calculations more manageable.

The formal classification of some BDEs of Type 1 is dealt with in [16]. We
can reduce the constant part of the BDE to one of the following cases

dy* +dx?, dy*—dx* dy* O.

(We show below how this is done.) It is shown in [16] that a BDE with constant
part equivalent to dy? £ dx? is analytically equivalent to dy? % dx?. The initial
form dy? leads to the following representatives of orbits in the space of 1-jets:

dy* + xdx?, dy* —ydx*, dy*.

We reproduce from [16] the case dy? 4+ xdx? as an example of how the
formal reduction is carried out. Suppose a BDE has 1-jet dy? + xdx? and
assume that the k-jets of the coefficients of the BDE are 1 + ag, 2by, x + cx,
with ag, by, ¢, belonging to the set of homogeneous polynomials of degree k
which we denote by H*. We make changes of coordinates of the form

x=X+pX,Y)
y=Y+qg(X,Y)

with p € H* and ¢ € H**' and multiply by 1 + r(X, Y), r € H*. Then,

dx =+ px)dX + pydY, dy = qxdX + (1 4+ gy)dY,
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and the k-jet of the transformed BDE is
(I +ax+r+2qy, b +gx + Xpy, x + cx + p +2Xpx).

We are seeking r, p,q so that ay +r +2qy = by +qgx + Xpy =cr+p +
ZX[)X = 0, i.e.,

r+2qy = —ay,
qx + Xpy = —by,
p+2Xpx = —ck.

This process produces the linear map

L, H"® H"*'' ¢ H* > H*® H* ® H*
(p.q.,r) — (r +2qy, p+2Xpx,qx + Xpy)

The map L, is surjective and furthermore L; = Li|g. =0 is an isomorphism,
where gy denotes the coefficient of y**! in g. Therefore, the above linear sys-
tem has a solution, which means that we can reduce the k-jet of the coefficients
of the BDE to (1, 0, x).

Proposition 3.3 ([16]). 1. Suppose that a germ of a BDE has linear part
dy? + xdx?. Then, for any k > 1 we can change coordinates and multiply
by a non zero function so that the germ of the transformed BDE has k-jet
dy? + xdx?.

2. Suppose the germ of a BDE has linear part dy* + xdx?. Then, there exist
an analytic change of coordinates which transforms the BDE to ju(x, y)(dy® +
xdx?), where w is an analytic function not vanishing at the origin.

The BDEs with 1-jet dy?> — ydx? are also considered in [16]. The 2-jet can
be put in the form dy> — (y + Ax?)dx?. It is shown in [16] that

Proposition 3.4 ([16]). For almost all value of A, a BDE with 2-jet dy* —
(v + rx2)dx? is formally equivalent to dy* — (y 4+ Ax?)dx>.

As pointed in the §2, Miernowski [52] considered the problem of finding
analytic models of a metric ds? = a(u, v)dv? + 2b(u, v)dvdu + c(u, v)du? of
mixed type at points where ac — b> = 0. Suppose that the point in considera-
tion is the origin. Miernowski showed that if the 1-jet of ds? is equivalent to
dv® + udu?, then the metric is analytically equivalent to u(u, v)(dv? + udu?)
(compare Proposition 3.3). However, if the 1-jet of ds? is equivalent to
dv? — vdu?, then Miernowski proved that there is a functional modulus in the
classification. As a corollary of his result,a BDE with 2-jet dy> — (y + Ax?)dx>
cannot be reduced to the form wu(x, y)(dy*> — (y + Ax?)dx?) by analytic
changes of coordinates.



314 F. Tari

We turn now to BDEs of Type 2. We have the following orbits in the 1-jet
space where € = +£1:

— (0, bix + boy, €9), by # 0,2b) + € # 0,by # $(b3 — €),and by # by — 1
when e = +1 ([17, 38])

— (x+ay,0,y),a > ; ([66])

- (v, £x+boy,0), (y,,0), (x+,0,0), (x,b0y,0), (x+y,—y,0),

(¥,0,0),(0,0,0) ([13D.

It turns out that there are no discrete orbits in the formal classification. It is
shown in [17] that a BDE with 1-jet (y, by x + byy, €y), € = %1 can be reduced,
for almost all values of (b;, b,), by a formal diffeomorphism and multiplication
by non zero formal power series to (v, bjx + byy + b(x, y), €y), where b(x, y)
is a formal power series with no constant or linear terms. (See also [42] for a
similar result for the case € = —1.)

3.2. Smooth and topological classifications

We deal with BDEs of Type 1 and 2 separately.

BDEs of Type 1
The study of BDEs of Type 1 follows form the general study of IDEs. The
IDE (1.1) defines a surface

M ={(x,y,p)eR’: F(x,y, p) =0}

in the 3-dimensional space of 1-jets of functions endowed with the contact
structure o = dy — pdx. Consider the projection 7 : M — R?, w(x, y, p) =
(x, ). Generically, M is a smooth surface (that is O is a regular value of F)
and the restriction of 7 to M is either a local diffeomorphism, a fold or cusp
map. The set of critical points of the projection is called the criminant of the
IDE and is given by the equations I = F, = 0. The set of critical values of the
projection is called the discriminant of the IDE, and is obtained by eliminating
p from the equations ' = F, = 0.

The multi-valued direction field defined by F in the plane lifts to a single-
valued direction field on the surface. This direction field is determined by the
vector field

0 d 0
=F,— F,— — (F F,)—
& pax+p pay (Fy+p })ap

(which is along the intersection of M with the contact planes in R?). It is
of course tangent to M at (x, y, p) and projects to a line through (x, y) with
slope p.
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Figure 22.1. The lifted field & and the involution o on M.

If 7 is a local diffeomorphism at (x, y, p), then the integral curves of &
around (x, y, p) project to a family of smooth curves around (x, y).

Suppose that |y has a fold singularity at (x, y, p), i.e., we can choose
local coordinates in M and R? for which 7 has the form (u, v?). This means
that F = F, = 0 but F,,, # 0 at (x, y, p). Then, the IDE is locally a BDE at
(x, y, p) and the discriminant is a smooth curve. (For BDEs of Type 1, the
surface M is smooth if and only if the discriminant is smooth.) Every point in
the plane near (x, y) which is not on the discriminant has two pre-images on M
under 7. This defines an involution ¢ on M near (x, y, p), which interchanges
pairs of points with the same image under o (Figure 22.1). The criminant is
the set of fixed points of o. Thus, locally at (x, y, p), we have a pair (§, o) of a
vector field and an involution on M. The classification (smooth or topological)
of IDEs is the same as the classification (smooth or topological) of the pairs
(€, 0). When £ is regular, the IDE is smoothly equivalent to dy*> — xdx*> =0
@(.e., p?> —x = 0) ([1]). If £ has an elementary singularity (saddle/node/focus),
then the corresponding point in the plane is called a folded singularity of the
BDE. At folded singularities, the equation is locally smoothly equivalent to

dy* + (—=y + rx2)dx? = 0, (3.1)

with A # 0, 1—16, provided that & is linearisable at the singular point; see [24, 25].
Normal forms at folded resonant saddles and nodes are given in [27]. At
a degenerate elementary singular point of £ of multiplicity » € N, » > 1, the

equation is smoothly equivalent to
d 2
(_y +ex” + Ax2’_1> =y
dx

where A € R and € € {(£1)"}; see [26].
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Figure 22.2. Topological models of stable singularities of BDEs of Type 1.

Suppose that |y has a cusp singularity at (x, y, p), i.e., we can choose
local coordinates in M and R? for which x has the form (u, v? + uv). This
means that F = F, = F,, =0 but F,,, # 0 at (x, y, p). Then, the IDE is
locally a cubic equation in p and the discriminant has a cusp singularity. Bruce
[5] conjectured that the IDE has a functional modulus for smooth equivalence.
Davydov [24] proved that the equation has a functional modulus even for the
topological equivalence (see also §3.3).

We turn now to the topological equivalence. This can be treated in several
ways. It can be done, as in [24, 25], by studying the pair (§, 0). Kuzmin [51]
split the BDE into two ODEs and used the methods of ODE to analyse the
behaviour of the solutions. In [9, 67, 69] we used the method of blowing up
(see below). We give below the topological classification of the singularities of
codimension < 2.

There are three stable topological models (see [25] for references) at folded
singularities: a folded saddle if . < 0, afolded node if 0 < A < % and a folded
focus if 11—6 < A in equation (3.1); Figure 22.2, last three figures respectively.
The labelling in the figures refers to the coefficients (a, b, ¢) of the model BDE.
The first two figures in Figure 22.2 are models away from the discriminant,
and the third at points on the discriminant corresponding to regular points
of &.

Codimension 1 singularities are dealt with in [9, 25, 51, 67], see Figure
22.3. These occur when: the lifted field £ has a saddle-node singularity (Figure
22.3, first figure, A = 0 in equation (3.1)); the lifted field £ has equal eigen-
values (Figure 22.3, second figure, A = 1/16 in equation (3.1)); or when the
discriminant has a Morse singularity, labelled Morse Type 1 singularities in [9]
(Figure 22.3, last 4 figures). The Morse Type 1 singularities are distinguished
by the type of the singularity of the discriminant, isolated point or node, and by
the type of the folded singularities that appear in a generic deformation (two
folded saddles or foci), see [9].

Codimension 2 singularities are classified in [69]. Degeneracy occurs in
three ways: the discriminant is smooth and the lifted field has a degenerate
elementary singularity of multiplicity 3 (Figure 22.4, first two figures); the
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(10,y+x") (1,0,y+1/16x") L0x'y) (L0 (1L0y) (10X

Figure 22.3. Topological models of codimension 1 singularities of BDEs of
Type 1.

(1,0.y+x") (1,0,yxY (1,0,xy+x) (1,0%+y) 1,0+

Figure 22.4. Topological models of codimension 2 singularities of BDEs of
Type 1.

discriminant has a Morse singularity of type node and the unique direction
determined by the IDE at the origin has an ordinary tangency with one of the
branches of the discriminant (Figure 22.4, third figure); the discriminant has
a cusp singularity with a limiting tangent transverse to the unique direction
determined by the IDE (Figure 22.4, last two figures).

We have a general topological result about IDEs with F = F, = 0 and
F,, #0 at the origin. Such IDEs can be written in the form o = dy? +
f(x, y)dx* =0 ([13]). We say that  is finitely topologically determined if
there exists k € N such that any BDE o' with j*o’ = j*w is topologically
equivalent to w.

Theorem 3.5 ([69]). A BDE o = dy>+ f(x, y)dx> =0 with f(x,y) and
g(x) = f(x, 0) K-finitely determined is finitely topologically determined.

The hypotheses in Theorem 3.5 are equivalent to m(w) < oo, where m(w)
is the multiplicity of the IDE (§4.1).

BDEs of Type 2

As pointed out in §3.1 there are no discrete local models under formal
equivalence for BDEs of Type 2. To my knowledge, smooth equivalence has
only been considered in one case in [42] (see Remark 2(2)). For topological
equivalence there are several ways to proceed. We review here two techniques,
another one can be found in [51].
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One way to proceed when seeking topological models for BDEs of Type
2 is to consider a blowing-up of the singularities of the BDEs. This is first
done in [64] where topological models of the lines of curvature at umbilic
points on a smooth surface in R? are sought. Guifiez ([39] and elsewhere) used
this technique on BDEs whose discriminants are isolated points, labelled there
positive quadratic equations. However, Guifiez’s technique can be extended to
deal with general BDEs ([57, 66, 68]). We highlight Guifiez’s method below
for the case when jlow = (v, bix + byy, —y).

Following the notation in [39], let f;(w), i = 1,2 denote the foliation
associated to the BDE w = (a, b, ¢), which is tangent to the vector field
al +(=b+ (=1)vb>—ac)L. If ¥ is a diffeomorphism and A(x, y) is
a non-vanishing real valued function, then ([39]) for k = 1, 2,

. Y (fr(w) = fi(¥*(w)), if ¥ is orientation preserving;
. Y(fi(w)) = fr_r(¥*(w)), if ¥ is orientation reversing;
. i) = fr(w), if A(x, y) is positive;

. [iw) = fi_i(w), if A(x, y) is negative.

AW N =

We write w = (y + Mi(x, y), bix + byy + M>(x, y), —y + M3(x, y)) and
consider the directional blowing-up x = u, y = uv. (We also need to consider
the blowing-up x = uv, y = v.) Then, the new BDE wy = (1, v)*w has coeffi-
cients

a = u*(uv + M;(u, uv)),
b = uv(uv + M, (u, uv)) + u(biu + bouv + M(u, uv)),

¢ = v2(uv + My(u, uv)) + 2v(byu + bruv + Ma(u, uv)) — uv + Ms(u, uv).
We can write (@, b, ¢) = u(u?A;, uB;, C;) with
A =v+uN(u,v),
Bi = v> + byv + by + u(No(u, v) + vNy(u, v)),
Cy = v(v* + 2byv + 2b; + €) + u(v>N;(u, v) + 20N (u, v) + Nx(u, v)),

and M;(u, uv) = u>N;(u,v),i = 1,2, 3.
The quadratic form w; = (A, uB;, C)) can be decomposed into two 1-
forms, and to these 1-forms are associated the vector fields

X; = WAy, —uBy + (1) Ju2(B} — A;Cy)), i=12.

These vector fields are tangent to the foliations defined by w; . It is clear that we
can factor out the term u in X;, with an appropriate sign change when u < 0.
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The vector fields

Y, = WAy, =B+ (=1)\/B? = ACy), i=1,2

are then considered. Since the blowing up is orientation preserving if u > 0
and orientation reversing if # < 0, and we factored out u twice, it follows from
the observation above (see [39]) that Y corresponds to the foliation F; of w
if u > 0 and to F; if u < 0; while Y, corresponds to F, if # > 0 and to F if
u<0.

One studies the vector fields Y; in a neighbourhood of the exceptional fibre
u = 0, and blows down to obtain the configuration of the integral curves of the
original BDE. One can then proceed as in [9, 67, 69] to show that any two such
configurations are homeomorphic.

Another way to proceed when seeking topological models for such BDEs
of Type 2 is as follows (see for example [7] for the case ¢ = —a and in [11] for
the general case). Consider the associated surface to the BDE

M ={(x,y,[a:B]) € R*0xRP:aB?+2bap + ca® = 0.

As the coefficients of the BDE all vanish at the origin, the exceptional fibre
0 x RP'is contained in M. The discriminant function § = b*> — ac plays a key
role. When § has a Morse singularity the surface M is smooth and the projection
7 : M — R?, 0is adouble cover of the set {(x, ¥) : 8(x, y) > 0} ([11]; see also
[6] for a general relation between the singularities of § and those of M). We
label these BDEs Morse Type 2. The bi-valued direction field defined by the
BDE in the plane lifts to a single direction field £ on M and extends smoothly
to 771(0). Note that the exceptional fibre 0 x RP! C m~'(A) is an integral
curve of £. The closure of the set 7 !(A) — (0 x RP!) is the criminant of the
equation.

There is an involution ¢ on M — (0 x RP") that interchanges points with
the same image under the projection to R?, 0. It is shown in [11] that o extends
to M when the coefficients a, b, c are analytic. (In fact the result is true when
the coefficients are smooth functions; see Remark 2 in [66].) Points on M
are identified with their images by o. A bi-valued field on the quotient space
M' = M /o is then studied and models of the configurations of the integral
curves of the BDE are obtained by blowing-down.

Consider the affine chart p = 8/a (we also need to consider the chart
q = a/B), and set

F(x,y, p) = a(x,y)p> + 2b(x, y)p + c(x, y).
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Then, the lifted direction field is parallel to the vector field

a ad d
=F,—+ pF,— — (Fy+ pF,)—.
§=F, ox T PErg, ( pFy) o
The singularities of & on the exceptional fibre (F' = F, = 0) are given by the
roots of the cubic

¢(p) = (Fx + pFy)0,0, p)
=ap* + (2by + a1)p* + 2by + c2)p +c1,

where jla =aix +ay, j'b=bix +byy, jlc = c1x + c2y. The eigenvalues
of the linear part of & at a singularity are —¢’(p) and «(p), where

a1(p) = 2(axp* + (br + ay)p + by).

Therefore, the cubic ¢ and the quadratic «; determine the number and the type
of the singularities of & (see [7, 11] for details).

The calculations simplify considerably when the 1-jet of the BDE is simpli-
fied. For instance, if @y and ¢ have no common roots or if ¢ has more than one
root ([11, 38]): then one can take

jla,b,c) = (y,bix + byy, €y), e = £1.

(If o; and ¢ have a common root and ¢ has only one root, we can set
jla.b,e) = (x +a2y.0,y), a2 > 1. [66])

The topological classification of codimension < 2 singularities of BDEs of
Type 2 is obtained using the above methods. We first observe that there are no
topologically stable singularities of BDEs of Type 2. The discriminant of such
BDEs are always singular and generic deformations within the set of BDEs
remove the singularities.

The codimension 1 singularities are classified by the number and type of
the singularities of & when (b, b,) is away from some special curves in the
(b1, by)-plane ([7, 11, 39], see §3.1 and Figure 22.5). There are 3 topological
models when the discriminant has an A} singularity and 5 when it has an
A7 -singularity (Figure 22.6). The bifurcations of these singularities in generic
families are studied in [12], see also [51] for the case € = —1.

Codimension 2 singularities occur at generic points on the exceptional curves
in Figure 22.5. These are classified in [66] using the blowing-up method; see
Figure 22.7 for the models. The models in the first row in Figure 22.7 correspond
to the case where ¢ and «; have one common root (¢ = 1, by = £b, — 1),
those in the second row to the case where ¢ has a double root (2b; + € = 0 or
by = %(b% — ¢)) and those in the third row to the case where the discriminant
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by A 2S+IN

Figure 22.5. Partition of the (b, b,)-plane, € = —1 left, ¢ = +1 right. The labels
refer to the number and type (S for saddle and N for node) of the singularities
of &.

(X,7y) (v, 1/4%,-y)

__

(y,-1/4%,y)

(y-4/6x,y)

(Y.yxy)

Figure 22.6. Topological models of codimension 1 singularities of Type 2
BDE:s.

has a cusp singularity (b; = 0). (The first case in the second row in Figure 22.7
is also classified in [40].)

Remark 2. (1) For BDEs of Type 2, the second method is geometrical and
works well when the surface M is smooth ([7, 11]). However, when M is
singular, the involution o presents some obstacles. One needs to show that
o extends to the exceptional fibre and this is not trivial. The first method is
computational and the calculations are sometimes long and winding. (It is used
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1.2xF3y2y) N\ (y-3/4x+1/4y,y) (x+yx%y)

(y,3/8x+1/2y+yy)

(y.xty +y%-y) (y4x+3y+y%y)

(x+yy?) (v.x+2y,y%) (Yxty,y?)

Figure 22.7. Topological models of codimension 2 singularities of Type 2
BDEs.

in [38, 39, 40, 41, 42, 57, 66, 68] to obtain topological models of BDEs with
singular associated surface M.)

(2) There are classifications of some more degenerate singularities, moti-
vated by geometric problems. We list the existing cases in the Appendix
(8§6). It is worth pointing out here that Gutierrez and Guifiez [42] showed
that BDEs with 1-jet (y, b;x + b,y, —y) are topologically 1-determined when
the discriminant has a Morse singularity, i.e., when b; # 0. They also
proved that any BDE with 1-jet (y, byx + by, —y) is smoothly equivalent to
(v, b1x + by + M>(x, y), —y + M3(x, y)), where M,, M5 are smooth func-
tions with zero 1-jets.

3.3. IDEs with first integrals

In [47], the authors studied germs of IDEs with independent first integral. An
IDE is defined to be the surface M = F~'(0) in PT*R? endowed with its
canonical contact structure given by the 1-form o = dy — pdx. The surface M
is supposed to be smooth, so is locally the image of a germ of an immersion
f :R?,0 — PT*R?, z. The IDE is then represented by the germ f.

The IDE has a first integral, that is, there exists a germ of a submersion
nw: R2,0 — R, 0 such that d u A f*a = 0 (this means that the integral curves
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of the lifted field £ on M are images under f of the level sets of ). As the
solutions of the IDE in the plane are the images under 7 o f of the level sets
of u, it is natural to consider the diagram R 0 < R2, 0 zof R2, 0.

Consider in general a diagram (g, )
R,0 < R2,0 - R2,0

where g is a smooth map germ and p is a germ of a submersion. The diagram
(g, ) is called an integrable diagram if there exists a germ of an immersion
f:R?2,0 - PT*R? zsuchthat du A f*a« =0 and g = o f. Then (g, u)
is said to be induced by f.

Let m : PT*R?> — R? be the natural projection. Two germs of immer-
sions (IDEs) f : R?%,0— PT*R? zand f':R? 0 — PT*R?, 7 are said to
be equivalent if there exists germs of diffeomorphisms ¥ : R2, 0 — R?, 0 and
¢ : R%, (z) - R%, () such that o f = f' om, where ¢ : PT*R?, z —
PT*R?, 7 is the lift of ¢.

The idea in [47] is to reduce the classification of IDEs with first integrals
under the above equivalence to that of germs of integral diagrams. Two germs
(g, ), (g', ) of integral diagrams are equivalent if the diagram

R, 0 < R2, 0 -5 R2,0
N2 v ¢
R,0 < R2,0 %5 R2,0

commutes, with «, ¥, ¢ germs of diffeomorphisms.

Suppose given two germs of IDEs f and f’ with first integrals and with the
setof critical points of 7 o f and 7 o f’ nowhere dense. Then, ([47, Proposition
2.8]), f and f’ are equivalent as IDEs if and only if the diagrams (7 o f, 1)
and (7 o f’, ') are equivalent as integral diagrams.

A weaker equivalence relation of integral diagrams is introduced in [47].
Two germs (g, u), (g’, u') of integral diagrams are weakly equivalent if the
diagram

R0 £ R2 xR, 05 R2,0
N Jw \RY
R, 0% R xR, 0-"5 R2,0

commutes, with ¢, W, ¢ germs of diffeomorphisms and 7; is the projection to
the first component. Equivalent integral diagrams are weakly equivalent.
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The authors in [47] used the theory of Legendrian singularities to classified
generic integral diagrams under the weak equivalence. The word generic means
the following. The set Int(U, PT*R? x R) of integral IDEs with first integral
(f,u): U C R? - PT*R? x R is endowed with the Whitney C>-topology.
A property is generic if the subset of ( f, i) that satisfy it is open and dense in
Int(U, PT*R? x R).

Theorem 3.6 ([47], Theorem A). For almost all differential equation germs
with first integral (f, u), the integral diagram is weakly equivalent to one of
the germs in the following finite list:

(1) g=,v), p=v.

2 g=@v), p=v—3u

3) g= v’ p=v—u

4 g= w +uv,v), u = %u“ + %uzv + v.
3) g= @, v:+uv), u=no.

6) g =(u,v¥+uv?), p=71v*+v.

An integral diagram (g, u) is said to be of generic type if it is weakly
equivalent to an integral diagram from the list in Theorem 3.6. Diagrams of
generic type are then classified up to the “stronger” equivalence.

Theorem 3.7 ([47], Theorem B). An integral diagram of generic type is
equivalent to one of the following integral diagrams (g, |L)

1) g=(u,v), nu=n0
2 g=W’v) p=v—
(3) g=,v) p=v—ju
@) g=@w+uv,v), u= %u“—}—%uzv—i—ﬂog,
where B(x, y) is a germ of a smooth function with 8(0) = 0 and $,(0) =
+1.
() g=, v’ +uv), u=v+pog,
where B(x, y) is a germ of a smooth function with (0) = 0.
(6) g=(u,v*+uv?), u=3v>+pog,
B(x, y) is a germ of a smooth function with 8(0) = 0 and S,(0) = 1.

The cases (2) and (3) in Theorem 3.7 are first given in [22, 23]. In (4)—(6)
Theorem 3.7, the discriminant is a cusp. We refer to [47] for further details and
for the relation between Theorem 3.7, the previous classifications and Clairaut
type equations.
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Figure 22.8. Bifurcations of a Morse Type 1 and a Morse Type 2 singularities.

4. Invariants

Consider the two BDEs

dy* + (x* + yH)dx* =0,
ydy?* — 2xdxdy — ydx* = 0.

The first has a Morse Type 1 singularity and the second a Morse Type 2 sin-
gularity. Their discriminant, given by x> + y*> = 0, has a Morse singularity of
type AT (isolated point). Consider now the following 1-parameter deformations
of these BDEs

dy* + (x> + y* + 1)dx* = 0,
ydy? — 2xdxdy — (y + t)dx* = 0.

The discriminants in the first family x> 4+ y? + ¢ = 0 undergo the usual Morse
transitions (Figure 22.8, first row). However, the discriminants in the second
family x% + y(y +¢) = 0 undergo transitions of type cone sections (Figure
22.8, second row). One can also show that for the first family, two folded
singularities appear on the discriminant for t < 0 ([9], Figure 22.8). Three of
these singularities appear on the discriminant of the second family for # # 0
([18]). To explain these phenomena, an invariant of BDEs (multiplicity) is
introduced in [13] and symmetric matrices are studied in [6].

4.1. The multiplicity of a BDE

We suppose here that the IDE (1.1) is given by an analytic function F and the
coefficients of the BDE (1.2) are analytic functions (some of the results are
also valid in the smooth category [21]). We can then complexify and denote by
O(x, y, p) the ring of holomorphic function germs C3, 0 — C. We start with
IDEs (1.1).
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Definition 4.1 ([13]). A singular point or zero of the IDE givenby F(x, y, p) =
0 is a zero of the canonical 1-form dy — pdx on the criminant F' = F, = 0.
The multiplicity of a singular point is the maximum number of zeros it can
split up into under deformations of the equation F' = 0 (including complex
Zeros).

Proposition 4.2 ([13]). (a) The multiplicity of a singular point ((x, y, p) =
(0,0, 0)) of the IDE F = 0 at a fold point of the projection corresponding to a
zero of the vector field & is given by dimc O(x, y, p)/O(x, y, pF, F,, Fy +
pFy).

(b) The multiplicity of a non-fold singularity of the projection (x, y, p) —
(x,y) is given by dimc O(x, y, p)/O(x, y, p)F, F,, Fpp) provided that the
vector field & is non-zero on the lift.

(¢) If we have a non-fold singular point of the projection where the vector
field & vanishes, then the multiplicity is the sum of the numbers occurring in
(a) and (b).

For BDEs of Type 1, the discriminant is smooth in a generic deformation,
so the multiplicity is the number of folded singularities that occur in a generic
deformation. If we assume that a(0, 0) # 0 and p = 0, then the multiplicity m
of the BDE at (0, 0, 0) is given by

m = m(8, ad, — bd,),

where m(h, k) denotes dimc O(x, y)/O(x, y) (h, k) ([13]).

In fact ([13]), any BDE of Type 1 can be transformed by changes of
coordinates and multiplication by non-zero functions to one in the form
dy? + f(x, y)dx* = 0. The multiplicity of the BDE is then given by

m =m(f, fx) = pn(f) + u(f(x,0) -1,

where p denotes the Milnor number of the function germ (which is the multi-
plicity of its Jacobian ideal).

If we consider the example at the beginning of this section, f(x, y) = x* +
y2, 50 fi(x,y) = 2x and m = dimc O(x, y)/O(x, y) (x2 + 52, Zx) = 2. This
explains why we have two folded singularities appearing in the deformation
(Figure 22.8, first row)

We turn now to BDEs of Type 2 where we complexify the coefficients.

Definition 4.3 ([13]). The multiplicity of a BDE of Type 2 is defined to be
the (maximum) number of non-degenerate singular points of the perturbed
equations within the set of BDEs, where this is finite.
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We observe that if we deform a BDE of Type 2 in the set of all IDEs, then
its multiplicity is infinite. Consider, for example, the BDE yp? +2xp — y =0
which has multiplicity 3 using Definition 4.3 (see below). If we view it as
an IDE and consider the deformation F = tp" + yp?> +2xp —y = 0, then
the equations F' = F, = F,, = 0 have a zero at the origin of multiplicity n.
Therefore, using Definition 4.1, the multiplicity of the above BDE is infinite.
(The key point here is that one cannot use the division theorem to reduce the
BDE to an IDE of a fixed degree.)

Proposition 4.4 ([13]). The multiplicity of a BDE is given by

m = 5m(8, ad? — 2b8. 8y + c82)
=m(8, ad, — bs,) —m(a, b)
= m(8, b, — cby) —m(b, c).

The formula in Proposition 4.4 is also valid for BDEs of Type 1. For example,
when a(0, 0) # 0, m(a, b) = 0 and we recover the formula for the multiplicity
of a BDE of Type 1 given by m(8, ad, — bé,).

If we consider the second example at the beginning of this section, we
have a =y, b = —x, ¢ = —y, so the multiplicity m = m(x?> + y?, 4yx) —
m(y,x) =4 — 1 =3, which explains why we have three folded singularities
appearing in the deformation of the BDE (Figure 22.8, second row).

4.2. The singularities of the discriminant

To a BDE with coefficients (a, b, ¢) is associated the family of symmetric

matrices
_ (alx,y) bx,y)
S“’”‘(b(x,y) c(x,y)>'

The discriminant of the BDE is precisely the determinant of S. Bruce clas-
sified in [6] families of symmetric matrices up to an equivalence relation
that preserves the singularities of the determinant. Let S(n, K) denote the
space of n x n-symmetric matrices with coefficients in the field K of real or
complex numbers. A family of symmetric matrices is a smooth map germ
K",0 — S(n, K). Denote by G the group of smooth changes of parameters
in the source and parametrised conjugation in the target. Thus, two smooth
map-germs A, B are G equivalent if B = X'(A o ¢~')X, where ¢ is a germ of
a diffeomorphism K", 0 — K", 0 and X : K", 0 — GL(n, K). A list of all the
G-simple singularities of families of symmetric matrices is obtained in [6]. For
more on symmetric matrices see [ 10, 36, 37].
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The 2 x 2 matrix associated to a BDE of Type 1 is G-equivalent to one in

O f(;f, )) '

It turns out that, in this case, the G-action reduces to the action of the contact
group K on the ring of function germs f : K2,0 — K, 0 ([6]). This explains,
for instance, why we get the usual Morse transitions in the discriminants of the
family of BDEs dy® + (x> + y* + t)dx? = 0 at the beginning of this section
(Figure 22.8, first row).

For BDEs of Type 2, the G-action does not reduce to the action of the
contact group K. For the example at the beginning of this section, the matrix
< yx _;C) of the BDE is 1-G-determined and a versal G-deformation is

. y —Xx
given by (—x vyt
undergo transitions of type cone sections (Figure 22.8, second row).

It is worth observing that the action G models the singularities of the dis-
criminant of a BDE as well as its deformations in generic families of BDEs.
The action does not preserve the pair of foliations determined by the BDE.
Nevertheless, it provides important information when studying families of
BDE:s (see §5). All the key local information about the pair of foliations deter-
mined by the BDE occurs on the discriminant. It is also worth mentioning
that all the G-invariants associated the matrix of a BDE are invariants of the
BDE.

) . The zero sets of the determinants of these matrices

4.3. The index of a BDE

The index of a BDE with discriminant an isolated point is defined as the index of
one direction field determined by the BDE at the singular point. In [19, 20, 21],
Challapa gave the following definition of the index of a BDE at a singular point
(with discriminant not necessary an isolated point) when the coefficients are real
analytic functions. Consider a family of BDEs (a(x, y, t), b(x, y, t), c(x, y, t)).
The family is called a good perturbation if the discriminant §, is a regular curve
for ¢ # 0 and the BDEs for ¢ # 0 fixed have only folded singularities. Challapa
showed that such good perturbations exist. He defined the index of a folded
saddle to be K(S) = —1/2 and the index of a folded node and focus to be
K(N)= K(F)=1/2 and gave the following definition of the index of an
analytic BDE.
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Definition 4.5. Let w = (a, b, ¢) be a germ, at the origin, of an analytic BDE
and o, be a good perturbation of w. The index of w at the origin is defined by

I@)=) Ks(z)+ Y index, Vs,

8 (u;)<0

where V§, denotes the gradient of §, , z; are non-degenerate singular points of
w; and u; are the critical points in the negative part of §, (i.e., V§,(u;) = 0 and
S:(ui) <0).

Challapa shows that the index [ is independent of the choice of a good
deformation, it is invariant under analytic changes of coordinates and it satisfies
the Poincaré-Hopf formula.

4.4. Cr-invariant of asymptotic curves at folded singularities

Consider a surface S immersed in R*. Uribe-Vargas ([71]) produced an invariant
of the folded singularities of the asymptotic curves BDEs on S. As asymptotic
curves capture the contact of S with lines, one can also consider § immersed
in an affine or projective 3-space. Recall that the discriminant of the BDE of
the asymptotic curves is the parabolic set P of S. The flecnodal curve F is a
curve on which an asymptotic direction has higher contact with the surface.
In general the flecnodal curve is a smooth curve on S and is tangent to the
parabolic set at the cusp of Gauss/godron point (i.e., at the folded singularities
of asymptotic BDE). The flecnodal curve can also be captured using Legendre
duality on the BDE of the asymptotic curves, see [14]. There is another curve
D on S, called the conodal curve. It is the closure of the locus of points of
contact of § with its bitangent planes. This curve is in general tangent to P and
F at a cusp of Gauss.

Let g denotes the cusp of Gauss/godron point. Consider 7w : PT*S — S
endowed with the canonical contact structure and the Legendrian lifts Lp,
Lr, Lp consisting of the contact elements of S tangent to D, F, P around g.
Consider also L, the fibre over g of 7. The four Legendrian curves are tangent
to the same contact plane IT and their tangent directions determine four lines
Ip,lF,Ip, 1, through the origin in IT.

Definition 4.6 ([71]). The cr-invariant p(g) of a godron g is defined as the
cross-ratio of the lines Ip, Ir, [; P and [, of IT: p(g) = (IF, Ip,lp,1y).

Uribe-Vargas used p to obtain a classification of the configurations of the
curves D, F, P at a cusp of Gauss; see [71] for more details.
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5. Bifurcations

We consider in this section families of germs of BDEs. Two germs of families
of BDEs @ and 7, depending smoothly on the parameters ¢ and s respectively,
are said to be locally fibre topologically equivalent if, for any of their repre-
sentatives, there exist neighbourhoods U and W of 0 in respectively the phase
space (x, y) and the parameter space ¢, and a family of homeomorphisms #;,
for t € W, all defined on U such that %, is a topological equivalence between
@, and %, where v is a homeomorphism defined on W. (The map 4, is not
required to be continuous in ¢.)

We associate to a germ of an r-parameter family of BDEs @ = (@, b, &) the
jet-extension map

d: RZxR,(0,00 — Jk2,3)
((x, y), 1) k@, b, &),y

where J¥(2, 3) denotes the vector space of polynomial maps of degree < k
from R? to R?, and j*(a, b, &), |(x,y) 1s the k-jet of (a, b, &) at (x, y) with ¢ fixed.

The singularity type of the BDE &, determines a semi-algebraic set V in
J¥(2, 3) of codimension, say, m. The family & is said to be a generic family if
the map @ is transverse to V in J¥(2, 3). A necessary condition for genericity is
of course r > m. It follows from Thom’s Transversality Theorem that the set of
generic families is residual in the set of smooth map germs R? x R”, 0 — RR?, 0.

The bifurcation set of a generic family is the set of parameters r where the
associated BDE has a singularity of codimension > 1 at some point p € U.
This gives a stratification S of the parameter space consisting of following
strata: the origin (if the singularity at r = 0 is isolated), and local and semi-
local singularities of codimension s, 1 < s < m — 1. The singularity of @y is
local, but semi-local singularities can appear in @, for ¢ 7 0. The semi-local
singularities are very hard to deal with, and there is so far no general approach
to deal with them. Each case is dealt with separately. There is a result in [69]
which is worth mentioning here.

Lemma 5.1 ([69]). There are no Poincaré-Andronov (Hopf) bifurcations on
the lifted field & of an IDE (1.1) at a regular point on the criminant.

When studying bifurcations of a BDE &y, the aim is to show that any two
generic families of @ are (fibre) topologically equivalent. The strategy we
adopted in [66, 69] is the following.

— Obtain a model for the BDE at r = 0 (using the methods in §3.2).
— Reduce the N-jet of the family to a normal form (using the formal reduction
technique in §3.1).
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— Obtain a condition for the family to be generic.

— Show that the bifurcation sets of generic families are homeomorphic.

— Obtain the configuration of the discriminant in each stratum of S (using the
symmetric matrices framework §4.2).

— Show that the number of singularities, their type and their position on the
discriminant are constant in each stratum of S. (The results in [56] are of
use here.)

— Show that the configurations of the integral curves have a constant topolog-
ical type in each stratum of S.

Models of generic families of BDEs with local codimension 2 singularities
and their bifurcations in the families are given in [66, 69]. Singularities of
codimension 1 are dealt with in [9, 18, 51, 67]. Some degenerate cases are
studied in [54].

6. Appendix

In §2 the pairs of foliations asymptotic/characteristic/principal curves are
defined on an immersed surface. These pairs (or some of them) are also
considered on algebraic surfaces or surfaces with a cross-cap singularity.
They are given by BDEs whose singularities are of higher codimension
([34, 57, 63, 68]).

When F = F, = F,, =0 at the origin, the solution curves of the IDE
form a web (see §3.3). A classification of hexagonal analytic 3-webs p> +
ap® + bp + ¢ = 0 is given in [2]. Other types of n-web occur in differential
geometry. For example, the asymptotic curves on surfaces in R’ are given
by a quintic differential equation p> + a;p* + a,p® + a3 p® + asp +as =0,
where a;,i = 1...5, are smooth functions in (x, y) ([53, 59]).

Systems of IDEs Fi(t,x,p)=...=F,(t,x,p)=0 with x =
x1, ..., X0), p = (P1y ey Pn), pi = dx;/dt are considered in [61].

Homogeneous differential equations of degree greater than 2 are also con-
sidered. In [44] are defined lines of curvature on surface in R* that are given
by a quartic differential equation apdy* + a\dy3dx + a,dy*dx* + azdydx® +
asdx* =0, where a;, i = 1...4, are smooth functions in (x, y). The coeffi-
cients all vanish at some special points on the surface. The configuration of the
solution curves at such points is given in [44].

In [31] Fukui and Nufio-Ballesteros studied equations of degree n which
have n real solutions away from some isolated (singular) points where all
the coefficients vanish. They defined the index of such BDEs at a singular
point and proved a Poincaré-Hopf type theorem (see also [30]). They also
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gave a classification of the configuration of the n-web around generic singular
points.

Below are some topological models of singularities of BDEs of Type 2 with
codimension higher than 2 (see Figure 22.9). The models are of BDEs with
discriminant having a given K-singularity type. However, they do not form an
exhaustive list of the topological types of BDEs with discriminant having that
K-singularity type. The models are topologically determined by the k-jet of the
BDE, where £ is the highest degree of the coefficients of the equation. These
are as follows.

— The discriminant has an A7 -singularity, o; and ¢ have two common roots,
[68]:

O, =x+ Y79, (v, —x + xy, ).
— The discriminant has an A,-singularity, j'w ~ (x, by, 0), [57]:
(x, =y, x%), (x,y,x%).

— The discriminant has an As-singularity, j'w ~ (0, x 4 y, 0), [41] and [43]
respectively:

O, %%, =), 0% x +y, —y).
— The discriminant has an Asz-singularity, jlw ~ (0, box, y), [68]:
(Y7, box + byy*, y).

The topological type is constant in open regions determined by some excep-
tional curves in the (bg, by)-plane (see [68]).
— The discriminant has an Aj-singularity, jlw ~ (ax 4+ y, £x,0), [49]:

.2, £5), (0, —x, 257,
— The discriminant has an X ;-singularity [68]:
4yt —xy, =7+ 297+ 37, (0 4yt —xy, —x + 2y + xd).
— The discriminant has an Ys ¢-singularity [57]:
(x2, —xy, 2y* —x%).

— Under some conditions, a BDE with discriminant an isolated point is topo-
logically equivalent to its principal part defined by Newton polyhedra [45].

Remark 3. Some of the configurations in Figure 22.9 are topologically equiv-
alent to those of less degenerate singularities. For instance, those in the second
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Singulgrity of Topological Models
A1
(-xty2y)
A, {1
(-¥3,-2xy) (-y3,-2x43y2y)
Ay
(y3,2x+9/5y2y) (y3,2x+4y2y) (y3-12x+y2y) (- 2x+y2y)
(P-3x+1Byy)  (P32x+H19y2y)  (v3,-23x+315y%y) (y-1/2xy)
Ay
A3
B2y ) (3y) Oy xy x4 2yy%) (g3 2y ) (x%,xy,2y>-x3)

Figure 22.9. Some topological models of Type 2 BDEs with singularities of
codimension > 2.
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row are equivalent to a folded node and saddle respectively (Figure 22.2). How-
ever, their topological codimensions are distinct and so are their bifurcations.
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Bi-Lipschitz equisingularity

DAVID TROTMAN

Abstract

Much of the recent work of both Terry Gaffney and Maria Ruas
has centred on problems of equisingularity. I discuss recent results
on bilipschitz equisingularity including some important results
obtained by my former student Guillaume Valette, in particular
a bilipschitz version of the Hardt semiagebraic triviality theorem
and the resolution of a conjecture of Siebenmann and Sullivan
dating from 1977.

1. An oft-heard slogan

Stratifications are often used in singularity theory via the slogan that follows:

“Given an analytic variety (or semialgebraic set or subanalytic set) take
some Whitney stratification. Then the stratified set is locally topologically trivial
along each stratum by the first isotopy theorem of Thom-Mather.”

Statements like this have been made hundreds of times, after the publication
in 1969 of René Thom’s foundational paper “Ensembles et morphismes strat-
ifiés” [35], and John Mather’s 1970 Harvard notes on topological stability [19].
(A detailed published proof of the Thom-Mather isotopy theorem, somewhat
different to those of Thom and Mather, can be found in the write-up of the
1974-75 Liverpool Seminar published by Springer Lecture Notes in 1976, in
the second chapter written by Klaus Wirthmdiller [7].)

It seems to be not yet so well-known that in the above statements one may
replace “Whitney stratification” by “Mostowski stratification” and “locally
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58A35 (secondary).
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topologically trivial” by “locally bi-Lipschitz trivial”, despite the fact that the
corresponding theorems were published by Tadeusz Mostowski over twenty
years ago in 1985 [22]. In this paper I shall describe the background to these and
related developments as well as some recent improvements due to Guillaume
Valette.

2. Existence of Whitney and Verdier stratifications

Recall that Hassler Whitney proved in 1965 that every complex analytic variety,
and real analytic variety, admits a Whitney (b)-regular stratification [45, 46].
Also in 1965, Stanistaw Lojasiewicz [17] published a proof of the existence of
Whitney stratifications for the more general semianalytic sets, which include
semialgebraic sets. (Lojasiewicz’s classic account [17] of his theory of semi-
analytic sets is now available in a new TeX format due to Michel Coste as a
downloadable pdf file on Coste’s home page.)

Independently, a further generalisation was obtained by Thom [35], Heis-
uke Hironaka [12, 13], and then Robert Hardt [8, 9] who each gave existence
theorems applying to what came to be called subanalytic sets. Thom’s 1969
paper [35] refers to PSA sets, for “Projections of Semi-Analytic” sets. These
were called subanalytic sets by Hironaka from 1972 on, and this terminology
was adopted by the research community.

Jean-Louis Verdier [44] improved these existence theorems for Whitney
stratifications for subanalytic sets in 1976 by showing, using Hironaka’s reso-
lution of singularities, that one can strengthen Whitney’s condition (b) to find a
subanalytic stratification satisfying what Verdier called condition (w), the ‘w’
standing for Whitney. Verdier remarked in his paper and in a seminar at Paris
7 in the spring of 1976 that he knew of no subanalytic example where (b) held
and (w) did not. To answer this question in August 1976 I constructed the first
semialgebraic example, while attending the Nordic Summer School on Real
and Complex Singularities in Oslo [36]. During the following year I discovered
a very simple real algebraic example, {y* = t*x + x3}, which I put into my
1977 Warwick Ph. D. thesis [37], and published in a 1979 joint paper [3] with
Hans Brodersen, then a Ph. D. student of Per Holm and Andrew du Plessis.
Hans had independently discovered similar examples.

Two more distinct proofs of Verdier’s existence theorem were obtained by
the Cracow School in the mid 1980s using Lojasiewicz’s theory of normal
partitions, avoiding resolution of singularities. These were due firstly to Zofia
Denkowska and Kristina Wachta [6], and secondly to Lojasiewicz, Jacek Stasica
and Wachta [18]. As well as Lojasiewicz’s classic notes [17] mentioned above,
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a very useful source for the methods of the Cracow School is the recently
published book “Ensembles sous-analytiques a la Polonaise” [5], written by
Denkowska and Stasica in 1984, and widely distributed as a manuscript since
then.

3. O-minimal structures

This notion was developed in the late 1980s after it was noticed that many
proofs of geometric properties of semialgebraic sets and maps could be carried
over verbatim for subanalytic sets and maps.

Definition 3.1. An o-minimal structure on the real line R is a sequence S =
(S,)nen such that for each n:

(1) S, isaboolean algebra of subsets of R”, that is, S, is a collection of subsets
of R", ¥ e S,,andif A, Be S,,then AUB € S,,andR" — A € S,;
2) AeS,=>AxReS,;;andRx A€ S,.1;

3) {x1,...,x)eR":x;=x;}e S, forl <i < j<n;
4) Ae S, = n(A) € S,, where 7 : R""! — R" is the usual projection
map;

(5) {r} € S;foreachr e R,and {(x,y) e R? : x < y} € S»;
(6) the only sets in S; are the finite unions of intervals and points. (“Interval”
always means “open interval”, with infinite endpoints allowed.)

A set A C R" is said to be a definable setif A € S,. Amap f : A - R"is
said to be a definable map if its graph is definable.

If for every definable map f : R — R there exist d € N and K > 0 such
that | f(x)| < x¢ for all x > K, the structure S is said to be polynomially
bounded.

A theorem of Chris Miller [21] states that an o-minimal structure is not
polynomially bounded if and only if the exponential function is definable.

Examples of (polynomially bounded) o-minimal structures are

— the semilinear sets,

— the semialgebraic sets (by the Tarski-Seidenberg theorem),

— the global subanalytic sets, i.e. the subanalytic sets of R” whose (compact)
closures in P*(R) are subanalytic (using Gabrielov’s complement theorem).

An important theorem of Wilkie [47] proves the o-minimality of the structure
generated by graphs of polynomials and the graph of the exponential function.
This was an old conjecture of Tarski.
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The results in the previous section were extended ten or so years ago to the
more general class of definable sets in arbitrary o-minimal structures (defined
above) by Ta L& Loi, who first proved the existence of Whitney stratifications
in his Cracow thesis and then proved the existence of Verdier stratifications for
such sets [16].

4. Local triviality along strata

Now we describe the developments concerning the local topological triviality
of Whitney stratifications.

Definition 4.1. Letaclosed subset Z of a smooth manifold M be stratified, with
the strata indexed by a set X, so that Z = U{X : X € X}. A stratified vector
field v = {vy : X € X} is said to be rugose if for each point p € Z, where p
belongs to the stratum Y say, there is a constant C > 0 and a neighbourhood
U of p in M such that for each point y € Y N U, and each pointx € Z N U, if
X denotes the stratum of X containing x, then ||vx(x) — vy (¥)|| < C|x — y|
[44].

Note that this is close to being Lipschitz with constant C on Z, but is weaker:
for v to be Lipschitz one would need to allow y to belong to X and to any other
strata incident to Y, not just to Y.

A stratified homeomorphism / : Z — Z is similarly said to be rugose if for
each point p € Z, belonging to a stratum Y say, there is a constant C > 0 and a
neighbourhood U of p in Z such that for each point x € U belonging to some
stratum X, and each point y € Y N U, |h(x) — h(y)| < Clx — y|.

If a homeomorphism # is controlled according to the definition of Mather,
|h(x) — h(y)| = |x — y/|, so that & is rugose.

The work of Thom [34, 35] and Mather [19], [20] established what is referred
to as the Thom-Mather first isotopy theorem (or lemmal): every Whitney (b)-
regular stratified set is locally topologically trivial along strata. This is proved
by integrating controlled vector fields. The local topological trivialisation is
given by a controlled stratified homeomorphism.

Verdier proved an analogue of this for (w)-regular stratifications [44]. His
proof is somewhat simpler than Mather’s and involves integrating stratified
rugose vector fields, whose existence is actually equivalent to the stratification
being (w)-regular [3]! It follows easily that the stratified homeomorphisms
realising the resulting local topological trivialisation are also rugose. However
note that the homeomorphisms produced by the Thom-Mather theorem are
already rugose, as they are controlled [19], [20].
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There is something strange about our slogan (*). The hypothesis is in terms
of real or complex analytic sets, or semialgebraic, or subanalytic sets, while the
conclusion is topological, or at best C*° stratified. Is there a way to construct
a stratified homeomorphism which is analytic, or at least subanalytic? Or, if
we start with a real algebraic variety or a semialgebraic set, is there a way to
construct a semialgebraic local trivialisation? There are in fact positive answers
to these questions. First there is a semialgebraic version of the Thom-Mather
isotopy theorem due to Michel Coste and Masahirio Shiota [4].

Theorem 4.2 (Coste-Shiota, 1992). Every semialgebraic set with a given
semialgebraic Whitney (b)-regular stratification is locally semialgebraically
trivial along the strata without further refinement.

The proof uses model theory and the theory of real closed fields. An imme-
diate consequence is the existence of locally semialgebraically trivial stratifica-
tions of semialgebraic sets. The methods allow one to obtain a similar result for
subanalytic sets, where the local topological trivialisation is now subanalytic.
Similar results are valid for definable sets in general o-minimal structures. More
details are given in Shiota’s 1997 monograph [31].

There is an earlier result due to Hardt [10] which implies the existence of
locally semialgebraically trivial stratifications of semialgebraic sets using the
existence of semialgebraic triangulations.

Theorem 4.3 (Hardt, 1980). Every semialgebraic set admits a semialgebraic
triangulation which is locally semialgebraically trivial along the simplexes.

Whitney stratifying Hardt’s semialgebraic triangulation of a semialgebraic
set will give the existence of some Whitney stratification which is locally
semialgebraically trivial along strata. But this method will produce many more
strata than given by the Coste-Shiota theorem, which can even be applied to
the minimal semialgebraic Whitney stratification for example.

5. Mostowski’s Lipschitz stratifications

Thom suggested, in his November 1964 Bourbaki seminar [35] describing
Whitney’s work on stratifications of analytic varieties [45, 46], that the vector
fields yielding local topological triviality of Whitney stratifications (conjectured
by Whitney in his contribution to the Morse Jubilee volume [45], although
Whitney’s conjecture, still unproven, required a much stronger notion of local
triviality) might even be made Lipschitz, so that local bi-Lipschitz triviality
would follow. Thom’s conjecture was verified by Tadeusz Mostowski in his



Bi-Lipschitz inequality 343

1985 habilitation [22]. An earlier positive result for the special case of families
of plane curves had been obtained by Frédéric Pham and Bernard Teissier in
1969 [29, 30].

Mostowski [22] defined a notion of “Lipschitz” stratification (see the
appendix below) via a set of equisingularity conditions, stronger than Verdier’s
(w)-regularity, and he proved that every complex analytic variety admits such
a Lipschitz stratification. He showed further that these Lipschitz stratifications
are locally bi-Lipschitz trivial along strata by integrating stratified Lipschitz
vector fields. Adam Parusinski then proved such theorems for every real ana-
lytic variety [25], then for all semianalytic sets [26], and finally in 1994 for
every subanalytic set [28]. It is NOT true however that every definable set in an
o-minimal structure admits a Lipschitz stratification, as shown by the follow-
ing simple example (due to Parusinski) where the local bi-Lipschitz type varies
continuously along a line. Note that the set X in Example 1 is not definable
in any polynomially bounded o-minimal structure, by Miller’s dichotomy [21]
mentioned in section 3.

Example 5.1. In R = {(x, y,2)} let X(z) = {y =0} U {y = x*} C {R?> x z}.
Then the bi-Lipschitz types of X(z) and X (z’) are distinct if 7 # 7/, both > 1.
Hence no locally bi-Lipschitz trivial stratification exists.

Example 5.2. Here is a semialgebraic example [14], due to Satoshi Koike,
showing that (w)-regularity does not imply local bi-Lipschitz triviality. Let
V = {y2 =z2x2+x3,x >0} C R®. Let Y denote the z-axis, and let X =
V — Y. Then the pair (X, Y) is (w)-regular, but the bi-Lipschitz type of the
germ of V at the point (0, 0, 0) € Y is distinct from the bi-Lipschitz type of the
germ of V at points (0,0, z) € Y if z # 0.

Note. In this article, the Lipschitz property is defined with respect to the
extrinsic or outer metric, i.e. the metric induced by that of the ambient space.
The recent papers of Birbrair, Fernandes and Neumann (cf. [1, 2] for example)
refer to the inner metric, where one restricts to distance defined as the lower
bound of arcs on the embedded stratified set. In their paper in these proceedings
[2] they compare the two metrics and consider cases where the two metrics are
equivalent, i.e. when one has a so-called normal embedding. The bi-Lipschitz
type does not change along the z-axis in Example 2 if one uses the inner metric,
and does not change continuously along the z-axis in Example 1.

Question 1. Do definable sets in polynomially bounded o-minimal structures
admit Lipschitz stratifications in the sense of Mostowski ?
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There is currently no analogue of the result of Coste and Shiota [4] for Lip-
schitz stratifications so as to produce local semialgebraic bi-Lipschitz triviality
along strata by isotopy.

However in 2005 Guillaume Valette [38], [39] proved a Lipschitz version of
Hardt’s semi-algebraic triangulation theorem, so proving that semi-algebraic
sets admit semialgebraic stratifications (actually triangulations) which are
locally semi-algebraically bi-Lipschitz trivial. The proof combines techniques
of Hardt [10] and the model theory methods of Coste and Shiota [4],
together with a version of a preparation theorem due to Lion, Rolin and
Parusinski.

Restratifying as above, using a semialgebraic version of the existence of
L-stratifications, we would obtain the existence of a (Mostowski-type) Lips-
chitz stratification of a given semialgebraic set, which would be in addition
locally semialgebraically bi-Lipschitz trivial along the strata. I expect that
such a semialgebraic existence theorem for Lipschitz stratification of a given
closed semialgebraic set can be proved, by adapting Parusinski’s semianalytic
proof [26].

Valette’s proof applies to definable sets in any polynomial bounded o-
minimal structure (in particular to globally subanalytic sets), using a prepa-
ration theorem due to van den Dries and Speissegger.

6. Consequences of Valette’s triangulation theorem

1. A germ at O of a semialgebraic set X in R” has a link Ly whose metric
type (its equivalence class defined by semialgebraic bi-Lipschitz homeo-
morphism) is well-defined, i.e. it is independent of the semialgebraic dis-
tance function p : (U, O) — ([0, €), 0) such that p~'(0) = O, p(x) = ||x]],
which defines the link [40].

Two germs of semialgebraic sets X and Y in R" have the same metric
type if and only if their links Ly and Ly have the same metric type. and
two such germs X and Y of the same metric type can be related by a
semialgebraic bi-Lipschitz homeomorphism preserving the distance to the
origin [40].

2. The set of metric types of germs of real analytic sets is countable [41].
This resolves a famous 1977 conjecture of Larry Siebenmann and Dennis
Sullivan [32].

3. Two polynomially bounded o-minimal structures M; and M, over R with
the same set of exponents define the same metric types, i.e. every definable
set in R" of M, is bi-Lipschitz homeomorphic to a definable set in R" of
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M, [35]. As an example, every global subanalytic set in R" is bi-Lipschitz
homeomorphic to a semialgebraic set in R".

4. Multiplicity mod 2 is a semialgebraic bi-Lipschitz invariant of real algebraic
hypersurfaces in R" with isolated singularities such that the tangent cones
at these singularities have isolated singularities [42].

7. Appendix. Definition of Lipschitz stratifications

Tadeusz Mostowski in 1985 [22] introduced certain conditions (L), (L), (L3)
on a stratification, which strengthen the Kuo-Verdier condition (w), and
which imply the possibility of extending Lipschitz vector fields and are
indeed characterised by the existence of Lipschitz stratified extensions of
Lipschitz vector fields on strata [28] with specified Lipschitz constants (see
below).

Here are the definitions, which are necessarily somewhat complicated.

Definition 7.1 (cf. Mostowski [22]). LetZ =Z; D --- D Z; # # be aclosed
stratified setin R". Write Z;=Z; — Z;_;.

Let y > 1 be a fixed constant. A chain for a point g €Z; is a strictly
decreasing sequence of indices j = ji, ja, ..., j, = £ such that each j;(s > 2)
is the greatest integer less than j;_; for which

dist(q, Z;,—1) > 2y*dist(q, Z,,).

For each j;,1 <s <r, choose g; €Z; such that g; =¢ and |g — g, | <

ydist(q, Zj,).
If there is no confusion one calls {g;,},_, a chain of q.

Forq €Z;,let P, : R" — T,(Z ;) be the orthogonal projection to the tangent
space and let qu = I — P, be the orthogonal projection to he normal space

(Ty(Z )™
A stratification ¥ = {Z j}‘f:e of Z is said to be a Lipschitz stratification, or
to satisfy the (L)-conditions, if for some constant C > 0 and for every chain

{g=gqj,....q;}withqg €Z; andeachk,2 <k <,
| PPy, Py 1< Clg—aqj | /dj—1(q) (L)
and for each ¢’ €Z;, suchthat | ¢ — ¢’ | < (1/2y)d},-1(q),

| (Py— Py)Py, Py, 1<Clq —q'|/dj-(q) (L2)
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and
| Py— Py |<Clqg—q'|/dj—i(q)  (L3).

Here dist(—, Z,—) = 1, by convention.

For calculations of Lipschitz stratifications in the case of families of plane
curves see my paper with Dwi Juniati [15]. For a proof that for subanalytic
stratifications, (L) implies (L*) (i.e. the condition is preserved by families of
generic plane sections, in the notation introduced by Bernard Teissier) see my
paper with Juniati and Valette [14].

According to Parusinski [28], an equivalent criterion to the L-conditions
is that there exists a constant C > 0 such that for every set W C Z such
that Z;_ C W C Z; forsome j € {¢, ..., d}, every Lipschitz stratified vector
field v on W with Lipschitz constant L, such that v is bounded on W N Z, by
K, extends to a Lipschitz stratified vector field on Z with Lipschitz constant
C(L + K).

It is not hard to show that for a given Lipschitz stratification 3 C > 0 such

that Vx €Z;, Yy €Z;, where k < j,

Clx —

prp) <
’ dist(y, Zy—1)

so that because |PXL Py| = d(T,Zy, Z ), (w)-regularity follows, with a precise

estimation for the local constant (which can tend to infinity as y approaches

Zy-1).

Theorem 7.2 (Mostowski 1985 [22]). Every complex analytic set admits a
complex analytic Lipschitz stratification. Moreover such Lipschitz stratifica-
tions are locally bi-Lipschitz trivial along strata.

Theorem 7.3 (Parusinski 1994 [26]). Every subanalytic set admits a subana-
lytic Lipschitz stratification. Moreover such Lipschitz stratifications are locally
bi-Lipschitz trivial along strata.

Note however that there is in general no canonical Lipschitz stratification
attached to a given subanalytic set, even in the special cases of real algebraic
varieties or complex algebraic varieties. See Mostowski’s habilitation disser-
tation for details [22]. There are canonical Whitney (equivalently Verdier)
stratifications of complex analytic varieties by the theory of Teissier ([33], see
also [11]) which identifies canonical Whitney strata as precisely the loci of equi-
multiplicity of the different polar varieties. So it seems difficult to give algebraic
criteria for Lipschitz regularity in general, in the spirit of Terry Gaffney’s work
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using integral closures of modules. Mostowski did however give equivalent
algebraic criteria for (L)-regularity in the case of complex surfaces in [23]. He
also explained the tight relation of the polar varieties of a complex analytic
variety X and the stratifications of X with locally trivialising Lipschitz vector
fields in [24].

The definition of Lipschitz stratification is equivalent to being able to extend
vector fields in a certain way, by specifying constants. Whitney, Verdier [3] and
Bekka regularity can each be characterised in terms of extending vector fields
without specifying constants. Is there some simpler variant of Mostowski’s
definition with nice geometric and algebraic characterisations? Of course the
essential requirement of any such equisingularity criterion would be that the
condition be generic and imply local bi-Lipschitz triviality.
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Gaffney’s work on equisingularity

C. T. C. WALL

Abstract

A survey of equisingularity theory focussed on Terry Gaftney’s
work.

The article begins with an account of the early history of equi-
singularity. Next I develop notation, particularly for polar varieties;
recall the theory of integral closures of ideals, show how Gaffney
generalised this to integral closures of modules, and list a variety
of applications he has made.

The invariants available are classical and Buchsbaum-Rim mul-
tiplicities of modules, polar multiplicities and Segre numbers of
ideals, and generalisations to modules. Some of the main theorems
are of the form: the constancy of certain numerical invariants of
a family imply equisingularity of the family (usually in the form
of Whitney triviality). Many of the proofs use results showing that
constancy of some invariants implies an integral dependence rela-
tion. One notable paper gives a sufficient condition for topological
triviality of families of maps.

Introduction

The classification of singularities of plane curves was achieved in 1932 by
Brauner [2], Burau [6], [7] and Zariski [60]: it yields an easily stated, necessary
and sufficient condition for topological equivalence, which clearly does not
imply analytic equivalence. Probably the simplest example is the case of 4
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concurrent lines xy(x + y)(x + ty) = 0 with ¢ an invariant of analytic, but not
of topological equivalence.

This situation presents the problem of creating a theory of equivalence
of families of objects (e.g. algebraic varieties or morphisms) which will say
when the members of the family are essentially the same. One needs a def-
inition allowing some flexibility but with which calculations can be made.
This is the problem of equisingularity, which lies at the heart of singularity
theory.

Terry Gaffney has made major contributions to this, many of which appear
in Proceedings of earlier Sao Carlos meetings. His philosophy is to seek
invariants depending on members of the family whose constancy implies
equisingularity.

In this article, I seek to describe Terry’s work in this area. To put this in
perspective, I also give an account of the earlier work which led up to it. This
seems appropriate, as Terry has always sought to give full credit to others
whose work or influence has contributed to his results. I am indebted to David
Trotman, Andrew du Plessis and particularly to Terry himself for comments on
earlier versions of this article.

Iinclude a complete list of Gaffney’s papers, which are cited with a G, e.g.
as [G21], preceding the general bibliography.

1. Early results on equisingularity

The origins of the differential theory of equisingularity lie in attempts to classify
singularities of differentiable mappings. This began with pioneering work of
Whitney in the 1940s and 1950s [51], [52], [53], [54] classifying generic
singularities in particular dimensions. A discussion in general was given by
Réné Thom [44] in 1959, in particular conjecturing that topologically stable
maps were C*°—dense in all dimensions.

Thom announced new ideas at a lecture in Ziirich in 1960 (see [45]) (where
the writer had the good fortune to be present). This contains definitions of
stratifications, mention of regularity and a statement that “Whitney has proved
that real algebraic sets admit regular stratifications”, the apparatus (tubes, local
retractions, carpeting functions), and went on with corresponding ideas for
C°°—mappings. Thom had amazingly good geometric intuition; not only com-
pletely new ideas, but a good idea for what might be true and provable. It
was often left to others to flesh out his ideas to obtain clear proofs. Gaffney is
perhaps his true successor in having excellent geometric intuition, but he finds
proofs with help from collaborators.
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Details followed a few years later. In [58], Whitney studied the behaviour
of the tangent plane 7, X at a smooth point x € X as x tends to a smooth point
Yo on a subvariety Y of X and formulated conditions on (X, Y) at yg:

(A) if there is a sequence x; € X such that x; — yy and 7, X tends to a limit
L,thenT,Y C L,

(B) if there is also a sequence y; € Y such that y; — y, and the unit vector in
the direction y;x; (in the ambient space) tends to a limit v, then v € L.

In fact, it was soon realised that (B) implies (A); however, (A) remains
an important condition. Whitney defined stratifications, called a stratification
regular if these conditions hold at all points, and proved that any complex
analytic variety has a regular stratification. For the real semi-analytic case, a
proof of existence of regular stratifications was given, also in 1965, in notes
[27] by Lojasiewicz, which established basic facts about semi-analytic sets,
including his famous inequalities.

Thom’s ‘first isotopy lemma’ states that a regularly stratified set is locally
topologically trivial along strata. Proofs were given by Thom [47] and in widely
circulated lecture notes by Mather [31] in 1970. These involve the construction
of controlled vector fields, and their integration.

A useful variant of the regularity conditions was given by Verdier [49],
anticipated in part by Hironaka [14] and the c-cosecance of Teissier [38]. For
linear subspaces A, B C R", define

|(u, v)[

3(A, B) := supycat\jo), VB0V o]

thus §(A, B) =0 < A D B. We can re-state the Whitney (A) condition as
(T, X, Ty,Y) — 0 as x; — yo, i.e. as ||x; — yoll = 0. Now say that (X°,Y)
satisfies the Verdier condition W at yy: if

(W) there exist a neighbourhood U of yp and C > 0 such that, for all
yeUNY, xeUNX° wehave §(T: X, T,Y) < C|x — y|.

Verdier established that subanalytic sets admit stratifications satisfying
this condition, that it is stronger than Whitney’s condition (B); also that
when it holds, one obtains controlled vector fields satisfying a condition
he terms ‘rugose’ (which is stronger than continuity but weaker than Lip-
schitz). This can be generalised to ‘the strict Whitney condition A with expo-
nent r’ by replacing the right hand side of the inequality by C|jx — y|" (see
e.g. [41]).

In [45] Thom also enunciated a ‘second isotopy lemma’ giving a sufficient
condition for topological triviality of a family of C* —mappings. This was used
in [46] to obtain deep results about singularities in general.
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First he stated that any polynomial map is stratifiable, meaning that there are
stratifications of source and target such that the map submerses each stratum
of the source on a stratum of the target. He said that a map presents blowing-
up if, writing for X a stratum of the source with image X', and ¢(X) for
dim X — dim X, there exist strata ¥ C X with ¢(Y) > g(X).

In [47], he defined a relative form of (A), now known as Thom regularity.
If f is a stratified map, the Thom condition holds for (X, Y) relative to f at
yo € Y:if

(A ) for any sequence x; € X with x; — yo and Ker(T f|T,,X) — L we
have Ker(T f|T,Y) C L.

Note that we can re-state this as: §(Ker(T f|1,Y), Ker(T f|T,, X)) — 0 as
Xx; — Yo. There is also a strict condition, first considered in [12],

(W) there exist a neighbourhood U of yy and C > 0 such that, for all y €
UNnY, x eUnX° wehave 8(Ker(Tf|T,Y), Ker(Tf|T: X)) < Cllx — yll.

The second isotopy lemma now refers to a stratified map f : X — Y and a
further 7 : Y — T such that, for each stratum § of Y, 7|S is a submersion. If
also the maps are proper and A ¢ holds at all points, f is locally trivial, so the
topological type of f|( o f)~'(¢) is independent of ¢. Proofs, similar to those
of the first isotopy lemma, were sketched in [47] and in [31].

Clearly a necessary condition for f to possess a Thom regular stratification
is that f does not exhibit blowing up. A useful construction of Thom regular
maps is given in [9, §2]: here make the stronger hypothesis that the restriction
F1>°(f) (where Y (f) denotes the critical set of f) is proper and finite-to-one.
Then a stratification of (> (f)) is a critical value stratification c.v.s. (called
partial stratification in [9]) if, for all strata U, f -on >(f) is smooth
and f induces a local isomorphism of it on U, and for all pairs U, V of
strata, £~1(V) N Y (f)and £~ (V)\ Y_(f) are Whitney regular over f~1(U) N
> (f). Whitney’s arguments yield the existence of a c.v.s. provided the spaces
and maps are semialgebraic. Given a c.v.s., we can stratify the target of f by
the strata of the c.v.s. and their complement and stratify the source by the strata
just listed: then f is a stratified map which satisfies Thom regularity.

A general proof that a proper, complex analytic map which does not exhibit
blowing up admits a Thom regular stratification, and even one satisfying W,
was finally given by Henry, Merle and Sabbah in [12]: the proof uses the
technique of polar varieties. The real analytic case was discussed in [15], and
can also be treated by taking real parts of the stratifications of [12]. The writer
has been unable to find a reference for existence of a Thom stratification in the
real semi-analytic case.

We turn to the algebro-geometric approach to equisingularity. From 1964,
when Hironaka [13] established the resolution of singularities in characteristic
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zero, interest began to shift from resolving singularities to classifying them.
Zariski created a theory of equisingularity for families of curves, and hence for
a variety along a smooth subvariety of codimension 1, and proposed a general
definition by induction: roughly speaking, he required equisingularity of the
discriminant of a generic projection to a subspace one dimension lower. The
simplest non-trivial case is when we have a smooth point of Y, which has
codimension 2, so a transverse slice meets X in a plane curve. The theory for
this case was developed in considerable detail in the series [61] in 1965-68. In
this case, Zariski’s definition of equisingularity is equivalent to Whitney’s, as
holds more generally when the curve is not required to be planar.

In 1971 in [62], Zariski compared his definition with others and posed a
number of searching and motivating questions, notably the famous problem of
topological invariance of multiplicity. What is the relation between different
conditions? When do equivalent singularities lie in a 1-parameter family? Do
equivalent varieties have the same multiplicity? More generally, is equisin-
gularity preserved under taking generic hyperplane sections? or under taking
the discriminant of a generic projection? We will see that the techniques of
projection and of generic hyperplane sections are built in to the theory as it has
been developed by Gaffney.

The rather simple example 7> + tx*z + x% 4+ y® = 0 (due to Briangon and
Speder [3]) is Whitney equisingular but not Zariski equisingular; moreover,
as Zariski shows in [64] in 1977, the blowup along the r—axis fails to be
equisingular at + = 0, which led Zariski to reject Whitney equisingularity as a
good notion.

A general discussion of the equisingularity notions as known in 1974 was
also given by Teissier in [38]. He starts with Zariski’s work, which was his own
inspiration, and compares equisingularity in Zariski’s sense, in Whitney’s sense,
and topological local triviality, and he too formulated a number of questions
and conjectures.

Finally in 1979 Zariski proposed [65] a modified version of his definition
which, unlike earlier ones, is clearly invariant under local analytic equivalence;
here he also constructs a stratification.

Zariski’s work in [61] also led him to the notion of saturation, which he
developed in [63] in 1971-75. Here he gives a more algebraic form to equi-
singularity for the plane curve case. In the introduction to Vol IV of Zariski’s
works, Teissier and Lipman record that later work inspired by equisaturation
led to the study of Lipschitz equisingularity. Talks were presented on Lipschitz
equivalence at this conference by Birbrair & Neumann, and by Valette giving
new insight on this concept: it does not at present seem likely to lead to a
workable theory of equisingularity in general.
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A rather different equisingularity notion, of ‘blow analytic equivalence’,
was proposed by Kuo [25]. While this has had some success, it too does not
seem likely to lead to a general theory, as it is not clear that if a family of
varieties over T is blow analytically trivial over the open subsets T}, T of T it
must also be trivial over T; U T>.

Milnor’s 1968 book [33] was enormously influential, and focussed attention
on isolated singularities of hypersurfaces. Let {f; : (CV,0) — (C,0) |t € C}
be a 1-parameter family of functions defining hypersurfaces X,, each with an
isolated singularity, with union X C CV x C. There is an obvious numerical
requirement for a family to be equisingular: constancy of the Milnor number
wu(fo).

For this case, major developments appeared at the Cargése conference in
1972. Speder [36] proved that Zariski equisingularity implies the Whitney
conditions. L& [22] spoke on his result with Ramanujam that a p—constant
deformation is topologically trivial (except possibly if N = 3).

There is also a major paper by Bernard Teissier [37], which is the real
starting point of modern equisingularity theory. He discussed integral closures,
introduced and studied the sequence u*(X;) of Milnor numbers of generic linear
sections of X;, and showed that a u*—constant family is Whitney equisingular.
This result was completed shortly afterwards by a proof [4] of Briangon and
Speder that Whitney equisingularity implies p©*—constant and their example
[3] of a family with p, but not u*, constant: for 2+ tzy6 +xy’ + xP =0,
u® = 15 is constant but ¥ is not, and the family is topologically trivial.

In [G30] Gaffney and Massey described (with hindsight) a somewhat sim-
plified version of Teissier’s argument, summarised in three steps:

Whitney regularity of F = {f;} is implied by W-regularity, the condition
that the derivative d F'/dt belong to the integral closure my - J, F, where
J.F = ({0F/0zi});

this condition holds at a dense open set and (“the PSID”), provided the
multiplicity m(my - J, F) is constant, holds on a closed set; and

m(my - J, F) is a linear combination with positive coefficients of the upper
semicontinuous invariants p(X,).

With the success of Teissier’s theory, one would like to extend it as far as
possible. To achieve this, the following are needed: an extension of the theory
of integral closure of ideals; invariants of equisingularity, corresponding to ©*
above; a calculus for working with these invariants; and a generalisation of the
PSID. Gaftney has obtained many results of all of these types, and I will try to
summarise them. The next sections are devoted respectively to integral closure;
invariants and formulae for them; and criteria for equisingularity.



356 C.T. C. Wall

2. Notations

I now fix notation for the rest of this article, for simplicity of exposition;
though some of Gaffney’s results were obtained in greater generality than I
give below. The reader should be warned that though this notation is based
on Gaffney’s, it differs from his in many cases. We have a complex analytic
variety-germ (X, 0) C (CV, 0) (for brevity, I will restrict almost entirely to the
complex analytic case, though Gaffney also has many results in the real case);
we assume X equidimensional, of dimension d, and generically reduced. Write
>~ X for the singular set and X := X \ ) X. We may suppose X given as
F~1(0) for F : CN — CP?; take co-ordinates {z;} on CV.

When we wish to study families we take 7 = C°® as parameter space, with
co-ordinates {;}, let X € CV x T be givenas F~1(0) for F : C¥N x T — C?,
write 7 : CN x T — T for the projection (and its restriction to X — T, X°
for the set of points where X is smooth and 7 submersive. Write also X, :=
X N7~!(¢), and suppose each X, as in the preceding paragraph. We write 7
for {0} x T C X and study Whitney equisingularity of X over T along T.

For any k, O, denotes the ring of germs of holomorphic functions at 0 € C¥;
my denotes its maximal ideal. We write Oy for the sheaf of holomorphic func-
tions on X, Oy , for the sheaf of germs at x € X, and my , for its maximal ideal.
I will normally use roman letters to denote rings and modules and calligraphic
ones for sheaves.

First we suppose each X, has an isolated singular point at O; later we
relax this. Also we first have the hypersurface case p = 1, then the complete
intersection case where F' is a submersion at a generic point, then the general
case.

Sometimes regularity conditions Ay and Wy are considered relative to a
further map f : (X, 0) — (C,0)or f : (X, T) — (C, 0): these are non-trivial
even if p = 050 X = CV x T. We denote the zero locus of f by Z (or Z).

Whitney’s and other related conditions are defined in terms of the limiting
behaviour of tangent spaces to X. Thus we are led to the study of the Nash
blowup N(X), the closure of the set of pairs (x, T, X) where x € X?, and the
conormal space C(X), the closure of the set of pairs (x, H) where x € X and
H € PN~!is a hyperplane containing the tangent space to X at x. If X has
codimension 1 these coincide, but for a subset of higher codimension, while
early work used the Nash blowup, it was shown by Henry and Merle [11] that
the conormal space was more convenient and gave better results. For example,
polar varieties and polar multiplicities are defined below by pulling back from
linear subspaces of projective space; to use the Nash blowup, we would have
to study instead subvarieties of Grassmannians. In the case of a family, we
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have the relative conormal, which can be defined as the closure of the set of
pairs (x, H) with x € X? and H a hyperplane tangent to X at x and containing
(a parallel of) T. We denote this by C7X and can regard it as a subspace of
X x PN

Given an ideal Z = (g1, ..., g;) < Ox, the blowup Bz(X) is defined to
be the closure in X x P4~ of the graph of X \ V(Z) — P! defined by
7> (81(2), . . ., g,(2)), with projection b; : Bz(X) — X; we write Dz for the
exceptional divisor. Equivalently, we can form the Rees algebra (see [35])
R(Z) :=p,.,I"; then its graded ideals define Bz(X) = Proj(R(Z)) (where
Proj denotes the analytic homogeneous spectrum). If X has codimension 1, the
Jacobian ideal is J(F) = (0 F/dzy, ..., dF/dzy) and C(X) coincides with its
blowup B](F)(X).

If X has codimension greater than 1, C(X) is not a blowup of X: it has
dimension N — 1. To extend the techniques to this case, Gaffney introduced
the following. Write £ := (9§ for the free module, Jy, F C & for the (Jacobian)
submodule generated by the columns of the Jacobian matrix J F = (9 F; /9z;),
which has generic rank N — d; write S& for the symmetric algebra on £ and
RJu F for the (Rees) subalgebra generated by Jy, F. Then P = Proj(SE) has
dimension d + p — 1, and the image of Proj(RJy F) in P can be identified
with C(X).

In general, for L C CN x T alinear subspace, write Jy, F, for the submod-
ule of Jy, F generated by the 0 F'/dv for d/dv tangent to L (in the case p = 1,
J Fy, for the subideal of J F). Thus in the case of a family F : C¥Y x T — CP,
Ju Fr is generated by the columns d F; /dz; for z; the co-ordinates in C"V. The
relative conormal C7X is now the image of Proj(RJy Fr) in P.

Gaffney [G28] comments that the exceptional divisors of these blowups
record behaviour of the limiting tangent hyperplanes, which are relevant for the
Whitney conditions: more precisely, the fibre over O of the exceptional divisor
of Jy Fr records the limits as (x, 1) — (0, 0) of limiting tangent hyperplanes
to X;; in the module case, the fibre of the conormal need not be a divisor, but
does still record the limits.

3. Integral closures

Let I be an ideal in a ring R (we write I < R). We say that x is integral over
I if there exist elements a, € I” with x* + 3"\ a,x¥=" = 0. The set of such
elements x is called the integral closure of I and denoted 7: it is an ideal in R.
The proof uses the fact that x is integral over [ if and only if there is a faithful
finitely generated R—module M withxM C I - M.
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The integral closure has marvellous properties. An excellent reference is the
beautiful set of lecture notes [24] of Monique Lejeune-Jalabert and Bernard
Teissier. These were, it seems, motivated by a study of a section of Hironaka’s
big paper [13].

For R a complete local ring, and I a proper ideal, I defines a function v; on R
by setting v;(x) := sup{n € N|x € I"}and v;(x) := lim;_, o, v;(x*)/ k. Thisis
an order function, i.e. V;(x + y) > inf(v;(x), v;()), vi(xy) = v;(x) + v;(y),
V;(0) = oo and v;(1) = 0. Then x is integral over / if and only if v;(x) > 1.

If v;(x) > 1, we say that f is strictly dependent on I, and write f € Z':
T also is an integrally closed ideal. Although strict dependence had been used
previously, the definition of ZT, and of a corresponding notion for modules, are
due to Gaffney [G27].

We can regard I as the largest ideal equivalent to I: sometimes we would
prefer a smallest. If J C I and J =1, then J is said to be a reduction of I;
a minimal reduction is one with the minimal number of generators. For I of
finite codimension in Oy, we can take the ideal generated by k general elements
of I.

Now let X be a reduced complex analytic space, Z <| Oy the coherent sheaf
of ideals defining a nowhere dense analytic subspace Y, x € Y, Z, the germ of
T atx; f € Oyx. The following are equivalent ([24], see also [41]):

(i) (algebraic condition) f € T,
(ii) (evaluation) for some f.g. faithful Oy ,—module M, f. M, C Z,.M,;
(iii) (valuative criterion) for every arc, i.e. map-germ ¢ : (C, 0) — (X, x), we
have f o ¢ € ¢*Z,.0;
(iv) (growth condition) for V aneighbourhood of x in X, and {g;} generators of
['(V,2), there exist C € RT and a neighbourhood of x on which | f(y)| <

C sup; |gi(y)I.

Moreover, the I_)C are the stalks of a coherent sheaf Z.

If 7 C J there is a natural map B 7(X) — Bz(X). This map is finite if and
only if Z = 7, i.e. I is a reduction of J.

We also need the normalised blowup, which we denote by br: Bz(X) — X,
with exceptional divisor D7; write 7* for the pullback of 7. To construct it,
take the normalisation X of X, the pullback Z’ to it of Z, the integral closure
7' of 7/, and then Bz(X) = B(X).

Suppose X compact, or more generally that we consider germs along
some compact subset K C X. Then Dz has only finitely many irreducible
components D, . The ideal Z* is supported on | J, D,; in the neighbourhood of
a smooth point of D,, it can only be a power I}« of the ideal Z,, defining D,



Gaffney’s work on equisingularity 359

Thus if f € Z, the lift of f to Bz(X) must belong to each Z7«. But much
more is true. Suppose X normal, Z < Oy an invertible ideal defining a Cartier
divisor D = |, Da, f € I'(X, Ox). Then

fr € 7, for all x € X < for each « we can find x, € D, with fx, € Igfx.
It follows that in (iii) above, we only need one arc ¢, for each component D,
of D. This has numerous consequences: for example we can define fractional
powers by letting f € Z!P/41 if, for some N, 4V ¢ 7"V it follows that we can
take all fractions to have denominator the least common multiple of the n; this
is also a denominator for the Fojasiewicz exponent.

We can now give a global version of the above set of equivalent conditions
to f € 7, referring to germs at K :

) feZ (Yx € K);
(ii) for every proper 7w : X’ — X with image containing K and Z.Oy invert-
ible, there is an open neighbourhood U’ of 7 ~'(K) with f.Oy € T.0y;
(iii) foreacha, f o ¢y € ¢37,.01;
(iv) there exist an open neighbourhood U of K in X, generators {g;} of
(U, Ox) and C € R" such that | f(x)| < C - sup{|g;(x)|} forall x € U.

Integral closures of ideals are the key to the study of equisingularity for
families of hypersurfaces. To generalise to subvarieties of larger codimension,
Gaffney begins [G21] by introducing the integral closure of a module or, more
accurately, of a module given as a submodule of a free module. An earlier,
purely algebraic treatment of an equivalent concept had been given by Rees
[35], generalising results in [66]; but Gaffney takes the valuative criterion as
definition. He notes that this also gives a useful notion in the real case, but we
will restrict to the complex case.

For h € Of , and M, C &, = O , a submodule, the following are equiv-
alent:

(i) h € M, in the sense of Rees,
(ii) for some faithful Z, 4 Oy, we have Z, - h C Z, - M,.
(iii) for all germs ¢ : (C,0) — (X, x), we have ho¢p € ¢p*(M,)- O (as
above, it suffices to check for rather few arcs ¢),
(iv) For each choice {s;} of a set of generators for M, there is a neighbourhood
U of x such that for each ¢ € I'(Hom(C?, C)) there exists C > 0 such
that, for all z € U we have |¢(z)h(z)| < C sup; |¢(z)si(z)].

Moreover, if M is a coherent sheaf of submodules of O%, there is a unique
coherent sheaf M with M, = M, forall x € X.



360 C.T C. Wall

Integral closures of modules can be reduced, to some extent, to those of
ideals. Suppose X irreducible, and write H = M + Oy - h. Then [G21, 1.7]
h € M if and only if AFH C Ak M, where k is the largest integer with AFH
0. Here A* refers to exterior powers, or rather to their images in A*E.

We can now define M to be a reduction of N if M CN and
M =N. According to [21, (2.6)], this is equivalent to the natural map
Proj(RM) — Proj(RN) being a finite map. Again a minimal reduction is
one with the minimum number of generators; if M has finite codimen-
sion in (’)f(,x, a general set of d + p — 1 elements generates a minimal
reduction.

Strict dependence in the module case was introduced in [G27], see also
[G29, §3]. We say that £ is strictly dependent on M, and write & € M if, for
all germs ¢ : (C,0) — (X, x), we have 1 o ¢ € ¢*(M,)-m;. Then M is a
module, and if M is a reduction of N, MT = N/t.

Gaffney has shown the flexibility of the concept of integral closure of mod-
ules by applying it to obtain simplified and strengthened versions of a variety
of interesting results. Most relevant to equisingularity theory is a recasting
of Whitney regularity conditions using integral closures. Observe that reg-
ularity gives a condition on tangent hyperplanes of X at a series of points
converging to 7. In the hypersurface case, the tangent hyperplane to X is
given by td F/dt + ), z;0 F /dz; = const. The Whitney A condition requires
dF /0t to be ‘smaller’ than the 0 F/dz;. Recall that J Fr denotes the ideal
(0F/9z;) <4 Opn4s generated by the dF/dz;. For dim(7) = 1, we have the
following characterisations:

dF /0t € my - J Fr is Mather’s criterion for triviality under right equiva-
lence.

dF/dt e (J Fr)' is Gaffney’s [G27] criterion for A-regularity.

0F /ot € my - J Fr is equivalent [41] to the W condition of Verdier, but
care is needed: for Mather’s condition, these are ideals in Oy 1, for the others,
in O X-

For the general case F : CN x T — CP, we have:

A-regularity holds if and only if for all tangent vectors /0t to T, 0 F /0t €
JuFT,ie JyFr C JyFT[G29];

W-regularity holds if and only if for all tangent vectors 0/dt to T, dF /9t €
my - JMF, i.e. JMFT Cmy - ]MF [GZI], [G25],

There are corresponding assertions for A s and for W with F' replaced by
(F, f) ([G33,2.1], [G40, 2.8]). Simpler versions for the case when F is absent
are given in [G27] for A ; and in [G28] for W.

We now mention briefly several other papers of Gaffney giving applications
of integral closure of modules.
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In [G27], Gaffney shows that a hyperplane H is a limiting tangent plane
to X if and only if Jy Fy is not a reduction of Jy F. In [G29] he shows
that X is A-regular over T if and only if every limiting tangent hyper-
plane contains T (which gives the above condition for A-regularity); and that
Ju Fr is a reduction of Jy F if and only if no hyperplane containing 7 is a
limiting tangent hyperplane. Relativisations of these equivalences are given
in [G29,85].

In [G31], Gaffney obtains a necessary and sufficient condition for a
polynomial map F : C¥ — CP to be non-characteristic over #, at infin-
ity. He gives an inequality which generalises Malgrange’s condition, and
shows that this is equivalent to the non-characteristic condition, and to an
inequality 9 F'/dt; € Jy F’ at to, where F’ is essentially F referred to affine
co-ordinates with 7y at the origin, and that this implies local topological
triviality.

In [G34] he studies finite determinacy with respect to left equivalence. He
recalls that if F is an injective immersion outside 7', the condition for a rugose
trivialisation is W regularity, i.e. Jy Fr C my - Jy F. For left equivalence,
one must consider double points, so for any ideal I < O, define Ip < O,,
to be the ideal generated by the h(z) — h(w) for h € I. Then he obtains the
necessary and sufficient condition (mﬁ”)D C (f*m,,)TD for f:C" - C? to
be k—determined with respect to rugose trivialisation.

In [G43] (with Trotman and Wilson, and generalising [G24]) he studies the
t" condition, due originally to Thom [46] in the real case, and refined by Kuo
and Trotman [26] and Trotman and Wilson [48]. One says that X is (#") regular
over T at O if every C"—submanifold Q of dimension N, transverse to T at
O, is transverse to X near O. We say X is (¢") regular for P over T at O if
this holds for all Q with the same r—jet as P (here we may regard Q as the
graph of a map RY — T'). With this form of the condition it is the condition
on jets that is crucial, not the degree of differentiability, so the condition is
also non-vacuous in the complex case. There are also variants depending on
the degree of differentiability of Q; P only enters via its r —jet. Then provided
r > 0 (the results for » = 0 are slightly different),

X\ > pist"for Pifandonlyifm}y, - JM,F Cmy - Jy Fp + I[(P)JM,(F),
and
X is ¢” for P if and only if X \ ), is so and m)y - Oy € I(P)Ox..

A genericity theorem, which states that the multiplicity m(Jy Fp; X N P) takes
its generic value among all transversals with a given (r — 1)—jet if and only if
t" holds for P, ties this to other results.
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4. Invariants

The main theorems about equisingularity are stated in terms of numerical invari-
ants, mostly multiplicities. The development of the theory of these invariants
is an important part of the story. In fact, few of the definitions are solely due
to Gaffney: his role has been that of someone with ideas and suggestions, pro-
voking others (most notably, David Rees, Steve Kleiman and Anders Thorup),
to make his ideas precise and to prove his conjectures.

Algebraic definitions of multiplicity start with an ideal / of finite colength
in a sufficiently nice ring R of dimension d (e.g. a noetherian local ring Ox
with dim X = d); then for k large, the length (in our case, dimension over C)
of R/I* is a polynomial in k with leading term m’{‘j, ; and m is defined to be
the multiplicity m(I). If I € J, then [34] m(I) < m(J),and m(1) = m(J) &
1 = J. Gaffney points out that this shows that multiplicities ‘control’ integral
closures; it follows that they control Whitney conditions. Moreover, I admits a
reduction with d generators, and if / itself has d generators, m(I) = dim(R /).

This is easily generalised to the mixed multiplicities m; ;(I, J) (i + j = d)
of two ideals. For k and ¢ large enough, it is shown in [37, Chap I, §2] that
the length of R/I¥J¢ is a polynomial of degree d in k and ¢, whose leading
term we denote by Zl —oMia—i(l, J)l, (dd:), It can be shown that m; ;(1, J)
is equal to the multiplicity of the ideal generated by i general elements of 1
and j elements of J. The multiplicity of the product ideal is given [37] by
m(l - J) =30 (DYmiaid, ).

The concept generalises to the Buchsbaum-Rim multiplicity [5] of a sub-
module M of finite colength of a free module E := R”. Here we take the
(graded) symmetric algebra S(E) over R generated by E, the Rees subalgebra
R(M) generated by M, and consider its colength dim(S,(E)/R,(M)) in grade
n. For n large enough, this is polynomial of degree d + p — 1 in n; if the leading
term is m(M )W—;),, then m(M) is an integer defined to be the multiplicity.

The following were conjectured by Gaffney and proved by Rees and Kirby
[19]: if M C N, then m(M) < m(N), and m(M) = m(N) <& M = N: in this
latter case, M is said to be a reduction of N. Moreover, by [35] or [G25],
M admits a reduction with d 4+ p — 1 generators (it suffices to take d + p —
1 generic elements of M), and if M admits d + p — 1 generators, we have
([5], [G25]) the simple formula m(M) = dim(E/M) = dim(R/ AP (M)). In
our usual setup, the function m(Jy F;) is upper semicontinuous [G29, Prop
1.1].

One can define mixed multiplicities for two modules M, N each of finite
colength as in case of ideals: take i generic elements from M and j generic
elements of N where i + j =d + p — 1, and compute the Buchsbaum-Rim
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multiplicity of the module they generate. There is a product formula [ 19] which,
in the geometric case, is

m(l - M) = <}Z>m(1) + Zj;; (?)m(msj),

where S; is the quotient of Ox by j generic elements of I.

We can also consider the relative multiplicity of a submodule N C M C E
of finite colength in M: not surprisingly, with increased technicalities.

Geometrical invariants are obtained from polar varieties and their gener-
alisations. Polar curves of plane curves were used in the mid 19" century,
for example in the proof of Pliicker’s formulae counting singularities of plane
curves. The use of polar varieties in equisingularity theory begins with [38],
where Teissier states that their use was advocated by Thom. For X as above, and
0 < k < d, take a linear subspace L C C" of codimension d — k + 1, defin-
ing p; : C¥ — C?7*+! Then the polar variety is defined to be the closure
P, = P(X, L) of the set of x € X° critical for p;|X (the notation is chosen
so that P; has codimension k). It can be shown that for a dense Z-openT set
of subspaces L of codimension d — k + 1, the multiplicity at O of Pi(X, L)
is independent of L: this is defined to be the polar multiplicity m;(X). The
extreme cases are k = 0, with Py = X, so my(X) is the multiplicity of X at 0,
and k = d, with P; discrete, so my(X) = 0.

When we have a family X, we still choose a generic L C CV, now defining
pr i CN x T — C¥ %1 x T, and define the relative polar variety to be the
closure Pry of the set of x € X? critical for p;, and my (X), to be the multi-
plicity of Pr; N (CN x {t}) at 0 x {t}. We may not assume that this is equal to
my(X;) since the notion of genericity for the subspace L is different in the two
cases. In the extreme case k = d, Pr 4 is finite over d, so its closure meets T at
points with m7 4(X), > 0. We see that the absence of such points is important
for equisingularity.

More generally, if Z < Oy is an ideal with g generators and A C P4~ is
a linear subspace of codimension k, the polar variety P,(X, A) is the image
in X of BzX N(X x A). Again, for a dense Z-open set of subspaces A of
codimension k, the multiplicity at O of P(X, A) is independent of A, and is
defined to be the polar multiplicity m;(X, 7). In the case when X is the zero
set of F : CN — C and T is the Jacobian ideal JF, we see (taking A as the
annihilator of L) that P,(X, JF) is the same as Py(X). As above, if 7 4 Ox
there is a relative version my ¢ (Z),.

T Here and below we write Z-open to mean open in the Zariski topology.
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If7 C JandZ = 7, the natural map B7(X) — Bz(X) is finite, so we can
take the same A for both 7 and 7, and use the projection formula to see that
my(X, Z) depends only on the integral closure of Z.

If the polar variety is a curve, then so is its strict transform under the
simple blowup of the origin in CV, and m(X) is the intersection number
of the preimage with the exceptional divisor. In general we can intersect
with generic hyperplanes to cut down to a curve, then do the same. Equiv-
alently, take the preimage in the blowup, and intersect with d — k — 1 hyper-
planes and with the exceptional divisor. This leads to an interpretation of
polar multiplicities as intersection numbers, which is due to Kleiman and
Thorup [21].

The projection By,.z7(X) — X factors through both B,,,(X) and Bz(X). Over
B7(X) we have the line bundle induced from the universal bundle on P7~!: write
£ for its first Chern class and D, for the corresponding exceptional divisor;
and use the same notations for their pullbacks to By, 7(X). Over By, (X) we
have the line bundle coming from the universal bundle on P(CV), with first
Chern class £, and divisor Dy,. Then P(X, L) corresponds to the intersection
€% and my (X, T) is given by €% - ¢4-%=1. D or, in the notation of intersection
theory,

mi(X,T) = / ¢k g1 .

For the application to equisingularity for hypersurfaces, we take Z to be the
Jacobian ideal. If X has non-isolated singularity, this does not have finite
codimension. To allow for this case, in [G28] Gaffney & Gassler define further
invariants. For L C P4 of codimension k, the polar variety of 7 is the projection
to X of P(X,7Z):= Bz(X)N (X x L) and we now define the Segre cycle as
the image of Q(X,7Z) := D; N Bz(X) N (X x L). Its multiplicity is constant
for L in a dense Z-open set, defining the Segre number se; (X, 7). This too can
be defined as an intersection number

ser(X,I) = /z’;*lzﬁ;"—lD, Dyl <k<d-—1,

seq(X,T) = /z‘}*‘D,.
Thus

sex(X,my - 1) = /hkfleﬁ;kflp Dn(l1<k<d-1),

seg(X,my-T) = fthD
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so substituting & = £; + £, leads to the product rules

k
k—1
se(X,my - I) =" <l. _ 1)se,-(x, (1 <k<d-1),
i=1
d—1

d ¢ rd—1
seg(X,my - 1) = Z <i>mi(X,Z) + Z (i B l)se,-(X, 7).
i=1

i=0

These generalise the L& numbers of Massey [29], which are defined in the
case p = 1 as A (Fy) := sex(X;, J Fr). Massey showed that the reduced Euler
characteristic §*(¢) of the Milnor fibre of F,|L* (for L* a generic linear subspace
of dimension k) is given by 3*(¢) = my(F,) + Zfzo(—l)ikk_i(F,). It is also
shown in [G28, Cor 4.5] that if Z < Ox induces Z; on X,, while the se;(X,, Z,)
individually need not be upper semicontinuous in #, the sequence (sey, . . ., seg)
is, provided sequences are ordered lexicographically.

Somewhat similar definitions for the case of modules are made in [G29],
following [21]. Suppose M C & = OF has finite colength (or, in the relative
case, that Supp(E/M) is finite over T': in fact all the definitions are as easily
made over T, this is what is needed for the application). Set P := Proj(SE),
and P’ := Proj(RM), where RM is the Rees algebra. Let B be the blowup
of P by the sheaf of ideals on SE generated by M, with exceptional divisor
D. Let £g, £, denote the classes on B induced from the first Chern classes
of the tautological sheaves on P and P’. Now define Segre classes by se; :=
[ € ¢ D], where r =d + p — 1. In fact, se; = 0 fori < d.

Now set e/ := Z:{ se; (so that e?~! = sey, € =), se;). Then the e/
are all upper semicontinuous (the se; need not be). With this definition, the
Kleiman-Thorup multiplicity is e°.

More generally, suppose given two submodules M C N C &, with '/ M
of finite length, or equivalently, M = A in a punctured neighbourhood of x.
Write p(M) for the ideal on Proj(RN) generated by M, B o for the normalised
blowup of Proj(RN') along p(M), and D o4 for the exceptional divisor. Over
B, there are two canonical line bundles, one coming from M one from N:
denote their first Chern classes by £, €. Then, following Kleiman and Thorup
[21], Gaffney defines the multiplicity of the pair M C N as

d+r—2 oD i
mM Ny =30 /z;’j U Dy

This generalises the Buchsbaum-Rim multiplicity m(M) = m(M, &), and
satisfies additivity: if L € M C N then m(L, N') = m(L, M) + m(M, N).
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However, the analogues of the polar and Segre multiplicities do not have
such good properties as in the ideal case, as is shown by a counterexample in
[G37, §4].

5. Criteria for equisingularity

We now discuss the main developments in chronological order, and begin in
1973 with Teissier’s work [37] on isolated hypersurface singularities. The plan
of his proof is as follows. Since the Whitney conditions hold generically, the
inclusion 0 F'/dt € my - J Fr which characterises them holds at an open set of
points in 7. The key step is now the “Principle of Specialisation of Integral
Dependence” (PSID) which shows that for any g and any ideal Z <4 Ox such
thatthe Z, <1 Oy, have finite codimension and the multiplicity m(Z, ) is constant
along T, the set of r € T at which the germ € Z, is closed.

The rough idea is as follows (for a fuller, but still very short and geometric
account see [G28, pp 700-701]). Let Z < Ox; blow up along Z; let D be the
exceptional divisor of the blowup. If m(Z,) is constant, the projection D — T
is equidimensional. Now whether or not g € Z depends on the valuations v;(g)
corresponding to the components D; of D. Since the projection is equidimen-
sional, the list of v; is independent of ¢; since also the v;(g) are semicontinuous
the result follows.

The invariants u* appear as follows. First, the relation of multiplici-
ties to Milnor numbers for icis (due to L& [23] and Greuel [10]) gives
m(J Fr) = p™M(X,) + u™=D(X,). Next the formula for the multiplicity of
a product of ideals gives m(my - J) = ZZN:() (7)m,-,N_,'(mN, J). But the mixed
multiplicity m; y_;(my, J) is equal to the multiplicity of the restriction of J
to a generic codimension i subspace, and hence to @+ (X,) + u®(X,). Thus
m(my - JFr) = Yieo (V) (X)) + @ (X,)). It follows, since the u@ are
semicontinuous, that *(X;) is independent of ¢ if and only if m(my - J F7) is.

By 1980, Teissier had obtained a general criterion for regularity, which
appeared in [41]. He developed the theory of (relative) polar multiplicities, in
essentially our standard situation. Then his main theorem states that Whitney
regularity is equivalent to constancy of polar multiplicities. More precisely, for
X reduced complex analytic of pure dimension d and 7" a smooth subspace,
the following are equivalent:

(1) (moX,mX,...,my_1X), is constant along T;
(ii) (if dim(T) = 1) CN x {0} is transverse to all limits of tangent spaces of
X? and (m(X),, m7 1(X),, ..., mr 4(X),) is constant along T’;
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(i) (X7, T) satisfies at ¢t the Whitney A and B conditions;
(iv) (X?, T) satisfies at ¢ the strict Whitney A condition with exponent 1 and
strict Whitney B with exponent > 0.

It follows that for any stratification of a complex analytic space, constancy
along strata of polar multiplicities is necessary and sufficient for Whitney
regularity, or for Verdier regularity. Teissier deduced that a complex analytic
variety has a unique minimal regular stratification.

In Terry’s great 1993 paper [G22] these results are refined and extended to
obtain sufficient conditions for equisingularity of a family of maps. Jim Damon,
using largely algebraic arguments, had previously proved in [8], unifying sev-
eral earlier results:

If Fy : CN — C” is A—finite, i.e. finitely determined with respect to right-
left-equivalence, any polynomial unfolding of non-negative weight is topolog-
ically trivial.

Gaffney aimed to improve this by replacing the weight condition by geo-
metrical conditions on the unfolding. Now if Fy is A—finite, any (multi-)germ
of Fy outside the origin is stable. We require the same to hold for any (multi-)
germ outside T of the unfolding F : CN x T — CP x T of Fy: a criterion on
F for this to hold follows from Damon’s work. Hence differentiable triviality
is a priori guaranteed at points outside 7. Adding a simplicity hypothesis, we
may suppose that only finitely many C—classes (strata) occur. It thus remains
to prove, for each stratum in source or target, Whitney regularity over 7: we
then have a c.v.s. and the desired result will follow from the second isotopy
lemma.

For this we have the above criterion of Teissier for regularity in terms of polar
multiplicities. However, these are defined in terms of the whole variety X C
CN x T (or Y C CP x T). Gaffney’s aim was to find a condition depending
only on the individual fibres X,. To replace relative polar multiplicities of
X by polar multiplicities of X;, two main issues arise. First, one needs to
show that each CV x {t} is transverse to limiting tangent planes of strata.
Gaffney succeeds here by using the fact that the stratification is regular in
the complement of 7 and my 4(X) vanishes along 7. He then uses delicate
arguments to show that m; (P;(F, t)) is constant if and only if m;(X,) is so for
0 <i < d and, again, mr 4(X) = O along T.

Secondly, sinced = dim X;, m4(X,) is notdefined, so we need a replacement
to control my 4(X): this is the main difficulty. Let Q be a —equivalence class
and S(Q) the corresponding stratum: write d := dim(S(Q)) — dim 7. To define
the d—stable multiplicity m,(F;, Q), take a versal unfolding G : C" x T —
C? x T, denote projection on T by i, and pick a general hyperplane L C C?
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defining a polar variety P := Py (O(G), 7). Define my(F, Q) as the multiplicity
of the ideal m; - Op < Op: this can be proved independent of all choices. Now
to avoid ‘coalescing’, i.e. an arc in S(Q) converging to a point of T, it is enough
to require mo(F, Q) constant.

This paper has led to a whole industry of obtaining more explicit, and
much shorter lists of invariants in low dimensions whose constancy guarantees
equisingularity. Many such results have been reported at Sao Carlos. In [G22],
Gaffney gave a detailed study of the cases C> — C? and C?> — C?; his results
were improved by Houston [16]. Jorge Peréz treated map-germs C* — C3 in
his thesis [ 18]. In [G38], Gaffney and Vohra dealt with maps C* — C2. Corank
1 maps C" — C"*! were treated by Houston [17]. In addition, in several of the
equisingularity results (for spaces) below, constancy of the invariants controls
some strata below the top dimension.

In successive papers generalising Teissier’s first equisingularity theorem,
certain themes reappear. In the original argument, the fact that Whitney con-
ditions hold generically, which Whitney proved geometrically using his wing
lemma, was used. Later Teissier replaced this by his ‘idealistic Bertini theorem’
[40]. In later papers, Gaffney and collaborators used a transversality theorem of
Kleiman [20] for this purpose. There are also successive versions of the PSID.
In each case, the general outline of the argument is the same: first we blow
up, then examine the geometry. In each case we have X as usual, & € Z (for
ideals) or i € M (for modules) on X, for a dense set of points ¢ € T, and can
conclude the same at all points provided certain multiplicities are constant.

In 1996 Gaftney [G25] extends Teissier’s results on isolated hypersurface
singularities to the ICIS case. In fact in [G22] he had already shown that, in this
case, Whitney regularity was equivalent to constancy of the polar invariants
my(X,), so it follows from properties of the invariants discussed in §4 that, for
ICIS germs, the following are equivalent:

(i) (X, T)is Whitney regular,

(i) my(X,)is constant (0 < k < d)
(iii) for all tangent vectors d/d¢ to T, 0 F /0t € my - JFr
(iv) m(my - J Fr), is constant.
He also proves m(my - Jy F) = Z?:o (Nj_l)md,j(X). The argument in this
paper does not refer directly to a PSID, but such a result applicable to this case
was later obtained in [G29]. Again the Lé-Greuel formula allows restatement
in terms of u®.

Three of Gaffney’s major papers appeared in 1999. We referred above to

the introduction and development by Gaffney & Gassler [G28] of the Segre



Gaffney’s work on equisingularity 369

numbers of an ideal. Next they obtain a PSID. Given a family in our usual
notation and ideal Z < Oy, if & has germ at ¢ in f, for a dense open set of 7, and
the Segre numbers sey(Z,) are constant for 1 < k < d, thenh € Z.T hey apply
this version of the PSID to the general hypersurface Z in X = CV x T, and
show that the W condition holds, and hence the smooth part of Z is Whitney
regular over T, provided the polar multiplicities m,(f;) and Segre numbers
se.(f;) are constant, or equivalently, m, and the reduced Euler characteristics
X" are constant. Also in this situation, the codimension 1 strata of ) (Z) are
Whitney regular over 7. Even more surprisingly, the converse holds: if Z admits
a Whitney stratification with 7" a stratum, then W is satisfied.

Gaffney & Kleiman [G29] prove a version of PSID for modules M of
finite codimension: more precisely, the support S of £/M is finite over T'. The
required condition is that m(M) is constant. It is also shown in the ICIS case
in [G29] that A-regularity holds if the Segre numbers se,(Jy F) are constant:
in fact they state the result in terms of the partial sums e/ = Y7/ se;. This
condition is not necessary for A-regularity, and they offer an interesting example
to show that no condition depending only on the members of the family can be
both necessary and sufficient: the families z7 — z3 + z5¢° = 0 are A-regular if
b > 2 but not if b = 1, but have the same sets of members. They also obtain a
number of results on A s, which lead them to conjecture that A ; holds when
the multiplicity or the Milnor numbers are defined and constant.

Gaftney and Massey [G30] prove the equivalence (in the complete intersec-
tion case) of:

(i) Wy holds,
(ii) both X and Z are Whitney regular over 7', and
(iii) the X, and Z, all have only isolated singularities and the sequences p*(X;)
and pn*(Z,) are both constant in 7.

If we just know that the X, and Z, have isolated singularities and w(X,) and
w(Z;) are both constant in ¢, then Ay holds. In [G33] the relation between
Milnor numbers and multiplicities is used to reduce the condition to constancy
of m(m - Jy(F, f)).

It is also shown that the conditions W and A ¢ usually imply local analytic
triviality if the target dimension of f exceeds 1, so are not of interest in this
case.

6. Recent work

The pattern of nearly all the equisingularity theorems is to relate failure of
regularity to jumps in dimension of exceptional sets arising in blowups and



370 C.T C. Wall

thence to non-constancy of invariants such as polar multiplicities. In [G37]
Gaffney gives examples where the invariants previously studied (the Segre
numbers) are constant and yet the dimension jumps. He argues that this is
because strata of different dimensions are making contributions, and so he is
led to a new approach.

The basic idea is as follows. Suppose X as usual and M C € = OF a sub-
module. Decompose the support of £/M in X into its irreducible components
V,, and denote by F; the union of the V,, of codimension > k. We think of these
as defining a stratification, though the V,, do not need to be disjoint, or even to
intersect nicely. A further complication is that rather than using the components
of the support S of £/M in X, we must form the preimage of S under 7, take
its components, and define the V,, as the projections of these back down to X.

Define the hull H;(M) of M as the set of elements integrally dependent
on M in codimension i: h € H;(M) <= ¥z & Fi1, h € M.. This can be
refined by considering germs at x € X of both H;(M) and F; ;.

Then F;4, is the projection to X of the cosupport of p(ﬂ)R(Hi(M)),
thought of as a sheaf of modules on Proj(R(H;(M))).

For each «, we choose a smooth point z, of V, and a slice S, at that point.
Then if V,, has codimension i 4 1, the multiplicity m(M Sy, H;(M)|Sqy, zo) is
defined, and depends only on «. Denote it by m,(M).

The above extends naturally to families p : X — T and modules M C &£
over X, but we cannot necessarily identify the fibre of the cosupport of M over
t € T with the cosupport of the restriction of M to X,. This point makes for
technical problems, and forces the proofs to go by induction on the codimension
of the V,.

The formal treatment appears in [G36]. Start with M C N C € = O%, each
of generic rank r: remark that though the cosupports of M and M in € are the
same, this is not the case for their cosupports in V. Denote by 7x the projection
to X of Proj(R(M)) or similars. Gaffney constructs a sequence

M C M =HyM) C Hyy(M)... Ho(M) CE,

with each H;(M) integrally closed, the components of the cosupport of
P(MYR(H;(M)) project to sets of codimension at least i + 1, and H;(M)
is as small as possible subject to this.

Proceed by induction on i (I omit numerous details) with induction basis:

eos(M):=p—r, HWM):={he&|leg(M+h-Ox)=ey(M)}.

Now assume ¢;_1(M) and a coherent sheaf H;_;(M) defined; consider the
cosupport CS; of p(M) on Proj(R(Hi—1(M))) induced by the inclusion
R(M) C R(Hi—1(M)); let A index the components C, of codimension k
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of x (C Sy). As part of the inductive construction, there are none of lower codi-
mension; we can also expect these C,, to coincide with the V,, of codimension
k. Now set

ex(M) 1= m(Co)m(M|Sy, Hi-1(M)[Sa),

()(EAk

He(M) 2 ={h € Elex(M+h - Ox) = ex(M)},

where S, is a slice transverse to C,, at a smooth point.

As well as the hulls, this yields new invariants ¢; (M). An important first
result: if M C N and e;(M) = e;(N) for0 <i < d then N' C M.

The central result of this work to date is called by Gaffney the ‘multiplicity-
polar’ theorem. Suppose M C N C & such that the support C of N/ M is
finite over T'. Then for each t € T, C N w~'(¢) is a finite set of points x;, at
each of which m(M,, NV;, x;) is defined: define

m(M, N, := Z m(M, N, x).
xeCNm=(r)
Recall that the polar variety Pi(M) is defined as wx(Proj(RM) N (X x L)),
where L is a generic plane of codimension r 4+ k — 1. Then the multiplicity
polar theorem states

m(M, N); — m(M, N)gen = mult; Py(M) — mult, Py(N),

where gen is a generic point of 7. A proof in the special case of ideals is
given in [G37]; the general proof appears in [G46]. The proof is motivated by
areview of the definition of Segre numbers of a module in terms of a sequence
of polars of different codimensions.

In his Sao Carlos paper [G37], Gaffney considers the case of isolated singu-
larities, and deduces the following version of the PSID: for M C A as above,
if h € N and h, € M, for a dense open set of 7, then provided m(M, N), is
constant, we have i € M. The key point of the proof is to study the dimensions
of the fibres over T' of the preimage in Proj(R.M) of the locus of points where
M is not free.

He deduces a criterion for Whitney regularity for the general case when the
X, have isolated singularities and Y X = T: W-regularity holds if and only if
m(M, N), + mult, Py(N), with M = my - Jy(F,) and N' = Ho(Jp.(F)), is
independent of . In the relative case when also the Z, have isolated singularities,
the condition for A to hold is obtained from this by taking M = Jy(F, f)
and N = H()(JM(F, f))

Terry has also used the multiplicity polar theorem to obtain a version of
the PSID in which the multiplicities required to be constant are the m,(M;) +
mult;, Py (H; (M)).
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As well as its theoretical value, Gaffney shows how to use the theorem
to obtain numerous effective calculations of numerical invariants; in [G39]
for a family of hypersurfaces whose singular locus has dimension 1, or other
constant dimension; also for map-germs C? — C?; and in [G44] for isolated
singularities; in particular a calculation of MacPherson’s Euler obstruction.
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Singularities in algebraic data acquisition

Y. YOMDIN

Abstract

We consider the problem of reconstruction of a non-linear finite-
parametric model M = M ,(x), with p =(p1,..., p,) a set of
parameters, from a set of measurements p;(M). In this paper
ur(M) are always the moments my(M) = kaM,,(x)dx. This
problem is a central one in Signal Processing, Statistics, and in
many other applications. Typically, models of the above type con-
tain “geometric parameters” which make the problem strongly non-
linear.

In this paper we discuss singularities that appear in one of
the basic examples in the reconstruction problem. The model
in this example is a linear combination of §-functions of the
form g(x) =Y}, A;8(x —x;), with the unknown parameters
A;, x;, i=1,...,n. As one can expect, (near-) singular situ-
ations occur as the points x; approach one another and collide.

1. Introduction

In this paper we consider the following problem: let a finite-parametric family
of functions M = M,(x), x € R™ be given, with p = (p1, ..., p,;) a set of
parameters. We call M,(x) a model, and usually we assume that it depends on
some of its parameters in a non-linear way (this is always the case with the
“geometric” parameters representing the shape and the position of the model).
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The problem is:

How do we reconstruct in a robust and efficient way the parameters p from
a set of “measurements” u(M), ..., w(M)?

In this paper ; will be the moments m ;(M) = f x/ M ,(x)dx. This assump-
tion is not too restrictive - see, for example, [8, 7].

The above problem is certainly among the central ones in Signal Processing
(non-linear matching), Statistics (non-linear regression), and in many other
applications.

A typical approach to the reconstruction of the model’s parameters from
(or “fitting” the model to) the measurements is to minimize the fitting dis-
crepancy with respect to the parameters (non-linear regression). The non-linear
minimization is usually a difficult task.

There is also a direct (and somewhat “naive”) approach to the above prob-
lem: substitute the model function M ,(x) into the measurements . ; and com-
pute explicitly the resulting “symbolic” expressions of i ;(M ) in terms of the
parameters p. Equating these “symbolic” expressions to the actual measure-
ment results, we produce a system of nonlinear equations on the parameters
p which we consequently try to solve. An advantage of this approach is that
we produce an explicit and usually “algebraic” system of equations, whose
solution promises an exact solution of the fitting problem. The problem with
this approach is that a straightforward solving of large scale non-linear systems
is itself a difficult task. It is comparable (and sometimes essentially equivalent)
in complexity to the non-linear minimization as above.

What makes this approach feasible is the following fact: in many situations
the algebraic structure of the arising non-linear systems is very specific. It
allows for application of strong tools of classical Analysis, like Moment theory
and Padé approximations, which provide a “closed form solution” (up to solving
certain linear systems of equations).

Many specific results in this direction were known for a long time. Recently
a bunch of new results and methods appeared (see [1, 2, 9, 14, 7, 8, 11, 16,
17, 18, 19, 28, 23, 24] and references therein), which are sometimes unified
under the name “Algebraic Sampling”. Let us stress that this approach assumes
availability of a priori information on the nature of the data to be matched:
namely, the form of an appropriate model.

Recently another non-linear reconstruction method has been suggested, uti-
lizing a priori information on the data to be recovered: Compressive Sampling
([4, 6]). This approach assumes a priori only an existence of a sparse repre-
sentation of the signal in a certain (wavelets) basis, and as this it presents a
rather general and “universal” tool. Algebraic Sampling usually requires more
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specific a priori assumptions on the structure of the signals, but it promises a
better reconstruction accuracy. In fact, we believe that ultimately the Algebraic
Sampling approach has a potential to reconstruct “simple signals with singu-
larities” as good as smooth ones (see [2], [3] and references therein). Notice
that one can show in general that the non-linear approach is unavoidable in
accurate reconstruction of signals with singularities ([9]).

As for the “measurements” considered in this paper, certainly, the polyno-
mial moments do not present the best choice for practical applications. Indeed,
the monomials x/ are far away from being orthogonal (see, for example, [27]).
However, the main “algebraic” features of the arising non-linear systems are
more transparent for the moments, while they remain essentially the same for
a much wider class of measurements (including various forms of the Fourier
transform).

As usual, the non-linear systems arising in Algebraic Sampling may degen-
erate as the parameters vary. The analysis of the corresponding singularities is
crucial for a robust solution of these systems.

The aim of the present paper is to discuss one specific (but rather basic)
example of singularities that typically appears in the model reconstruction
problem. We concentrate on the model of the form g(x) = Z?:l A;id(x — x;),
with the unknown parameters A;, x;, i = 1,...,n. The corresponding sys-
tem of equations (“Prony’s system”) appears in surprisingly many apparently
unrelated situations. As one can expect, (near -) singular situations occur as
the points x; approach one another and collide. We investigate the behavior
of the moment inversion in these near-singular situations. More specifically,
we address the following problem: assuming that the measured moments are
bounded, it is easy to see that the coefficients A; may tend to infinity as some
of the points x; collide. In particular, even a small noise in the measurements
may be strongly amplified in such situations. We prove that if we express the
vector of the unknowns (A1, ..., Ay) in the basis of “divided finite differences”
then the coefficients in this representation remain uniformly bounded. This sug-
gests a more robust reconstruction procedure which can treat also the cases of
(near-) collision of the points x;.

The paper is organized as follows: in Section 2.1 we present in detail the
reconstruction from the moments of linear combinations of §-functions. We
describe the “Prony system” arising and its connection with the Padé approx-
imation of the moment generating function. Further we give in Section 2 an
overview of some additional results in Algebraic Sampling where Prony-like
systems appear. In Section 3 we describe typical singularities of solutions of
the Prony system and prove our main results. In Section 4 a possible more
robust rearrangement of the Prony system is briefly discussed.
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2. Examples of moment inversion

2.1. Linear combination of §-functions

Let g(x) = Z?:l A;d(x — x;),x; € R, i =1, ..., n.For this function we have

1
mp(g) = / x Z{_l A:8(x — x;)dx = Z{_l Aixk, 2.1)
0 1= 1=

So assuming that we know the moments m;(g) =my, k =0,1,...,2n — 1,
we obtain the following system of equations for the parameters A; and x;, i =
1, ..., n, of the function g:

> Ak =m k=0,1,...20—1. 2.2)

Notice that system (2.2) is linear with respect to the parameters A; and non-
linear with respect to the parameters x;.

System (2.2) appears in many mathematical and applied problems. First of
all, if we want to approximate a given function f(x) by an exponential sum

fx) ~ Cie"* + Cre™ + - - 4+ Cre™,

then the coefficients C; and the values u; = e% satisfy a system of the form
(2.2) with the right-hand side (the “measurements”) being the values of f(x) at
the integer points x = 1, 2, . ... (see [ 10], Section 4.9). The method of solution
of (2.2) which we give below, is usually called Prony’s method ([21]).

System (2.2) appears also in error correction codes, in array processing
(estimating the direction of signal arrival) and in other applications in Signal
Processing (see, for example, [ 18, 7] and references therein).

In[8, 11, 18] system (2.2) appears in reconstruction of plane polygons from
their complex moments. In [12, 13] it arises in reconstruction of “quadrature
domains”, and in [1, 2, 14, 23, 24, 28] Prony system appears in reconstruction
of D-finite functions and linear combinations of shifts of a given function.
These results are shortly described in Sections 2.2 - 2.5 below.

System (2.2) appears also in some perturbation problems in nonlinear model
estimation.

We now give a sketch of the proof of solvability of (2.2) and of the standard
solution method. We follow the lines of [18, 20]. See also a literature on Padé
approximation, in particular, [20] and references therein.

Theorem 2.1. A linear combination g(x) = Y _, A;8(x — x;) of n 8-functions
with non-zero coefficients Ay, ..., A, can be uniquely reconstructed from its
2n moments mo(g), . . . , Mo,—1(g) via solving system (2.2).
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Proof. Notice first of all that the requirement of A; being non-zero is essential:
the position of a §-function with a zero coefficient cannot be identified.

Representation (2.1) of the moments immediately implies the following
result for the moments generating function 1(z) = Y my(g)z*:

Proposition 2.2. For g(x) = Y ", A;8(x — x;) the moments generating func-
tion 1(z) is a rational function with the poles at xi and with the residues at
these poles A;:

n

A;
Q=) 2.3)

l—le'.

i=

We see that the function /(z) encodes the solution of system (2.2).

So to solve this system it remains to find explicitly the rational function /(z)
from the first 2n its Taylor coefficients my, . .., mo,_.

We use the fact that the Taylor coefficients of a rational function of degree
n satisfy a linear recurrence relation of the form

Z'J’,zocjmw:o, r=01,.... (2.4)

Since we know the first 2n Taylor coefficients my, ..., m,—; we can
write a homogeneous linear system with n equations and n + 1 unknown
coefficients C;:

> Cimyay=0,r=0,1,....n 1, 2.5)
J=

One can show that the rank of system (2.5) is n — 1. In particular, this can
be done using the bilinear form (S, T) = f Sx)T (x)g(x)dx whose matrix in
the monomial basis turns out to be the same Hankel matrix as of system (2.5)
with the last column omitted. On the other hand, the matrix of (S, T) with
respect to the basis consisting of functions W; defined by W;(x;) = §;, j) is

diagonal with the entries Ay, ..., A,. Soif all A; are non-zero, the form (S, T')
is non-degenerate.
Consequently, we can find a non-zero solution Cy, ..., C, of (2.5), the last

entry C,, of this solution is non-zero, and it is unique, up to a multiplication
by a non-zero scalar. Now if we rewrite the recurrence relation (2.4) in the
form

n—1
Mysn =Y Bimpyj r=0,1,..., (2.6)

i=0
with B; = —%, Jj=1,...,n— 1, we see that the coefficients B; of (2.6) are
uniquely determined by the first 2n moments my, ..., my,—; of g. Now via

(2.6), starting with the known initial moments, we uniquely reconstruct the
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generating function /(z) (see below). The poles and residues of /(z) provide
us the solution of system (2.2). This solution is unique (formally speaking,
up to an arbitrary permutation of the indices i) since, as it was shown above,
the generating function /(z) is uniquely determined by the first 2n moments
my, ..., my,—1 of g. The existence of solution was, in fact, our assumption -
we have explicitly assumed that my, ..., mj,_; were the moments of a func-
tion g of the form g(x) = Z?:l A;6(x — x;). This completes the proof of
Theorem 2.1. O

The solution of the Prony system described above is, essentially, identical
to the solution of the Padé approximation problem for /(z) (see, for example,
[20]). We shall use below the Padé approximation form of the Prony system,
so let us present it here. It produces also an explicit form for 7(z).

In general, in a diagonal Padé approximation of degree / of 1(z) we look for

P1(2)

a rational function R;(z) = 00 where P;_; and Q; are polynomials in z of

the degrees I — 1 and / respectively, such that
1)~ R(x)=c? +---. 2.7)

In other words, the Taylor coefficients of /(z) and of R;(z) must coincide up to
the degree 2/ — 1. Writing (2.7) in the form Q;(z)I(z) — Pi—1(z) = i N
we easily obtain that for Q;(z) = Co + Ciz + - -- + C;Z' the coefficients C j
satisfy a system

!
Zj:()ijj+r=0, r=0,1,...,1—1. (2.8)
In our case /(z) is a rational function of degree n, so for I = n we get
Pn—l(Z)
[(z) = Ry(2) = : (2.9)
0.(2)

The polynomial P,_i(z) = Dy + Dyz + -+ D,_12"~' can now be recon-
structed via

D() = Com(), D] = C()ml + Clm(), ce (210)

Finally, we represent /(z) = R,(z) as a sum of partial fractions:

n

1) =R =)

i=1

A;
1 —in.

@2.11)

Because of the uniqueness of the reconstruction provided by Theorem 2.1 we
conclude that (2.11) coincides with (2.3). System (2.8) for/ = n coincides with
(2.5), and we see that the recurrence coefficients C; are the coefficients of the
denominator Q,(z) while Xi are the roots of Q,. In particular, we conclude
that all the roots of Q,(z) arle simple. The identity (2.11) shows that the Prony
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system is just another interpretation of the n-th Padé approximation R, (z) of
I(z) - through its poles and residues.

For an arbitrary sequence m = (m, ..., my,_), not necessarily appearing
as a moment sequence of a linear combination of §-functions, system (2.8)
always has nonzero solutions - this gives the denominator Q, of the n-th
Padé approximation R, of I(z) = Zi”:f)l myz*, while the numerator can be
found via (2.10). However, if we do not assume explicitly that the sequence
m is a moment sequence of g(x) = Z;’:l A;8(x — x;), the resulting rational
fraction R,(z) may be of a smaller degree than n. Its denominator Q, may
also have some complex and some multiple roots. So we have to replace (2.11)

with

q
- A

1(z) = R,(2) + 2”4_...—2 E B N e N 212
© @+ = A —ax) e (2.12)

for some ¢ < n and the multiplicities u; with u = Ziqzo Wi < n, and we have
to allow A; ; and x; to be complex.

We see that the original Prony system (2.2) is not always solvable. However,
a generalized system corresponding to (2.12) is solvable for each input m. Let
us restate this as follows:

Theorem 2.3. For eachm = (my, ..., my,_1) there are q < n, the multiplici-
ties w; with u = Z?:o Wi < n, the points x; € C, i =1, ..., q, and the coef-
ficients A; ; €C, i=1,...,q, j=0,...,u; such that for a linear combi-

nation of §-functions and their derivatives

q Wi
g =" " A;;8/(x — x;) (2.13)

i=1 j=0
we have m, = mi(g) = kag(x)dx, k=0,...,2n—1.

The main problem considered in this paper is the following: what may
happen with the coefficients A; in the original Prony system (2.2) as the poles
X; approach one another and the function as in (2.1) degenerates into a function
of the form (2.12)?

In the rest of this section we discuss more examples of the moment inversion
where Prony-like systems naturally appear.
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2.2. Piecewise-polynomials and piecewise-solutions
of linear ODE’s

In [28] a method for reconstruction of piecewise-polynomials from samplings
is suggested (which starts with a reconstruction of linear combinations of
S-functions and of their derivatives). It leads to “Prony-like” systems of equa-
tions on the unknown parameters. One can consider, as a natural generalization
of piecewise-polynomials, the class A p of piecewise-analytic functions g, each
piece being annihilated by a linear differential operator D with polynomial coef-
ficients. Such functions are also called “L-splines” (see [25, 26] and references
therein). For piecewise-polynomials of degree d we have D = dd;Till. In the
case of a known operator D a reconstruction procedure based on an explicit
determination of the operator D with polynomial coefficients annihilating the
moment generating function /(z) has been described in [14]. In the case of the
unknown operator D a reconstruction procedure has been proposed in [1, 2],
based on an explicit construction of a difference-differential operator D anni-
hilating g in a sense of distributions. Both approaches ultimately lead to certain
Padé (Padé-Hermite) approximation problems.

2.3. Linear combinations of shifts of a known function

Reconstruction of this class of signals from sampling has been described in
[28]. A rather similar problem of reconstruction from the moments has been
studied in [2, 24]. Our method proposed in these papers is based on the fol-
lowing approach: we construct convolution kernels dual to the monomials.
Applying these kernels, we get a Prony-type system of equations on the shifts
and amplitudes.

More accurately, let F(x) = Y_._, a; f(x + x;), with the unknown param-
eters a;, x;. We are given a finite number of moments m; of the signal
F: my =my(F) = kaF(x)dx. We look for the dual functions v (x) sat-
isfying the convolution equation

/f(t + )Y (D)dt = x" (2.14)

for each index n. To solve this equation we apply Fourier transform to both
sides of (2.14). Assuming that f(w) e C™, f(O) # 0 we find (see [24]) that
there is a unique solution to (2.14) provided by

Pn(x) =Y Cpux", (2.15)

k<n
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where

C 1 <n>( -)I‘L+k [ 8’17]( 1 ]

nk = —F— —1 - |-

CT W \k 90"+, f@)

Now it is shown in [2, 24] that if we set the generalized polynomial moments

M, as My =), . C, xmy then we obtain the following system of equations
for the unknowns a;, x;:

Zaixi’ =M,, s> 0. (2.16)
i=1

This is once more a Prony system (2.2). Notice that the generalized moments M
are expressed in a known way through the original measurements m; = m(F).

2.4. Reconstruction of polygons from complex moments

In [18, 11, 8] the problem of reconstruction of a planar polygon from its
complex moments is considered. The complex moments of a function f(x, y)
are defined as

Mk(f)=//zkf(x,y)dxdy, k=0,1,..., z=x+1iy. 2.17)

Complex moments can be expressed as certain specific linear combinations of
the real double moments m;( f).

For a plane subset A its complex moments ;(A) are defined by pi(A) =
1i(xa), where x4 is the characteristic function of A.

Let P be a closed n-sided planar polygon with the vertices z;, i = 1, ..., n.
The reconstruction method of [18] is based on the following result of [5]:

Theorem 2.4. There exist a set of n coefficients a;, i =1, ..., n, depending
only on the vertices z;, such that for any analytic function ¢(z) on P we have

[[ #@aixay =3 ap.
i=1

. . . . o1 Zj-1—Zj _ Zj—Zj+1
The coefficients a;, j=1,...,naregivenasa; = 2(—ZH_ZI_ —z/'_sz)

Applying this formula to ¢(z) = z* we get

n
kk = Dagea(xp) = ) aizf, k=01, (2.18)

i=1
where we put w_» = u_; = 0. So on the left-hand side we have shifted
moments of P.
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If we ignore the fact that a; can be expressed through z; and consider both
aj and z; as unknowns, we get from (2.18) a system of equations

Y aiZk=vw. k=0.1,.... (2.19)

where v, denotes the “measurement” k(k — 1)uz—2(P). System (2.19) is iden-
tical to system (2.2) which appears in reconstruction of linear combination of
8-functions. One of the solution methods suggested in [18] is the Prony method
described in Section 2.4 above. Another approach is based on matrix pencils.
In [11, 8] an important question is investigated of polygon reconstruction from
noisy data.

2.5. Quadrature domains

We introduce, following [12], a slightly different sequence of double moments:
for a function g(z) = g(x + iy) the moments iy, (g) are defined by

i (g) = ff 7' g(z)dxdy, k,I € N. (2.20)

One defines the moment generating function I,(v, w) = Z}C:)z:o g (g)vFw!
and the “exponential transform”

fg(v, w) =1—exp <—%Ig(v, w))

— g(2)dxdy
- ( //Q (z—v)(Z— w)) Z bu(g)vkw'.

k,1=0

Now (classical) quadrature domains in C are defined as follows:

Definition. A quadrature domain Q2 C C is a bounded domain with the

property that there exist points zi,...,z, € £ and coefficients ¢;;, i =
1,...,m, j=0,..., s; — 1, so that for all analytic integrable functions f(z)
in 2 we have
m s;—1
// fa+iydxdy =Y > e fP). (2.21)
i=1 j=0

N =51+ - -+ + s, is called the order of the quadrature domain 2.

The simplest example is provided by the disk Dg(0) of radius R centered at
0€C: [fp, 0 f&+iydxdy = 7 R? £(0). The results of Davis ([5]; Theorem
3.1 above) give another example in this spirit.
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The following result ([13], [12], Theorem 3.1) provides a necessary and
sufficient condition for Q € C to be a quadrature domain: let Ig(v, w) =
I, (v, w) be the exponential transform of Q.

Theorem 2.5. Q is a quadrature domain if and only if there exists a polyno-
mial p(z) with the property that the function §(z, w) = p(z)ﬁ(w)fg(z, w)isa
polynomial at infinity (denoted by q(z, w)). In that case, by choosing p(z) of
minimal degree, the domain Q2 is given by Q = {z € C, q(z, 7) < 0}. Moreover,
the polynomial p(z) in this case is given by p(z) = [[/_,(z — z;)", where z;
are the quadrature nodes of <2.

Now, the algorithm in [12] for reconstruction of a quadrature domain from
its moments consists of the following steps:

1. Given the moments 71 (2) = 1 (xq) up to a certain order, construct the
(truncated) exponential transform I(v, w) = ZITI:O bvFw!.

2. Identify the minimal integer N such that det(bk,l),lx 1—o = 0. Then there
are coefficients o;, j =0,..., N — 1, such that for B = (b);,_, and
a=(aj,...,oy_1, 1)T we have

Ba =0. (2.22)

We solve this system with respect to «. Then the polynomial p(z) defined
above is given by p(z) = zV¥ + ay_1ZV 7 + -+ + a.
3. Construct the function

Rt ) — o -1 o L 1
oz, ) = p)pw)exp | — k;()mkl( )
and identify g(z, w) as the part of R (z, w) which does not contain negative
powers of z and w. Then the domain 2 is given by Q = {z € C, ¢(z,2) <
0}.

Remark. Let us substitute into the definition of the quadrature domain (for-
mula (2.21) above) f(z) = z*. Assuming that all the quadrature nodes z; are
simple, we get for the complex moments i (S2) = m(€2) the expression

m

m(Q) =Y cizf,

i=1
which is identical to (2.19) in reconstruction of planar polygons. So we can
reconstruct the quadrature nodes z; and the coefficients ¢; from the complex
moments only, and we get once more a complex system which is identical
to (2.2). Allowing quadrature nodes z; of an arbitrary order, we get a system
corresponding to a linear combination of §-functions and their derivatives
(compare [28, 17]).
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Notice that system (2.22) that appears in step 2 of the reconstruction algo-
rithm above is very similar to system (2.5) in the solution process of (2.2).

3. Singularities in reconstruction of linear
combinations of §-functions

Our setting and notations in this section are the same as in Section 2.1. So
we have g(x) = >/, A;8(x — x;), and we assume that the points x; € R, i =
1, ..., n, are pairwise distinct. However, we shall encounter functions of the
form h(x) = >"7_, .‘;":0 A; ;8P (x — x;) as the limit cases.

There are several types of singularities that may occur in the reconstruction
of g(x) from its first 2n — 1 moments. Some of the points x; may “escape to
infinity”. This corresponds to the case where the rank of system (2.5) drops.
A couple of x; may collide and disappear (i.e. to become complex conjugate).
If some of A; are small, finding x; becomes ill-posed. We shall consider here
only the case where the points x; remain bounded, real and distinct, but may
approach one another.

More accurately, we assume that the moments m(g), k =0,1,...,n —1
are bounded in absolute value by K, while the points x; are contained in
[0, 1] and are pairwise distinct. The problem is to describe, under the above
assumption, the possible structure of the coefficients A;, stressing the case
where the poles collide.

Easy examples (see Proposition 3.2 below) show that the coefficients A;
may tend to infinity under the above assumptions. This may present a serious
problem to a robust solution of a non-linear system (2.2) (for example, if we use
the continuation method). Informally, our result suggests that it may be better
to consider instead of the coefficients A; themselves their representation in the
basis of divided finite differences: as Theorem 3.1 below claims, the coeffi-
cients of such a representation remain uniformly bounded independently of the
geometry of the points x, ..., x,, assuming that the moments my, ..., mM;,_|
are bounded.

Let us recall the definition of the divided finite differences (see, for example,
[10]). Let X = {xy, ..., x,} be a set of points in R, and let ¥ = Y (x) be a
functionon X, Y(x;) =y;, i =1,...,n.

Definition. For j =0, 1, ..., n — 1the j-thdivided finite difference A ;[ X, Y]
is defined as the sum
j+l j+1

AJIX Y=Y Y => aly.
i=1

= (i = X)X = x)
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In particular, Ag[X, Y] = y;, A([X, Y] = 2=2,

Xp—X|

We shall need the following property of the divided differences:

Proposition 3.1. Assume that f(x) is a C"-function. Then the divided finite
differences of f satisfy A;[X, f]= %f(j)(n)for some n € [xq, x;].

There is another convenient expression for the divided differences: denoting
by §; the function (measure) §; = Zgl] Oll-j 8(x — x;) we get for each function

f that

AﬁKﬂ=/fm&WM.

The functions §;(x) are linear combinations of §-functions with the coefficients
tending to infinity as some of the points x, ..., x; approach one another. Still,
their moments remain uniformly bounded:

Proposition 3.2. For each xi, ..., x, in [0, 1] and for each k we have

0 <mu8) < (%).

J

Proof. Indeed,
1 . .
mm»=fﬂMMM=mwmﬁ=ﬁwWMp=©ﬁf
with ; € [x1, x;14]1 C [0, 11. O

Theorem 3.1 below shows that the divided differences and their bounded
linear combinations are, essentially, the only linear combinations of §-functions
with uniformly bounded moments.

Let V be the space of all functions on X = {xy,...,x,}. For j =
0,1,...,n — 1 denote by v; = {a{, ...,aj.;l,O, ..., 0} € V the correspond-
ing discrete functions on X (where a;i are the divided differences coefficients
in Definition 3.1). Clearly, the functions vy, vy, ..., v,—; form a basis of the
space of all functions on X.

Let us now return to the function g(x) = Z?zl A;6(x — x;). The vector
of the coefficients A(g) = {Ay, ..., A,}, considered as a function on X =
{x1,...,x,}, can be represented as a linear combination of the basis vectors
V0, ULy ..y Upet: A(g) = Z:’;(]) Cjvj.

The following theorem provides a necessary and sufficient condition for the
moments m(g), k =0,1,...,n — 1, of g to be uniformly bounded, indepen-

dently of the geometry of the nodes x;:
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Theorem 3.3. If the moments mi(g), k=0,1,...,n—1 of the function
g(x) = Y% | Aid(x — x;) are bounded in absolute value by K then the coeffi-
cients c; in the representation A(g) = Z?;& cjv; satisfy

n—1

> lejl = C)K.

j=0
Conversely, if |cj| < Ky, j=0,1,...,n—1, then |mi(g)| < ZkKlforall k.
Here C(n) is a constant depending only on n.

Proof. In one direction the result is immediate: if A(g) = Z;';(l) c;v; then, in

the notations introduced above, we have g(x) = Z?;(]) ¢jd;j(x). Hence

n—l n—1
my(g) = ch /xk(Sj(x)dx = chmk(éj).
=0 Jj=0

Assuming [cj| < Ky, j=0,1,...,n—1, and bounding m(§;) via Proposi-
tion 3.2 we get [mi(g)| < K Z’};é(’,‘-) < 2¢K,.

In the opposite direction, let us assume that |m;(g)] < K for k =
0,1,...,n — 1. This implies that for each polynomial S(x) =ay+ a;x +
-+ a,_1x""! of degree n —1 we have |fS(x)g(x)dx| < K||S||, where
IS) = Zf;é |a,|. From the representation g = Z_’;:o c;j8; as above we get
f Sx)gx)dx = Z?;é Ccj f S(x)8(x) which is the sum of the divided differ-
ences Z’j’;(l) ¢;Aj[X, S(x)]. Finally we get, via Proposition 3.1,

n—1

Cj .
= ZJ.—’,S“(n,) < K|S|. 3.1)
j=0""

‘/ S(x)g(x)dx

Now we construct the auxiliary polynomial S(x) of degree n — 1 with the
following properties:

1. Foreach j =0,...,n — 1 the j-th derivative of S(x) satisfies | S/ (x)| >
jlon [0, 1].
2. The sign of SY)(x) on [0, 1] is the same as the sign of cjin (3.1).

The polynomial S can be constructed as follows: first we take Sp(x) =
+x"~!, with the sign plus or minus chosen according to the sign of c,. Next
we put Si(x) = So(x) + cx"2 with the coefficient ¢ chosen in such a way
that the properties 1 and 2 are valid for Sf"_z) (x) on [0, 1]. Notice that the last
derivative does not change. By induction we define S, 1(x) = S,(x) + cxnr=2
with the coefficient ¢ chosen in such a way that the properties 1 and 2 are valid
for S®~"=2(x) on [0, 1]. Notice that all the derivatives of the polynomial
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Sr+1(x) of orders higher than n — r — 2 are the same as for S,. Finally we put
S(x) = S,—1(x). By construction S has the properties 1 and 2 above.

The polynomial S constructed depends only on the sign pattern of
Cos - -+ Cn—1- We denote the maximum of the norm || S(x)|| over all the sign
patterns of ¢; by C(n).

Finally we substitute the constructed polynomial S into (3.1). We get

n—1 n—1

D lejl < Z%S(”(’h) < C)K.

j=0 j=0 "
This completes the proof of Theorem 3.1. O

Corollary 3.4. If the moments mi(g), k=0,1,....,.n—1 of gx)=
> Aid(x — x;) are bounded in absolute value by K then for each k > n
we have

Imi(g)] < 2"C(m)K.

Proof. By the first part of Theorem 3.1 the coefficients c; in the representation
Ag) = Z;’;(l) c;jv; satisfy Zj;(l] lc;| < C(n)K. In particular, for each j we
have |c;| < C(n)K. Now the required bound follows directly from the second
part of Theorem 3.1. 0

Remark 1. Although our model g(x) = Z;’zl A;6(x — x;) has 2n “degrees of
freedom”, by Corollary 3.1 it is enough to bound just its n first moments to
guarantee that the rest are uniformly bounded, independently of the geometry
of the nodes x;. This fact can be considered as a quantitative version of the
following property of the Tailor coefficients of a rational function R,(z) =
i Q:‘(;) of degree n (which also has 2n degrees of freedom): vanishing of its
first n Taylor coefficients implies its identical vanishing. This is an immediate
consequence of the existence of a recurrence relation (2.1), although to find

explicitly the coefficients B; of this recurrence we need 2n Taylor coefficients.

Remark 2. The setting of our main problem is somewhat different from a
typical approach of classical Moment Theory. The Hamburger and Stieltjes
moment problems assume positivity of the measure. The Hausdorff moment
problem assumes bounded variation of the measure (see, for example, [20]
for the classical case and [15] for a multi-dimensional setting). In contrast,
our problem is meaningful exactly for the measures g(x) = > | A;8(x — x;)
with unbounded variation, while the uniform bound on the moments is implied
by a cancellation of the positive and negative parts. Positivity assumption
would immediately imply a bound on A;: the first of the equation in the Prony
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system is
A+ -+ A, =mo,
so0 in case of positive A; they all are bounded by m.

Remark 3. It is not necessary to assume in Theorem 3.1 that the points
X1, ..., X, are pairwise distinct. Extending the finite difference to the case
of multiple points (taking at such points the derivatives of an appropriate
order — see [10]) we can include into consideration the functions of the form

q Wi

h(x) = Z Z Ai,j5j(x - Xi).

i=1 j=0

Theorem 3.1 remains valid with no changes, and its proof in the extended
situation can be obtained by passing to the limit as some of the points x;
collide.

4. Noisy measurements

In this paper we do not consider the problems of a practical implementation
of the reconstruction algorithms. So we just discuss shortly some important
issues of such an implementation related to the “collision singularities”. As
it was shown above, as some of the nodes x; in g(x) = Z?zl A;8(x — x;)
approach one another the amplitudes A; may tend to infinity while all the
moments (measurements) remain uniformly bounded. Let us assume now that
the moments are measured with a certain error (noise):

my = My + ny,

where m,, are the measured values of the moments, 71 are their “true” values
and ny, are the noise components. We can assume that the noise components 7y
are uniformly bounded. Still, for almost colliding configurations of the nodes
this noise may be strongly amplified. The Prony systems (2.2) with the nodes
fixed becomes a linear Vandermonde system

n k
) 1A,~xi =my, k=0,1,...,n—1
1=
with respect to the amplitudes A;, and its determinant tend to zero as the nodes
approach one another.
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A natural suggestion may be to represent the amplitudes vector A(g) =
(Ay, ..., A,) in the base of divided differences, as in Section 3 above:

n—1

A@Q) =) cjvj,
j=0

and to take ¢;, j =0,...,n — I as the new unknowns. As it was shown in the
proof of Theorem 3.1, the moments of g are expressed as

n—1 n—1
mp(g) = chka8j(x)dx = chmk(Sj).
j=0 j=0

Here m(3;) are the successive divided differences of x*, and a new linear
system for c; takes a form

n—1

> eimi(8;) = mi(g), k=0,....n— 1. (4.1)
j=0

Theorem 3.1 guarantees that the solutions of (4.1) remain bounded for the
right hand side bounded, independently of the configuration of the nodes.
In particular, solving (4.1) does not amplify the noise. We plan to present
implementation details separately.
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